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Abstract

We consider a compartmental model for ribosome flow during RNA translation
called the Ribosome Flow Model (RFM). This model includes a set of positive transition
rates that control the flow from every site to the consecutive site. It has been shown that
when these rates are time-varying and jointly T-periodic every solution of the RFM
converges to a unique periodic solution with period T. In other words, the RFM
entrains to the periodic excitation. In particular, the protein production rate converges
to a unique T-periodic pattern. From a biological point of view, one may argue that the
average of the periodic production rate, and not the instantaneous rate, is the relevant
quantity. Here, we study a problem that can be roughly stated as: can periodic rates
yield a higher average production rate than constant rates? We rigorously formulate
this question and show via simulations, and rigorous analysis in one simple case, that
the answer is no.

1 Introduction

Transcription and translation are the two major steps of gene expression, that is, the trans-
formation of the information encoded in the DNA into proteins. During translation complex
molecular machines called ribosomes traverse the mRNA molecule, “read” it codon by codon,
and generate the corresponding chain of amino-acids.

New imaging techniques [1, 2, 3, 4] and empirical approaches [5, 6, 7, 8, 9, 10] for studying
gene expression provide unprecedented amounts of data on the dynamics of translation. This
increases the need for mathematical and computational models for ribosome flow that can
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integrate, explain and make predictions based on this data (see the reviews [11, 12, 13]).
Mechanistic models are particularly important in biotechnology and synthetic biology, as
they allow to predict the effect of various manipulations of the biological machinery [14, 15].

The Ribosome Flow Model (RFM) is a deterministic model for ribosome flow [16]. It
can be derived via a dynamic mean-field approximation of a fundamental model from sta-
tistical physics called the Totally Asymmetric Simple Exclusion Process (TASEP) [11, 17].
In TASEP particles hop randomly along a chain of ordered sites. Totally asymmetric means
that the flow is unidirectional, and simple exclusion means that a particle can only hop into
a free site. This models the fact that two particles cannot be in the same place at the same
time. Note that this generates an indirect coupling between the particles. In particular, if a
particle is delayed at a site for a long time then the particles behind it cannot move forward
and thus a “traffic jam” may evolve.

The RFM is a compartmental model with n sites. The state-variable z;(t), i = 1,...,n,
describes the density of particles at site ¢ at time ¢. This is normalized so that z;(t) = 0
[z;(t) = 1] means that site ¢ is completely empty [full] at time ¢.

The dynamics is described by n first-order ODEs:

a1 (t) = Ao(1 — 21 (t)) — Mwa (£)(1 — 22(1)),
Ztk(t) = )\k_lxk_1<t)(1 — ZL’k(t)) — )\kxk(t)(l — [L’k+1<t)), 2 S k S n — 1, (1)
n(t) = A1t ()1 = 20(1)) = Anzn(t).

Here \; > 0 is a parameter that describes the translation rate from site 7 to site i+ 1, with Ag
[An] called the entry [exit] rate. Eq. (1) can be explained as follows. The flow from site k to
site k+1 is given by Apxg (1 —2x11), i.e. it increases when site k& becomes fuller and decreases
when site k + 1 becomes fuller. This is a “soft” version of simple exclusion. The production
rate at time ¢ is the rate of ribosomes exiting site n, that is, R(t) := \,x,(%).

Note that if some A, is small then the flow from site £ to site £ + 1 will be small, so
site k fills up. Consequently, the flow \;_jx,_1(1 — 2) from site k — 1 to site k will become
small and then site k — 1 fills up. In this way, a traffic jam may evolve behind a “bottleneck”
site. The implications of such traffic jams in various biological transportation processes is
recently attracting considerable interest (see, e.g. [18, 19]).

It has been shown in [20] that there exists a unique e = e(\g, ..., A,) € (0,1)" such that
any solution of the RFM emanating from the unit cube converges to e. Thus, the system is
globally asymptotically stable. In particular, the production rate converges to

R := \,e,.

Ref. [21] derived a spectral representation for the steady-state density e and production
rate R. Given the RFM, define the (n + 2) x (n + 2) tridiagonal matrix

0 A0 0 ... 0 0 ]
A0 A 0 0 0
o A 0 N 0 0
B = ! 2 (2)
0 0 0 ..o A0 A
0o 0 0 ... 0 X0
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Note that B is (componentwise) nonnegative and irreducible. Let o > 0 [¢ € RZ] denote
the Perron root [Perron vector| of B. Then

Rza‘zandeizl/gL,izl,...,n. (3)
A0

Note that it follows from this that for any ¢ > 0 we have
R(chg, ..., cAn) =cR(Ag, .-, An)
that is, the steady-state production rate is positively homogeneous of degree one.

Example 1. Consider the RFM with all the rates equal to one. Then B is a tridiagonal
Toeplitz matriz and it is well-known (see e.g. [22]) that its eigenvalues are 2cos(nk—+”3), k =

1,...,n+ 2, so the Perron root is 0 = QCOS(HL_H,)). The corresponding Perron vector is
: T : 2 - (n+D)w T
¢ = [31n(m) sin(;=5) ... sm(n—%)]
Thus, in this case (3) gives
1 m
R=- -2 4
J(eos(")) (1
and
0 — Git2
' oGit1
. +2)m
sm(%)
T T\ o GHDT (5)
cos(m)s1n( s )
for all i = 1,...,n. For example, in the one-dimensional case, i.e. 1 = 1 — 2x1 the

equilibrium point is e = 1/2, so R = 1/2, whereas (4) yields
1
R = J(cos(7)) = 1/2

and (5) gives
B sin(?jf)
 2cos(%) sin(%)

€1 :1/2

O

Biological organisms are exposed to periodic excitations like the 24h solar day and the
periodic cell-cycle division process. Proper functioning often requires entrainment to such
excitations i.e. internal processes must operate in a periodic pattern with the same period
as the excitation. An example is the sleep-wake cycle that entrains to the 24h day.

Ref. [23] studied the RFM with positive time-varying rates that are jointly T-periodic,
and proved that every state-variable converges to a periodic solution with period T'. In other
words, the RFM entrains. The proof is based on the fact that the RFM is an (almost)

3
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contractive system [24]. However, this provides no information on the attractive periodic
solution (except for its period).

Since any set of jointly periodic rates induces a periodic solution, a natural question is:
can periodic rates yield a higher production rate than constant rates? In this paper, we
formulate this question rigorously and then address it via simulations and rigorous analysis
in one simple case. The remainder of this paper is organized as follows. The next section
defines the periodic gain of the RFM. Section 3 describes some simulation results for the gen-
eral RFM. Section 4 considers the problem of finding the maximal periodic gain as an optimal
control problem. We then turn to a particular simple case, namely, a one-dimensional RFM,
and prove a result on the periodic gain using the PMP.

2 Problem Formulation

For any T-periodic function f, with 7" > 0, let f := %fOT f(t)dt, that is, the average of f
over a period. Pick a set of rates \;(t), ¢ = 1,...,n, that are jointly T-periodic (note
that a constant rate is T-periodic for any T'). Recall that this induces a unique T-periodic
trajectory () of the REFM and thus a unique T-periodic production rate Ry (t) := A\, (t) 7, ().
The average production rate is thus Rp. Consider an RFM with constant rates \;, i =
1,...,n. Recall that every trajectory converges to a unique steady-state e and thus to a
production rate R := \,e,.

The question we are interested in is: what is the relation between Ry and R? Note that
this is a “fair” comparison as we replace every time-varying rate by its average value.

We call Ry/R the periodic gain of the REM (for the given set of T-periodic rates). One
can argue that the average production rate over a period, rather than the instantaneous
value, is the biologically relevant quantity. Then a periodic gain larger than one implies that
we can “do better” using periodic rates.

To gain a wider perspective, consider the case of a SISO asymptotically stable linear
system with input [output] u(t) [y(¢)] and transfer function G(s). Suppose that u(t) = a +
bsin(wt). Note that this is T-periodic with 7" = 27 /w, and that @ = a. It is well-known that
the output converges to the T-periodic function yr(t) := |G(0)|a+|G(jw)|bsin(wt+ LG (jw)),
where j := /=1, so yr = |G(0)|a. On the other-hand, if we replace u(t) by u = a then
the output converges to |G(0)|a. Thus, the periodic gain for this input is one and by
superposition it is one for any periodic input.

Of course, for nonlinear systems, like the RFM, the periodic gain may be different than
one. The next example demonstrates this.

Example 2. Consider the scalar system
(t) =1 — z(t)u(t). (6)
For u(t) =14 (1/2) cos(t) the solution is
(1) = exp(—t — 5 sin(1)) (2(0) + 6(0)),
where ¢(t) == fot exp(s + 3 sin(s)) ds. Thus,
2(2m) = exp(=27)(x(0) + ¢(27)),

4
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We now determine an initial condition x(0) = ¢ for which the solution is 2m-periodic, that
18,
¢ = exp(=2m)(c+ ¢(2m)),

SO

o= EP(2MOCT) () coaus

1 — exp(—2m)
Thus, the periodic solution is xp(t) := exp(—t — 5 sin(t))(c+ ¢(t)). It is not difficult to show
that this solution is attractive. A calculation yields Tr = 5= 0% xp(t) dt = 1.06489.

On the other-hand, for u = & OQTFU(S) ds = 1, the solution of (6) converges to the
O

steady-state 1 and thus the periodic gain is ~ 1.06489.

3 Simulations

We consider the REM where every rate is a sum of m harmonic functions with random
coefficients. More precisely, we generated a matrix of random entries P € R(™+1)*(2m) and
then set

Z Di2k—1 sin(kwt) + p; ox, cos(kwt)) , i =0,...,n. (7)
k=1

Note that this guarantees that the A;’s are jointly T-periodic for T' = 27 /w and that A = 1for
all i. The entries of P are generated randomly with a uniform distribution over [—1/(2m), 1/(2m)],
so that \;(t) > 0 for all ¢ and all t.

We first simulated the RFM with n = 1. Since \; = 1 for i = 0,1 we know from
Example 1 that R = 1/2. Fig. 1 depicts a histogram of the average steady-state flow Ry
for m = 3 and 10,000 simulations. It may be seen that this is always smaller than 1/2.
Thus, the constant rates yield the maximal production rate.

Consider now an RFM with n = 4 and constant rates set to one. By (4),

R = i(cos(w/?))_z ~ 0.307979. (8)

Fig. 2 depicts a histogram representation of Ry calculated over 10, 000 simulations of an RFM
with periodic rates Ao(t), ..., A\s(t). It may be seen that Ry is smaller than the value in (8),
so again the constant rates are those that maximize the production rate.

Our next goal is to pose the problem of determining the RFM periodic gain as an optimal
control problem.
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Figure 1: A histogram of Ry values in the one-dimensional RFM with periodic Ao(t)
and A\ (t).
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Figure 2: A histogram of Ry values in an RFM with n = 4 and periodic rates \;(t), i =
0,....4

4 Optimal periodic control

We augment the equations of the RFM with an additional state-variable as follows
21 = )\0(1 — Zl) — )\121(1 — ZQ),
2k = Me—126—1(1 — 2i) — Aezi(1 — 241), 2<k<n-1,
o (9)
Zn = )\n—lzn—l(l - Zn) - )\nxnv

Zn—‘rl = Anzna

with 2,11(0) = 0. Thus, 2(t) = [, R(r)dr. Pick T > 0 and ay,...,a, > 0, and let S,
denote the set of measurable functions \;(¢), i = 0, ..., n, satisfying the following conditions
foralli=0,...,n,
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1. A\i(t) > 0 for almost all £ > 0;
2. N(t) = Ni(t+T) for almost all ¢ > 0; and
3. )\_7, = ;.

We can apply the spectral representation to determine the steady-state production rate R
when \;(t) = a; for all i. Thus, determining the periodic gain is equivalent to solving the
following optimization problem.

Problem 1. Mazimize %Z(T) over the set of admissible rates S, and with the boundary

condition z;(0) = z,(T) € (0,1) fori=1,...,n.
The last condition guarantees that we are maximizing the production rate along the
(unique) periodic trajectory.

5 Optimal Control and Pontryagin Principle

5.1 Optimal Control Formulation

Consider the following single state system:
&= X(t)(1 —x(t)) — \z(t). (10)

Let Ao(t) : R>g — R+ be a measurable signal with a period 7" > 0, i.e, Ao(t) = X(t+71) > 0,
and let A\; > 0 be a constant.

Let o(t; 2(0), A\o(t)) be the solution of (10) for a given inflow rate and an initial condition
(which exists and is unique by Carathéodory conditions [25]). Since the system is contrac-
tive, then the solution of (10) entrains to the periodic input, i.e, it converges to a periodic
trajectory with a period 7' [23]. Let z(t) := ¢*(t; A\o) be the limit trajectory.

The problem in the last section can be understood as maximizing the average flow, i.e
y(t) = M\x(t), over the set of inputs with a given average.

In order to write this as an optimal control problem, we consider optimizing the following
cost functional over the compact interval [0, T'):

TOu(t)) = % /O M (t)dt, (11)

In order to enforce the periodicity condition, we impose the constraint z(0) = =(T"). The
set of admissible controls is the set of measurable signals \o(¢) over the interval [0, 7’| with a
given average \o and which satisfy \o(t) € [0, L] for some upper bound L > 0. The periodic
extension of a signal can be defined as Ao(t) = A(t —mT), where m = | -t=], ¢ > 0.

Hence, we write the extended system as:

. M — F(2) + g(=)ho(t) = [‘Algl(ﬂ + F _fl(ﬂ Nolt), (12)

22
where 21 (t) := x(t), and with the following boundary conditions:
21(0) = 2 (T), 2(0) =0, 2(T) = T,. (13)

For a given L > 0, the optimal control problem can be stated as follow:

7
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Problem 1. Find \(t) : [0,T] — [0, L] that maximizes the cost functional (11) subject to
the ODE (12) and the boundary conditions (13).

Note that Problem 1 is a nonlinear optimal control problem since it has a bilinear term
containing the state and control.
The first main result is the following:

Theorem 1. The signal that solves Problem 1 with L = 2\ is:

)\Q(t) = )\(],t € [O,T], (14)
and corresponding the optimal cost is:

TOHE) = 15 (15)

Hence, the throughput of the system can not be improved by using periodic time-varying
inflows. The proof of Theorem 1 is given below.

5.2 Pontryagin’s Maximum Principle with periodic inputs

The Pontryagin Maximum Principle (PMP) is a well-known necessary condition for the
optimality of control signals [26],[27],[28]. However, Problem 1 has a non-standard boundary
condition z;(0) = 25(T"). Nevertheless, we can use a modified transversality condition to state
the PMP. First, we need to define the Hamiltonian associated with the system as:

H(Xo,x,p,p0) = p(t)" (f(2(1)+g(2(t))u(t))+poFr21(t) = (=prditpoFh) 21+ (1 (1=21)+p2) Mo (1),
(16)
where p(t) € R? is the costate, and py > 0 is called the abnormal multiplier.
For Problem 1, the maximum principle can be state as:

Proposition 2 (The Maximum Principle). Let \j(t) : [0, 7] — [0, L] be an optimal control
for Problem 1. Let z* : [0,T] — [0,1] X R be the corresponding optimal state trajectory. Let
ps = T/A\1. Then, there exists a function p* : [0,T] — R? with p*(t) # 0 for all t € [0,T],
and satisfying:

1. The solution z*(t) and p*(t) satisfy:
L OH

== 1
z ap’ ( 7)
. OH

where H is given by (16) with the boundary conditions (13).
2. The control \j(t) is optimal for all t € [0,T] while fixing z*,p*, i.e,
O 2 (1), (1)) < HOG(0). 2* (0. (1) (19
for allt € [0,T] and X € [0, L].
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3. The costate variable satisfies the following transversality condition:
p1(0) = pu(T). (20)

Proof. We need to prove the transversality condition and that the abnormal multiplier is
noN-Zero

For the transversality condition, we utilize a result from [27] that allows for arbitrary
initial sets. Let S C R* be an initial set, and have the following constraint:

2= {Z(O)} €s.

where T.,.S is the tangent space of S at 2’.
In our case, S = {2 € RYz; — 23 = 0,25 = 0,24 = T'\g}. Hence, T.S = span{[1,0,1,0]7}.
Therefore, it is necessary that pi(0) = pi(7T).
Next, we show that abnormal multiplier can not vanish. For the sake of contradiction,
assume po = 0. Hence, (18) implies that p; = p1(A1 + A5(t)) — pi(A1/T). Therefore,:
p1 = (A1 + Ao(t))p1,

which is separable. Hence, integrating we get In(p1(T)) — In(p1(0)) = fOT()\l + Ao(t))dt.

Using the transversality condition derived above this implies that fOT Xo(t)dt = =X < 0
which contradicts the fact that A\g(¢) > 0. Hence, p§ can not vanish. Assume now that a pair
(p*(t),ps) # 0 exists with p§ # 0 that satisfies the PMP. Then, (p*(¢)/(piA1/T), T/ 1)
also satisfies the PMP. Hence, we can state the PMP with p{ = 7/A; without loss of
generality. [

6 Optimality of the constant rate

6.1 Characterization of the optimal rate

The control input \¢(¢) appears linearly in the the Hamiltonian (16), and also ps(t) = p2(0)
which follows from (18) since p, = 0. Hence, we can define the switching function as:

p(t) = p*(t)" g("(t) = pi(t)(1 = 2{(1) + p5(0). (21)
We have the following lemma:

Lemma 3. Let (\j(t), 2*(t),p*(t)) be an optimal trajectory, then if o(t) # 0, then:

« L :p(t)>0
Ao(t)—{ 0 el <0 (22)

i.e, Mo(t) is a bang-bang control when the switching function does not vanish.

9
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Proof. Let ¢(t) > 0, and let \j(t) < L. However,

HAo(1), 2x(1), (1)) = (=p1 (1) +1)z1 () +p() Ao (1) < (=p1()+1)21 (1) +o(t) L = H(X, 27(1), p™(1)),

which violates condition 3 in Proposition 2. Hence, A\§(t) < L is not optimal. The same
argument can be applied when (t) < 0. O]

The switching function can also vanish. In that case the control signal is called singular.
We provide a characterization of the form of the singular control. First we need some
notation. Assume that Aj(¢) is an optimal control and let ¢ be the associated switching
function. Let Et = {t € [0,T]|¢(t) > 0}, E~ = {t € [0,T]|¢(t) < 0}, and Ey = {t €
[0, T]|p(t) = 0}. Note that all three sets are measurable. We state the characterization next.

Lemma 4. Let \j(t) be an optimal control, and let ET, E~, Ey be as defined above such that
w(Eq) > 0, where y denotes the Lebesgue measure. Then:

_ Tho— Lu(E)

Ap(t) = ¢ (B

, fort € Ej. (23)

and z;(t) = 9.t € Ey.

Proof. Let E C Ey be the set of accumulation points of Ey. Note p(E) = p(Ep), since
Ey — FE is the set of isolated points of £ which is countable, and hence has measure zero.
Then, ¢(t) = 0 for t € E implies that d"/dt"(¢(t)) = 0,t € E for all positive integers n.
Hence, we calculate ¢(t), ¢(t) below. Lie brackets are usually utilized for such calculation.
Using ¢(t) = p1(1 — 21) + p2(0), we can write:

o(t) =p1(L —z1) = piz1 = p1h — (L — z1) (24)
G(t) = Mpr + 21 = Ao(D) (1 — 21 + Aip1) — M(1 + 21 — Aipy), (25)

In order to find the form of the singular trajectory on E, we find that ¢(t) = $(t) =
0 implies that pi(t)(1 — 2{(¢t)) = —p5(0), and A\pi(t) = 1 — 2;(¢). Hence, we find that
pi(t) =1 — 27(t) = K, where K is a constant. Since z(t) € (0,1), then K € (0,1). Hence,
p5(0) = —K?/\ < 0.
Substituting pi(t), 25 (t) in ¢(t) = 0 we get that:
MK

= E
Ao(t) 1—K’t€ 0

which is a constant. Using the fact that fOT Mo(t) = T)o, and noting that \o(t) € {0, co, L}
we can write Lu(E™) + cou(FEo) = TAg, and hence (23) follows (i.e, Aj(t) = cp), and 2z (¢) =
1K= _%_ O

A1+co”

Lemma 1 and 4 above lead to the following characterization of optimal control signals:

Proposition 5. Let \j(t) be a control input that solves Problem 1, then \o(t) € {0, co, L},
for some ¢y € (0, L).

10
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Remark 1. If u(Ey) = 0 then the control signal is said to be fully bang-bang, while if
w(Ey) =T then the control signal is fully singular. Otherwise, the control signal is said to be
a patching of bang-bang arcs and singular arcs. Hence, Theorem 1 asserts that the control
is fully-singular. In that case \j(t) = No and 25 (t) = No/(A + Ao).

Remark 2. The singular control satisfies the necessary conditions such as the Legendre-
Clebsch condition [27]. However, we will not include a proof as we will be showing that it is
indeed optimal within the class of three-level signals.

6.2 Any patching of bang-bang with singular arcs is suboptimal

Proposition 5 shows that an optimal control takes up to three values only. Hence, in order
to prove Theorem 1 we need to show that the cost functional with a fully singular control
achieves better than any other signals in that class. We parametrize, the class of signals for
a given average )\ as follows:

Mo(t) = Ao + ca(t), (26)

where a(t) is measurable such that a(t) € {—1,¢,1}, where |c| < 1 and 0 < & < \g. It also
satisfies fOT a(t)dt = 0. For every choice of A\g(t) we let x(t) denote the solution of (10) that
satisfies z(0) = z(T). i

We will show that J(Ao(t)) < % for any choice € and «(t) above.

First, we study the case when a(t) has a finite number of switchings, which we define
next. A set F C [0, 7] is said to be elementary if it can be written as a finite union of open,
closed, or half-open intervals. Let ET, E~, Ey be defined similar to the previous subsection,
i.e, welet BT = {t|a(t) =1}, B~ = {tla(t) = =1}, Ey = {t|a(t) = c¢}. Then «(t) is said to
have a finite number of switchings if £+, E~, E, are elementary sets.

We are ready to state the next proposition:

Proposition 6. Let \o(t) be given as in (26) such that a(t) has a finite number of switchings.
Then, -
A1 o

Tol0) <

fore>0,u(Ey) <T.

The proof will be presented after some preliminaries.

First, we derive an identity for the scalar linear system @ = a — bx, where a,b > 0 are
constants. This linear system has a unique steady state at x4, = § which is globally stable.
We state the following lemma:

Lemma 7. Let ty,t; > 0 be the initial and final time. Consider the initial value problem
&(t) = a — bx with x(ty) = xo. Let x(t) be solution of the problem, and let x1 = x(t1). Then:

ta a 1
/ o(t)dt = (12~ to) — 7 (a1 — w0) (27)

to

11
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Proof. Since the scalar linear system is separable, we can write: ftil dt = fi}l dx/(a — bx).
Hence,

1 a — bxg
t1 —ty) =1 28
( 1 0) b n a — bxl ) ( )
which implies
71 = woe M) 4+ 2 (1= ) (29)
Next, we show that the integral of z(t) over time can transform to integration over
occupancy:
t o a1 a — bxg T — X
dt — dr =221 —( ) 30
/tox /xo a—br b(bna—bx1> b (30)

Using (28) we get the required formula (27).
O]

Going back to our problem, note that the system (10) with an input (26) is a switched
linear system which switches between three linear systems. Fig. 3 illustrates this switched
system with two lines in (&, z) coordinates, where:

a1 =M +e,a3 =N —¢€,a. = Ay + cg, (31)
b1:;\0+€+)\1,bg:5\0—€+>\1,b025\0+05+/\1 (32)
The upper line is when a(¢) = 1, and the lower line is when a(¢) = —1. Note that

there is no line for the case a(t) = ¢ since the characterization in Lemma 4 implies that
x(t) is constant on a singular arc, and hence #(t) = 0. Hence, when the control is singular,
the system = = a. — b.x is at steady-state, and the trajectory stays at a single point in
(x, &)-coordinates.

We need the following lemma to characterize the behaviour of the system for a given «(t)
with finite switchings:

Lemma 8. Let \o(t) given with a finite number of switchings, and let x(t) the solution
of (10) with x(0) = x(T). Let t© = u(Ey). Then there exists a positive integer n, and
Ty, xd, ], xl, . x,, xt >0 such that:

T - = rde T gdr a
t)dt = _— —dt o= 33
/0 #t) Z(/x al—blir/xj az — by >+ be (33)

=0

Proof. The trajectory starts from z(0) and returns to z(0) at ¢t = T', which forms a grand
loop. (note that the time spent when «(t) = ¢ is part of the loop). Since «(t) can have
multiple swtichings, it can have multiple loops. We observe the following: if the trajectory
transverses from x; to z;” on the upper line, then it must transverse back from z; to z; on
the lower line. Hence any trajectory can be partitioned into a finite number of trajectories.
The ith trajectory consists of two segments: a segment on the upper line (from z; to z;")

12
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A

Figure 3: A trajectory of the switched system in the (i, x)-coordinates.

matched with a segment on the lower line (from z; to z; ). Note that the two segments are
not necessarily consecutive in time, and the partitioning is not necessarily unique. Using the
same transformation used in (30) and accounting for the total time spent in the singular arc,
we can write the integral as in (33).

m
Before completing the proof of Proposition 6, we state following lemma:
Lemma 9. The following inequality holds:
l—e ) (1—e? b
Va,b>0: (1=er){d—e7) ¢ (34)

<
1 — e—(atb) a+b

Proof. Let f(a,b) = %—%—%. The inequality is proved if we show that f(a,b) > 0
for a,b > 0. Note that lim, p)—(0,0),a650 f(a,b) = 0.

Differentiating with respect to a:
aof 1 n 1
da  a® 2 —2cosh(a)’
Using the Taylor series of cosh(a) we can find that 2cosh(a) — 2 > a® for a > 0. Hence

J0f/da > 0. Similarly, 0f/0b > 0. Hence, f increases in all directions in the positive quarter
which proves the lemma. O

We complete the proof of Proposition 6 below

Proof of Proposition 6. Let t¢ = u(Ey),t™ = p(E™),t~ = p(E~). Using the fact that total
time is 7', and that fOT a(t)dt = 0. Then t* and ¢t~ can be written as a function of ¢t and T'
(35):

T—t(l1+c¢
ET —t¢(1 - C;; (35)

th+t-+t°=T ——
L ¢ = = t_ ==
t t +ct°=0

DN [ =D [ =

13
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Now consider the decomposition stipulated in Lemma 8, with {x; , z] }7,. Let t] be the
time spent on the upper segment from z; to z;, and let ¢; be the time Spent on the lower
segment from z;" to z; .

Using (33) and (28), we can write:

TO(t)) = %/0 ().t — AOTM

+ — —
1 i dx i dx Qe Ao
_ - e _ e tc_) —
T(Z[/l— CLl—bl.fL'—i_/x;i- a2—62$:|+ bc )\0‘{’)\1

x

:_zjﬁ—+@g+( x”@:+éﬂ+§%_mﬁk (36)

We proceed to rewrite ] — z; using equation (29) as follows:

oF = pme it 4 @ (1 _ e_blt?_> _ <x+e—b2t— I az (1 _ e—bzt—>>€—b1t+ n ay (1 _ €—b1t+>
{ T KA bl KA b2 b1

xz— —_ .,L,;i-eszt; + %(1 _ e*bgi,?) — <xi—efb1t+ + ﬂ <1 o 67b1t+>>€7b2t7 + % (1 _ e*bgti)
b2 bl b2

Hence,

ot =ap) = (- ) L= ) (39)

by by - efbltj'fbgt._

7

Using Lemma (9) and (38) we get the following upper bound:

ot —ap < (2 - 2) D)) )

by by/ bit] + bot;
Rewriting the equation (36):
. 1 -1 1 Ao
J(Ao(t pro 22y pele ) (— + )) - =
o) = (1541 g S =G+ 0]) - o (10)
1 _ aq a9 <b1t+>(b2t_) —1 1 5\0
< (8 22 g gele SR e RASC LN |
7 T bc+z[(b1 bg)blt;r—i—bgti_(bl +52>D Yo+ M

(41)

Let §; := ¢; —t;. Note that it can be either positive or negative. Note that >, d; = —ct.
Define t; := t +¢;, and hence Y . [t;] =T+t~ =T — t°. Using the definitions, we get:

ti+ 0 ti—0;
tt = 7 =
7 2 » 7 2

(42)

14
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Hence, we can write (41) as follows:

Sl G )
A\ e? [ tjt; }
(Ao + A1)? — €2 (t++t )(XO+A1)+(tj_t.—)g>

) o z
) Zt+ }
>

)\0 + )\1 — g2 )\0 + /\ ,\O+)\1

Z- t2 — 62 2X<ti__5ie >]

No+ M) T = (555) 0 Ao + M

IN

[ 61'8
2 =5 )\}
>\0+)\1 )()\0+)\1) i 0+ A1
A\ €2 (T—tc—l—tc)\f)\l)

)\0+)\1 —82) ()\04’)\1)

(
(
(Awl -
(
(

Substituting (43) in the inequality (36) and substituting the values of all the variables,
we get that (44) simplifies to:
252)\1tc

() < T T(No + A1)%(ce + Ao+ A1) <0 (44)

]

In order to prove Theorem 1, we need to consider an arbitrary measurable signal «(t).
For that purpose, use the following characterization of measurable sets:

Lemma 10. [29] Let E C [0, T]. Then E is measurable if and only if for every e > 0 there
exists an elementary set B. C [0,T] such that un(EAB.) < e, where A is the symmetric
difference of sets.

We improve on the lemma above, by the following:

Lemma 11. Let E C [0,T]. Then E is measurable if and only if for every e > 0 there exists
an elementary set B. C [0,T] with u(B.) = pu(E) such that n(EAB.) < €, where A is the
symmetric difference of sets.

Proof. Sufficiency is clear. For necessity, let B./; be the elementary set given by Lemma 10.
We can modify the intervals contained in B,/ by up to €/2 to get B, with u(B;) = u(£). O

We generalize Proposition 6 as follows:

Proposition 12. Let A\o(t) be given as in (26) such that «(t) is measurable. Then,
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Proof. Let E°, E*, E~ be defined as before. Using Lemma 11, let E?, E;*| E.” be elementary
sets such that p(E?) = p(E°) and pu(E°AE?) < 1/2¢ and similarly for £}, E;. We have
also p(E7) + u(E") + W(E7) =T.

Let a;(t) be defined as follows:

1 :teEf
a;(t) = c :tekEy
-1 :tek;

Then «;(t) are elementary simple functions, and we have a;(t) — «(t) for all ¢t. For each
i, z;(t) is the solution of the corresponding differential equation which has a known form.
Hence, the proposition follows using Proposition 6 and Lebesgue’s bounded convergence
theorem [29]. O

Theorem 1 follows from Propositions 5 and 12.
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