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Abstract

This paper studies gradient dynamics subject to additive random noise, which may arise from
sources such as stochastic gradient estimation, measurement noise, or stochastic sampling errors.
To analyze the robustness of such stochastic gradient systems, the concept of small-covariance
noise-to-state stability (NSS) is introduced, along with a Lyapunov-based characterization. Fur-
thermore, the classical Polyak—Lojasiewicz (PL) condition on the objective function is generalized
to the KC-PL condition via comparison functions, thereby extending its applicability to a broader
class of optimization problems. It is shown that the stochastic gradient dynamics exhibit small-
covariance NSS if the objective function satisfies the K-PL condition and possesses a globally Lips-
chitz continuous gradient. This result implies that the trajectories of stochastic gradient dynamics
converge to a neighborhood of the optimum with high probability, with the size of the neighbor-
hood determined by the noise covariance. Moreover, if the KC-PL condition is strengthened to a
Koo-PL condition, the dynamics are NSS; whereas if it is weakened to a general positive-definite-
PL condition, the dynamics exhibit integral NSS. The results further extend to objectives without
globally Lipschitz gradients through appropriate step-size tuning. The proposed framework is fur-
ther applied to the robustness analysis of policy optimization for the linear quadratic regulator
(LQR) and logistic regression.

1 Introduction

Optimization lies at the core of many data-driven fields, providing concepts and tools for algorithm
design, computational-complexity analysis, and statistical inference. Recent work in learning and
optimization largely focuses on gradient-based methods because of their low per-iteration cost and
suitability for parallel architectures. Their scalability to large-scale problems has, in turn, motivated
careful study of convergence rates—both how to certify a target rate and how to systematically im-
prove it through choices such as step-size policies and momentum. Yet efficiency alone is insufficient:
in practice, gradient-based methods operate in noisy environments, where perturbations arise from
numerical errors, measurement noise, inexact formulas for gradient computations, and early stopping
of embedded routines used to compute gradients (see [Pol87, Ch. 4] and [Ber99, p. 38]). Under such
unpredictable noise, the gradient-based algorithms may oscillate around the optimum, converge to a
biased limit point, or even diverge. Hence, convergence and robustness are twin, indispensable facets
that must be analyzed for gradient-based methods.

The connection between optimization and control enables the study of algorithmic convergence
through stability and Lyapunov theory [PS17]. By modeling a gradient method as a continuous-time
dynamical system and treating the iterates as system states, one can employ Lyapunov functions to
characterize asymptotic behavior. Importantly, flexibility in Lyapunov design—beyond using only
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the objective value or distance to an optimizer/optimal set—enriches the analytical toolkit and often
yields sharper bounds and insights than any single canonical choice [WWJ16, WRJ16, Jor18]. Control-
theoretic insights can also guide the redesign of optimization algorithms themselves [CLW™24]. Clas-
sic Lyapunov methods are typically formulated for systems without exogenous inputs/disturbances.
Input-to-state stability (ISS) generalizes Lyapunov stability to systems with inputs, explicitly quanti-
fying how disturbances impact the state [Son89]; it thus provides a natural framework for analyzing
both convergence and robustness of gradient-based optimization under external perturbations. For
example, [CMLC18] establishes ISS of the saddle-point dynamics for convex—concave objectives with
respect to additive noise; [CK23] uses ISS to assess the robustness of a bilevel optimization algorithm
to inner-loop approximation errors; ISS likewise underpins robustness analyses of extremum-seeking
methods [PK21, SD22]; and [BPD22] leverages ISS to address output regulation for tracking a gradi-
ent flow in the presence of plant-level disturbances. Finally, [CJS24, CJSB25] generalizes the classical
Polyak—Lojasiewicz (PL) condition [Pol63, Loj63, KNS16] and proves that gradient descent is small-
disturbance ISS when the objective satisfies a generalized K-PL condition. Most of the above focuses
on deterministic disturbances. In practice, however, noise is often random: objective values and gra-
dients are obtained via measurements subject to stochastic errors, and in stochastic optimization the
objective is an expectation, so exact gradients are typically unavailable and must be approximated
by random samples. This motivates studying the impact of randomness on gradient-based methods.
Noise-to-state stability (NSS) extends ISS to stochastic systems, offering a meaningful framework when
bounding the state by the supremum of unbounded white noise is not feasible [DKWO01]. NSS asserts
that trajectories enter (and remain in) a noise-dependent neighborhood of the equilibrium with high
probability, with the radius controlled by the noise intensity/covariance. In this paper, we study the
robustness of gradient dynamics under additive stochastic perturbations within the NSS framework.

The Polyak—-Lojasiewicz (PL) condition [Pol63, Loj63, KNS16] is a useful and straightforward tool
for certifying a linear convergence rate of gradient-based optimization without the assumption of strong
convexity. However, this condition requires that the norm of the gradient of the objective function is
larger than the square root of its suboptimality, i.e., [V || > v/c(J (2) — J* with ¢ > 0. However, this
square-root scaling between gradient norm and suboptimality can be restrictive and is violated in many
important problems (e.g., policy optimization for the linear—quadratic regulator and logistic regression),
which we analyze in the second part of this paper. In [CJS24, CJSB25], the authors generalized the
classic PL condition to a K-PL condition by requiring that |V 7| > u(J(z) — J*), where p is a K-
function (continuous, strictly increasing, and vanishing at zero). If such a K-PL condition is satisfied,
the gradient dynamics is small-disturbance ISS; however, the analysis there is limited to deterministic
noise. In this paper, we move a step further and show that, if the objective function satisfies the
K-PL condition, the stochastic gradient dynamics (overdamped Langevin diffusion) with time-varying
covariance is small-covariance NSS. This implies that, if the noise covariance is sufficiently small, the
trajectories of the stochastic gradient dynamics will eventually enter and remain in a neighborhood
of the optimum with high probability, with the neighborhood size depending (nonlinearly) on the
covariance. In addition, if the C-PL condition is strengthened to a K..-PL condition—requiring p
to be unbounded—then the stochastic dynamics is NSS. If the K-PL condition is weakened to a
positive-definite function (removing the monotonicity requirement on p), then the stochastic dynamics
is integral NSS. Similar results hold for the underdamped Langevin diffusion, which is the continuous-
time version of the heavy-ball optimization algorithm [Pol64], subject to stochastic noise with time-
varying covariance.

The results are applied first to policy optimization for LQR. In LQR, the goal is to optimize the
feedback control gain to minimize the cumulative cost of quadratic state and input terms. This problem
provides an ideal benchmark for theoretically analyzing the performance of policy-gradient algorithms
in reinforcement learning, where the control policy is updated via gradient descent to reduce cost (or
gradient ascent to increase reward) [SB18, Ch. 13]. In recent studies [FGKM18, MZSJ22, HZL 23],
the convergence of PO to optimality has been well studied, but the robustness of PO under stochastic
noise remains an open problem that should be systematically investigated. In this paper, by resorting
to the established C-PL condition of LQR cost [CJS24], we show that the stochastic gradient dynamics
for PO of LQR is small-covariance NSS (or NSS) if the step size/learning rate is chosen appropriately.
The learning rate must be selected carefully because the gradient of the objective function is not
globally Lipschitz continuous. The second application of the developed robustness-analysis framework
is to logistic regression. Under mild conditions (the data points are nonseparable and full rank), the



logistic loss is coercive and has a globally Lipschitz-continuous gradient. In addition, even though
the logistic loss is strictly convex, there is no function that satisfies the classic PL condition nor the
Kso-PL condition. We further show that the logistic loss can satisfy the weaker K-PL condition, and
hence the corresponding stochastic gradient dynamics (including both overdamped and underdamped
Langevin diffusion) are small-covariance NSS.

The remainder of the paper is organized as follows. In Section 2, we introduce notation and
comparison functions. In Section 3, we present the concepts of NSS—particularly the new notion of
small-covariance NSS—and provide a Lyapunov sufficient condition to ensure small-covariance NSS.
In Section 4, we analyze the robustness of stochastic systems useful in optimization (referred to as
overdamped and underdamped Langevin diffusions) and establish connections between the various NSS
notions and generalized PL conditions. In Section 5, we apply the main results to policy optimization
for LQR and to logistic regression. Section 6 concludes the paper.

2 Notations and Facts

2.1 Notations

In this article, let R and R denote the set of real numbers and the set of nonnegative real numbers,
respectively. Let R™ denote the n-dimensional Euclidean space. The sets S", S" and S}, denote
the space of n X n real symmetric matrices, real symmetric positive semi-definite matrices, and real
symmetric positive definite matrices, respectively. The sets of integers and positive integers are denoted
by Z and Z., respectively. The trace of a square matrix is denoted by Tr(:). The symbol |||
denotes the Euclidean norm of a vector or the spectral norm of a matrix, while ||| denotes the
Frobenius norm of a matrix, where ||A||% = Tr (AT A) for A € R™ ™. For a measurable and essentially
bounded function z : Ry — R™ (or X : Ry — R™ ™), its essential supremum norm is denoted by
[2]loc = esssup;cr, [(2)]] (or [|X]loo = esssupser, | X (£)]]).

Let C(S,R"), CY(S,R™) and C%(S,R™) denote the spaces of continuous, continuously differentiable,
and twice continuously differentiable functions from & C R™ to R", respectively. For a function
V € C?(S,R"), its gradient and Hessian are denoted by VV and V2V, respectively. The symbols
Amin () and Apax () denote the minimum and maximum eigenvalues of a real symmetric matrix,
respectively. The n-dimensional identity matrix is denoted by I,, and Id denotes the identity function.
For any X1, X, € R™*" and Y € § |, define the inner product as (K, K3)y = Tr (KlYKQT). For
simplicity, we write (K1, K2)5, = (K3, K3). For any A, B € S", the notion A = B (A > B) means
that A— B €S| (A—- B € SY}). Similarly, A < B and A < B indicate that B — A € S} and
B — A € S, respectively. Let (2, F,{F;}i>0,P) be a complete filtered probability space, where €2
is the sample space, F is a o-algebra over 2, {F;}i>0 is a filtration satisfying the usual conditions
(right-continuity and completeness), and P is a probability measure defined on (Q, F). 14(w) denotes
the indicator function of set A C Q.

2.2 Notions of Comparison Functions

The notions of comparison functions are introduced to facilitate the stability analysis of dynamical
systems. A function o : Ry — R is said to be positive definite (PD) if «(0) = 0, and a(r) > 0 for
all » # 0. A function a : Ry — Ry is said to be of class IC if it is continuous, strictly increasing, and
satisfies «(0) = 0. It is said to be of class K if & € K and a(r) — co as r — oo. A function « is said
to be of class Ko 4 for some d > 0 if it is defined on [0, d), continuous, strictly increasing, and satisfies
a(0) = 0. A function 8 : Ry x Ry — R, is said to be of class KL if for each ¢ > 0, the function
B(-,t) € K, and for each fixed r > 0, 8(r,-) is decreasing and satisfies lim;_, 5(r,t) = 0.

2.3 Useful Facts

Lemma 2.1 (Weak triangle inequality in [JTP94]). For any K-function «, any K -function p, and
any a,b € Ry, it holds that

aa+b) <o (ld+ p)(a) + ao (Id+p~")(b).



Lemma 2.2 (Trace inequality [WKHS86]). For any S € S™ and P € ST}, it holds

Amin (S) Tt (P) < Tt (SP) < Amax (S) Tt (P).

3 Preliminaries of Noise-to-State Stability

3.1 Introduction of Nonlinear Stochastic Systems

Consider the following nonlinear stochastic system defined on the probability space (2, F, {F;}i>0,P)

dX(W7t) = f(X(w?t»dt + g(X(wvt))Z(t)dB(wvt)7 (1)

where x : Q X [0, t42) — S C R™ is an n-dimensional stochastic process; the state space S C R™ is an
open subset diffeomorphic to R™; the process B : 2 x [0, +00) — R™ denotes a standard m-dimensional
Brownian motion; the drift field f : S € R™ — R"™ and the diffusion field g : § € R™ — R™ ™ are
both locally bounded and locally Lipschitz continuous; f(x*) = 0 for some equilibrium x* € R", and
the matrix-valued function ¥ : Ry — R™*™ is Borel measurable and locally essentially bounded.
At each time t € Ry, 3(t) linearly transforms the Brownian noise dB(w,t), resulting in an input
Y(t)dB(w,t) with instantaneous covariance ¥(¢)X(¢) T dt. In the following, we refer to || X(t)X(t) 7] as
the instantaneous noise intensity. The It6 integral form of (1) is given by

N, 1) = / Fx(w,5))ds + / o(x(, 5))2(s)dB(w, 5) (2)

where the second integral term is interpreted as an Itd stochastic integral. A stochastic process
{x(t) }+>0 is said to be a strong solution of (1) with initial condition xo € S if the following conditions
are satisfied [KS91, Definition 2.1]:

1. the sample paths of {x(t)}+>0 are continuous, and the process is adapted to the filtration {F; }>0;
2. P[x(0) = xo] = 1;

3. ]P’[f(;E |fi(x(s))] + 1gi,;(x(s))|ds < ool =1 for every 1 < i <mn, 1< j<m,and any t € Ry;

4. the integral equation (2) holds almost surely for every ¢t € R..

According to [KS91, p. 287], the local Lipschitz continuity of f and g ensures the local existence (up
to an explosion time t,,4.) and uniqueness of a strong solution to (1).

The infinitesimal generator is introduced below to facilitate the stability analysis of the nonlinear
stochastic system.

Definition 3.1. The infinitesimal generator L associated with system (1), acting on a function V €

C%(S,Ry), is defined as a mapping L[V] : S x R™*™ — R given by

LVI(,6) = (VV(Q), f() + 5(s()8, V*V(€)g()®) )

The infinitesimal generator L[V](£,©) can be interpreted as the rate of change of the expected
value of V at state & under the influence of noise covariance @O . It serves as a stochastic counterpart
to the Lie derivative. By It&’s formula, along the stochastic process {x(¢)}i>0 governed by (1), the
evolution of V(x(t)) is given by

V(x(1) = V(x(0)) + / £V)(x(s), S(s))ds + / (VV((5), 9(x())S()dB(s)) (4)

3.2 Notions of Noise-to-State Stability

Since system (1) is defined on an open subset rather than the entire Euclidean space, a size function is
introduced to facilitate stability analysis within the open subset and to ensure that system trajectories
remain inside the domain.



Definition 3.2. (Size Function) A function V : S — Ry is a size function for (S,x*) if V is
1. twice continuously differentiable;
2. positive definite with respect to x*, i.e. V(x*) =0 and V(x) >0 for all x # x*, x € S;

3. coercive, i.e. for any sequence {Xr}7>o, Xk —> OS or ||xk| — oo, it holds that V(xi) — oo, as
k — oo.

For system (1), the presence of persistent additive stochastic noise—even at equilibrium—prevents
trajectories from converging to the equilibrium point in the conventional asymptotic sense. Conse-
quently, the standard notion of stochastic asymptotic stability—requiring that trajectories remain
within a ball of radius y(||xo||) for some v € K with high probability and that lim—,||x(¢)]] = 0
almost surely—mno longer applies. Instead, one typically expects the state trajectories to eventually
settle into a neighborhood of the equilibrium with high probability, where the size of the neighborhood
depends on the noise intensity, quantified by magnitude of the noise covariance ||XX T ||o.. The concept
of noise-to-state stability (NSS) provides a natural extension of input-to-state stability to stochastic
systems, offering a meaningful framework in stochastic scenarios where bounding the state directly by
the supremum of unbounded white noise is not feasible.

Definition 3.3. (Noise-to-State Stability in Probability [DKW01]) System (1) is NSS in probability if
there exists a size function V such that for each € € (0,1), the following holds

P{V(x(t) < BOV((0).8) + Y(IZS T [l)} 21— ¢ (5)
for some B € KL, v € K, all z(0) € S, and any t € R,..

By the causality of the dynamical system, the definition remains unchanged if || X% 7|, is replaced
by ess supTe[O,t]HE(T)E(T)TH. The aforementioned notion of NSS requires that trajectories remain
bounded with high probability for arbitrarily large noise intensity (i.e. |[YX T ||o ). However, in practice,
many stochastic systems may diverge under large noise covariance and only exhibit NSS behavior
when the noise covariance is sufficiently small. This observation motivates the introduction of small-
covariance NSS, which relaxes the classical NSS condition by characterizing stability properties that
hold only under noise with small covariance.

Definition 3.4. (Small-Covariance Noise-to-State Stability in Probability ) System (1) is small-
covariance noise-to-state stable (scNSS) in probability if there exists a size function V and a constant
d > 0, such that for each € € (0,1), the following holds

P{V(x(1)) < BV(x(0)),1) + 7(IZS T [|oo)} = 1 — ¢ (6)

for some B € KL, v € Kjg,q), all noise covariance bounded by d (i.e. 1527 ||l < d), all z(0) € S, and
any t € Ry.

Analogous to integral input-to-state stability (iISS) in deterministic systems, the state trajectories
can be bounded by an energy-like functional of the noise intensity. This observation motivates the
notion of integral noise-to-state stability (iNSS) for stochastic systems.

Definition 3.5. (Integral Noise-to-State Stability in Probability [Tto20]) System (1) is integral noise-
to-state stable (iNSS) in probability if there exists a size function V such that for each € € (0,1), the
following holds

P{V(x(t)) < B(V(x(0)),t) +/0 (BN TINdry > 1 —e (7)
for some B € KL, v € K, all z(0) € S, and any t € R,..

3.3 Lyapunov Functions of Noise-to-State Stability

Lyapunov functions offer a tractable approach to determine whether a stochastic system satisfies NSS.
The notion of Lyapunov function for NSS is introduced below.



Definition 3.6. (NSS-Lyapunov Function) A function V : S — Ry is an NSS-Lyapunov function if
1. V: 8 = Ry is a size function for (S, x*);
2. there exist a € Koo and v € K such that
LY 0) < —a(V(©) +(lee ') (8)
for all £ € S and all © € R™*™,

A scNSS-Lyapunov function can be derived from an NSS-Lyapunov function by relaxing the Koo-
function « in Definition 3.6 to a general K-function, and replacing v with a K 4)-function.

Definition 3.7. (scNSS-Lyapunov Function) A size function V : & — Ry is a scNSS-Lyapunov
Junction if there exist o € K and v € Kjo,q) such that (8) holds for all § € S and all © € R™*™
satisfying ||©OT || < d.

By comparing the NSS-Lyapunov function in Definition 3.6 with the scNSS-Lyapunov function in
Definition 3.7, we observe that the generator term L£[V](£,©) may become unbounded as |00 || — d
in the scNSS case, whereas it remains bounded for the NSS-Lyapunov function. The dissipative-type
Lyapunov function for iNSS is introduced below.

Definition 3.8. (iNSS-Lyapunov Function) A size functionV : S — R is an iNSS-Lyapunov function
if there exist a € PD and v € K such that (8) holds for all £ € S and all © € R™*™,

The existence of a scNSS-Lyapunov function is sufficient to establish the scNSS property of a
stochastic system. To facilitate the proof of the main result, we first introduce the following lemma.

Lemma 3.1. Suppose there exists a scNSS-Lyapunov function V for system (1). Let ¢ > 1, and
assume |EX7 || <712 sup,cp, a(r)] =: di. Define the set

D={cesIVE <atorr(I52T )} (9)

and the stopping time g1 = inf{t > 0| x(¢t) € D}. Then, for any € € (0,1), there exist 1 € KL and
Y1(r) =a "t oey(r) € Ko,y such that

P{V((t A1) < iV 0x0), ) + (IS o) | 21— /2, ¥ > 0. (10)

Proof. Step 1: We establish that V(x(t)) < oo almost surely for allt € Ry. Let S, = {€ € S| V() < k}
for each integer k > V(xo). Fix the initial state xo € S, define the stopping time 74 as the first time
the sample path of the process {x(t)}:>0 exits Sk, i.e.

7, = inf{t € Ry| V(x(t)) > k}. (11)

According to Dynkin’s formula [Khal2, Lemma 3.2], it gives

EV(x(t A )] = V(xo) + E[ / " EVI(s), z<s>>ds} ViR, (12)

Due to the Lyapunov function in (8), it holds

tATE

E[V<x<tAm>>1<v<xO>—E[ / " a(V(x(s)))ds - / v(||z<s>z<sf||>ds]

<V(xo) + tY(IEX " [|so), VE € Ry

(13)

Using Chebyshev’s inequality [Maoll, p. 5], the probability that the process {x(t A 7%)}+>0 stays
within Sy, is estimated as

PVt A ) < k) 21— 3 (Vo) + 111527 ), ¥t € R, (14)



Since the condition V(x(t A 7)) < k implies that ¢t < 7 (as otherwise, if ¢ > 7, then V(x(t A 7)) =
V(x(1)) = k), it is concluded that

P{t <} > 1 - (Vxo) + (I5]0)). V1 € By (15)

Taking the limit k& — oo, it follows that P{t < limy_oo 7} = 1,Vt € R4, which implies that
P{limj_00 7% = 00} =1 and P{V(x(t)) < o0} =1, Vt € R,.
Step 2: we show that

EV(x(t Aa1))] < V(xo) — E[/O " a(V(x(s A @) = 7(IZ5 7 [loo)ds . (16)
Since IP’{ limg oo T = oo} =1, it follows that

EV(x(t A 1)) = E{V[x(liminf (¢ A gy Am)]} = E{lim inf Vx(t A ay A7)}

< liminf E{V[x(t A g1 A7)}, (17)

where the last inequality follows from Fatou’s lemma [MW99, p. 123]. Plugging (17) into (13) and
applying the monotone convergence theorem [MW99, p. 176] result in (16).
Step 3: we demonstrate that for any € € (0,1),

p{v enan < 2200 5 1 9

where VT : § — R is defined as

VHE) = {ws) —atoer (B2 ), V() 2 0 o ey (88T o) (19)

B 0, otherwise.

If xo € D, then g1 = 0 and x(t A q1) = xo for all t € Ry, so (18) holds trivially. If instead x € D¢,
note that since t A ¢1 < g1, the trajectory x(¢ A ¢1) remains outside D for all ¢ € Ry. Consequently, by
(16) and the definition of a scNSS-Lyapunov function in Definition 3.7,

EVT(x(t A q1))] <V (xo). (20)

Combining (20) with (16) and applying Chebyshev’s inequality [Maoll, p. 5] establishes (18).
Step 4: we show that

B{ Jlim V*(x(t Aq) =0} =1 (21)

It is clear that (21) holds for xg € D. Under the case of xg € D¢, let p1 = P{w € Q| ¢1(w) < 0o} and
p2=1-—p =P{w € Q| q1(w) = oo}. If py =1, then (21) follows directly, since
lim V(x(t A @) =V(x(a1) = o oey(|ZE o).

t—o00

Now suppose that p; < 1. Then, it follows from (16) that

Vo) > Jim B[ [ an(e) - 1(I=E s

t
> Jin B Leni sy | a0/1(6)) =927

(22)

t
> Jin B[ Locoimre) [ (6= D01 )]

~ t—oo

—_ 3 _— T =
= Him po(c =Dy ([X% [|oo)t = o0,

which leads to a contradiction since V(xo) < co. Hence, we must have p; = 1 and (21) holds.



Figure 1: A sampled trajectory of the stochastic dynamics.

Step 5: we complete the proof. The relations in (18) and (21) can be combined into

2V (x0)

€ —00

P{V+(X(tAq1)) < and tlim VE(xtAq)) = 0} >1—¢/2. (23)

The first condition in (23) establishes the stability of the process x(tAg;) with respect to the set D under
the topology induced by the size function V. Specifically, there exists a Koo-function §.(e1) = ee1/2
such that, for any €; > 0,

VI(xtAq)) <ea (24)

whenever V*(xo) < dc(e1). The second condition in (23) guarantees the attractivity of the process
X(tAqp) to the set D. That is, for any 7 > 0 and €; > 0, there is a T > 0, such that V¥ (x(tAq1)) < €
whenever V*(xo) < r and t > T. Therefore, by [LSW96, Proposition 2.5], there exists a function
81 € KL such that

IP’{V+(X(M @) < m(vm),t)} >1-¢f2. (25)

which concludes the proof with v1(r) = a=! o cy(r). O
We are now ready to state the main result of this section.
Theorem 3.1. Systemn (1) is scNSS if there exists a scNSS-Lyapunov function for it.

Proof. Assume the system (1) admits a scNSS-Lyapunov function. Fix any constant ¢ > 1, and let
di; and D be as defined in Lemma 3.1. We divide the proof into two cases according to the initial
condition xo: xo € D¢ and xo € D.

Case 1 (xo € D°): As shown in Fig. 1, let ¢ = 0, and for all i € Z,, define ¢o; and go; 41 as the
sequences of stopping times corresponding to the ith entry into and exit from the set D, respectively.
That is

o = inf{t > q%_l‘ X(t) S D} if {t > q%_1| X(t) € D} 7é 1]
% %) otherwise

(26)

q2i+1 =

inf{t > q2i| X(t) S Dc\aD} if {t > QQ1‘| X(t) S Dc\éD} # 0
00 otherwise

By the definition of scNSS-Lyapunov function, the following properties hold. For any fixed ¢ > 0,
under the event Ag;_1(t) = {w € Q|t € [g2i—1(w), q2:(w))} (¢ € Z), the states x(w,t) are outside of
D and it follows that

LVI(x(#), (1) < —a(V(x(®) +1(EBOSH) )

27
< —(1-1/0)er (B8 ||o)- 0



For any fixed ¢t > 0, under the event Ag;(t) = {w € Q|t € [g2i(w), q2i+1(w))} (i € Z4), the states
X(w,t) are inside of D and

V(x(®) < o™t o ey(IZ57 [loo)- (28)

We will first analyze the stochastic process x((t V g2;—1) A ¢2;), which lies outside the set D. By
(4), it holds:

V(x(t A g2io1)) = Vixo) + / LV (), S(s))ds + / T TV()), 9 () S()AB(s))

VOx(t A gar)) = Vlxo) + / " LVI(d(s), S(s))ds + / P IVs), 9(x(5))S(5)AB(s))

(29)
Taking the difference between the two equations in (29) results in
VOl A @) =Vt A i) = [ L) E)as
tAq2; e (30)
[ OV s ) ()B()
which can be rewritten as
(tVg2i—1)Aq2
VIX((EV g2i-1) A g2i)) = V(X(g2i-1)) = / LV](x(5), %(s))ds
q2i—1 (31)
(tVa2i—1)Ag2i
+ [ (VV((5)), g (x(5))S(5)AB ).

Since L[V](x(s),X(s)) < O0forall s € [gai—1, (tVg2i—1) ANg2:], V(x((tVg2i—1) Ag2;)) is a supermartingale,
which yields

EV(((tV g2i-1) A @20))] < EV(x(g2i-1))] = @~ o ex ([ EX T [|oo)- (32)
We now present the main result. For any w € {2, the time axis admits the disjoint decomposition
[0,00) = UZ1[gi(w), git1(w)).

Fix t > 0. Then there exists i(t,w) € Z4, such that ¢ € [g;(w), ¢;41(w)). By construction, this implies
that for any w € Q2
we Ai(t) = {w € Qft € [g;(w), gi41 (W)} € UZAi().

Moreover, the events A;(t) and A, (t) are mutually disjoint for ¢ # j. Consequently,
Q=" At)
i=1
It follows that

EV(x(tV ¢2))] = EV(x(t V g2))1a, ) (w +ZE X(EV ¢2)) 15,0 (W)]

oo

+ 2BV @) Tas () (33)
< a0 eI o) [BLANE) + 3 PLAE)] + 3BV (0Lt (0]



where the inequality follows from (28). The last term in (33) can be bounded as follows:

EV(x(t) 14y, 1y ()] = EV(X((V g2i—1) A 42i))Lay,_, (1) (W)]

EV(x((tV g2i-1) A g2i))] = EV(X((EV q2i-1) A G2:)) 15, (1) (W))]
EV(x((tV gai1) Ag2i))] —a™ o ey (| Z8 T [|oo) P{ Az 1 (£)}
a0 ey (|IZE T ||oo)P{Azi—1 (1)}

where the third line uses the fact that V(x(g2i—1)) = V(x(q2:)) = a™! o ¢y(||Z||), and the last
inequality follows from (32). Substituting (34) into (33), we obtain

(34)

IN

EV(x(tV )] <a™ o ey(IZE7 ) (35)
which, by Chebyshev’s inequality [Maoll, p. 5], implies
2
P{Vix(ev ) < 2ot oer (28Tl | 2 12 (36)

Combining (36) with Lemma 3.1, we obtain
V(D) < BiV(x0), 1) + 207 0 (1957 )}
> It <l [Vx(e A ) < 510000+ 20 0 o557 )

Ul > PV ) £ 5000 + 2 o er (1837

(37)
2 _
= 1= P{lt> @l VeV @) > 50000 + 2 o er([E3T )]
2 _
Ult < g N [Vx(tAg)) > Bi(V(xo),t) + e o CV(EZTHoo)]}
>1—c¢
which completes the proof for xg € D°.
Case 2 (xo € D): In this case, go = 0 almost surely. Therefore, by (36), it follows that
2
P{Vio) < 2ot oer(IBET I} 2 1- o2 (38)
€
In conclusion, when |27 o < di,
2 _
P{Y(x(®) < BL(V(x0), 1) + Za Lo ey(IZ8 o)} 2 1 ¢
holds in both cases. Therefore, the stochastic system is scNSS. O

The existence of an NSS-Lyapunov function implies that system (1) is NSS. This result can be
viewed as a special case of the scNSS property.

Theorem 3.2. System (1) is NSS if there exists a NSS-Lyapunov function for it.

Proof. The existence of an NSS-Lyapunov function directly implies that the constant d; defined in
Lemma 3.1 satisfies

d =12 sup a(r)] = .

c reR4
Consequently, by the proof of Theorem 3.1, both (37) and (38) hold for any |27 | < di = co. This
establishes the NSS property of the dynamical system. O

As shown in [[t020, Theorem 2], the existence of an iNSS-Lyapunov function guarantees that system

(1) is iNSS.
Theorem 3.3 ([Ito20]). System (1) is iNSS if there exists an iNSS-Lyapunov function for it.

In the next section, we apply the developed notions of NSS to analyze the robustness of a specific
class of stochastic dynamics: stochastic gradient dynamics.
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4 NSS for Stochastic Gradient Dynamics

In this section, we apply different notions of NSS to analyze gradient flows under stochastic noise with
time-varying variance.

4.1 Robustness of Overdamped Langevin Diffusion

Gradient flows are efficient for solving the optimization problem

i 39

min J (2) (39)

where z € R” is the decision variable and Z C R" is a feasible set that is diffeomorphic to R™. By
continuously updating the decision variable in the direction of gradient descent

dz(t) = —VJT(2(t))dt, (40)

the algorithm drives the decision variables toward the set of critical points Z, = {z € Z|VJ(z) = 0}
under mild regularity conditions:

Assumption 4.1. The objective function J is twice continuously differentiable, bounded below, and
coercive on the set Z.

Moreover, in the deterministic case, Assumption 4.1 helps rule out convergence to strict saddle
points or local maxima [dOSS24a, dOSS24b], thereby ensuring convergence to a local minimum. To
guarantee convergence to the global minimum J* of problem (39), additional assumptions are required—
most notably, convexity of J. Another sufficient condition, which ensures exponential convergence to
the global minimum, was proposed in [L0j63, Pol63]:

Definition 4.1. (Polyak-Lojasiewicz (PL) Condition) The function J satisfies the Polyak-Lojasiewicz
(PL) condition if there exists ¢ > 0 such that

IVTI () = (T (z) =T, (41)
where p(r) = +/cr for allr € Ry.

While convergence is a key consideration, robustness is another critical factor that determines
the efficacy of a gradient algorithm. In the presence of noise, the algorithm should still converge to a
solution that is close to the optimum. As noted by [Pol87], many disturbances affecting gradient descent
methods can be modeled as random noise. In such cases, the gradient dynamics can be represented
by a stochastic differential equation, often referred to as the overdamped Langevin diffusion:

dz(t) = —VJ(2(t))dt + G(2(t))S(t)dB(¢) (42)

where B is a standard, independent n-dimensional Brownian motion, G : Z — R™*™ is locally Lipschitz
continuous and locally bounded, and ¥ : Ry — R™*"™ is Borel measurable and locally essentially
bounded, which characterizes the intensity of the stochastic perturbations. Under persistent stochastic
noise, the gradient dynamics can never remain exactly at a critical point where V.7 (z) = 0. Instead,
we aim for the algorithm to remain within a neighborhood of the optimum with high probability. The
size of this neighborhood is governed by the intensity of the noise, characterized by || T ||o. Formally,
this requirement can be expressed by demanding that the stochastic gradient dynamics exhibit NSS.
We aim to establish a connection between the PL condition and the NSS of stochastic gradient
dynamics. The classical PL condition requires i to be the square-root function, which can be restrictive
and limit its applicability in broader contexts where such a strict condition may not hold. To address
this limitation, we introduce relaxed versions of the PL condition by employing comparison functions.

Definition 4.2. (K.,-PL Condition) The function J satisfies the Koo-PL condition if there exists a
p € Koo such that (41) holds.

The Ko-PL condition can be further relaxed by removing the unboundedness requirement of the
K o-function.

11



Definition 4.3. (K-PL Condition) The function J satisfies the IC-PL condition if there exists a p € K
such that such that (41) holds.

The K-PL condition can be further relaxed by removing the monotonicity requirement of the C-
function.

Definition 4.4. (PD-PL Condition) The function J satisfies the PD-PL condition if there exists a
w € PD such that (41) holds.

4.1.1 Robustness Analysis with Global Lipchitz Condition

The following main theorem establishes the connection between NSS and the different variants of the
PL conditions by assuming that V.7 is globally Lipchitz continuous.

Theorem 4.1. Let the objective function J have a global L-Lipschitz continuous gradient, and let
G(z) be globally bounded, i.e., ||G|lr < Kg. Then:

1. If the function J satisfies the Koo-PL condition, the overdamped Langevin diffusion (42) is NSS;

2. If the function J satisfies the K-PL condition, the overdamped Langevin diffusion (42) is scNSS
and iNSS.

3. If the function J satisfies the PD-PL condition, the overdamped Langevin diffusion (42) is iNSS.

Proof. Assumption 4.1 ensures that J — J* is a size function. The L-Lipschitz continuity of V.7 (z)
implies that |V27(z)|| < L [Nesl3, Lemma 1.2.2]. We choose J — J* as a candidate Lyapunov
function, and applying the infinitesimal generator £ to it yields:

LITN(=(1),2(t) = = IVT (=()]* + %(G(Z(t))z(t), V2T (2()G(=(t)5(#))

, (43)
—u(T (A1) = T + SLRE IS0

IN

where the inequality follows from a suitable variant of the PL conditions and Lemma 2.2. When p is
a Kyo-function, J — J* qualifies as an NSS-Lyapunov function as defined in Definition 3.6, which, by
Theorem 3.2, implies that the gradient dynamics (42) is NSS.

When p is a K-function, J — J* is a scISS-Lyapunov function as defined in Definition 3.7, and
gradient dynamics (42) is scNSS by Theorem 3.1.

When p is a PD-function, J — J* is an iISS-Lyapunov function as defined in Definition 3.8, and
gradient dynamics (42) is iNSS by Theorem 3.3. O

4.1.2 Robustness Analysis without Global Lipchitz Condition

In the preceding discussion, the global Lipschitz continuity of V.J(z) is required to establish the
connection between various versions of NSS and the generalized PL conditions. However, this global
assumption may limit practical applicability. To address this, we relax the global Lipschitz requirement
by appropriately tuning the learning rate in the gradient dynamics. Specifically, we allow for a state-
dependent learning rate n(J (%)) > 0 in the dynamics:

dz(t) = —n(J (2(1))) VI (2(t))dt + G(2(t))X(t)dB(¢) (44)

Since J is twice continuously differentiable, its gradient is locally Lipschitz and its Hessian is locally
bounded. To facilitate the robustness analysis, define the sublevel set

Zn={2z€Z|J(z) = T* <h}. (45)
Note that for any z € Z, we have z € Z7(,)_ 7. Over the sublevel set, define

. 1
L(h) = 5 max|[V2T () [1G(2) [ (46)
zZEZp,
which is a continuous and nondecreasing function of h. Then, the function
L(h) = L(h) — L(0) (47)

can be assumed to be of Ko, since otherwise it can be modify by adding an identity function, ensuring
that L(h) + h € K.

12



Theorem 4.2. Suppose J(z) satisfies the K-PL condition. Then,
1. if limp, o0 #f()}z)? = dy > 0, the overdamped Langevin diffusion in (44) is scNSS;

2. af limp 0 % =0, the overdamped Langevin diffusion in (44) is NSS.

Proof. In the proof, we assume without loss of generality that J* = 0 and omit the time index ¢ for
simplicity of notation. From (43) and (46), it follows that:

LIT)(2,%) < =0T ()T ())* + %IIVJ(Z)HIIG(Z)II%HEETII

N (48)
< (T (2)(T(2))* + (L(0) + L(T () [ZE .
Define
g 1) n(R)p(h)?
mh) =l T S T i) (49)

which is continuous and nondecreasing. If limy,_, 77(5)(% = dg, then limp_, o, my(h) = 1/ds. Con-

sequently, there exists a K-function my with range [0,1/dz) such that my(h) > ma(h) for all b > 0.
Define m3 = ims o L™ which is of class K and with range [0,1/(2d>)). For any signal ¥ with
287 || < 1/(2ds), it follows from (48) that

LIT)((), 2(1) < =n(T (2))(T (2))* + (L(0) + mz ' (ISETINIEET || + L(T (2))ms(L(T (2))). (50)

Since L(h)my(h) < n(h)u(h)? for any h > 0, (50) can be rewritten as

LITN(=(1),5(t) < *%U(J(z))ﬂ(j(z)f +(L(0) +mz (BT DIZZT. (51)
By (49), we have n(h)u(h)? > ma(h)L(h), Yh > 0. Since my is of class K and L is of class Ko, it
follows that n(h)u(h)? is lower bounded by a K-function. In addition, since mgz is a K-function with
range [0,1/(2ds)), the function p(h) = (L(0) +m3z ' (h))h belongs to Ki0,1/(2ds))- Therefore, according
to Definition 3.7, J is a scNSS-Lyapunov function. Consequently, by Theorem 3.1, the stochastic
system (44) is scNSS.

If limy,_ oo % = 0, then limp_, o, mi(h) = co. Hence, my can be lower bounded by a K.o-

function mg, and m3 = img o L' is of class K. Since n(h)u(h)? > mao(h)L(h), where mo(-)L(-)

is a Koo-function, and p(h) = (L(0) + m3z*(h))h is of class K, according to Definition 3.6, J is a

NSS-Lyapunov function. Consequently, by Theorem 3.2, the stochastic system (44) is NSS. O

As a concrete example, one may choose 7(h) = L(h) such that limy,_, 77(15)(% = limp o0 W =
L(h)

dy. Then, the stochastic gradient dynamics is scNSS. If (k) = hL(h), limj,_, o0 W = 0 and the

stochastic gradient dynamics is NSS.

4.2 Robustness of Underdamped Langevin Diffusion

The heavy ball optimization algorithm was derived from the physical analogy of a ball moving in
the potential field J(z) under the influence of friction [Pol64, PS17]. It modifies standard gradient
descent by incorporating a momentum term that accelerates convergence. The heavy ball method can
be viewed as the Euler discretization of the following second-order differential equation:

dz(t) = v(t)dt,

dv(t) = —nVJ (2(t))dt — co(t)dt, (52)

where 1 > 0 is a learning-rate parameter and ¢ > 0 is the damping coefficient. It is noted that the
gradient flow in (52) can be obtained as a singular perturbation of (40) in the limit ¢ — co. To see

this, let e = 1 and rewrite (52) as

£(1) = v(0) -



Here, v(t) evolves on the fast time scale and rapidly converges to its quasi-steady state v(z) =
—1VJ(z). By Tikhonov’s theorem [Kha02, Theorem 11.1], we obtain

where Z(t) satisfies the reduced (slow) dynamics
Z(t) = =IVJI(2(t)). (54)

This is precisely the standard first-order gradient flow in (40) with a learning rate n; = n/c.

As noted by [Pol87], many disturbances affecting gradient descent methods can be modeled as ran-
dom noise. In such cases, the gradient dynamics in (52) can be represented by a stochastic differential
equation, often referred to as the underdamped Langevin diffusion:

dz(t) = v(t)dt

du(t) = —nVT (2(8))dt — co(t)dt + G(2(t), v(t)D(E)dB(1). (55)

4.2.1 Robustness Analysis with Global Lipchitz Condition

If the objective has a globally Lipschitz-continuous gradient, we can connect generalized PL conditions
to NSS for the underdamped Langevin diffusion.

Theorem 4.3. Let the objective function J have a global L-Lipschitz continuous gradient, and let
G(z,v) be globally bounded, i.e., ||G||lr < Kg. Then:

1. If the function J satisfies the Koo-PL condition, the underdamped Langevin diffusion (55) is
NSS;

2. If the function J satisfies the K-PL condition, the underdamped Langevin diffusion (55) is scNSS
and iNSS.

3. If the function J satisfies the PD-PL condition, the underdamped Langevin diffusion (55) is
iNSS.

Proof. We use the mixed Lyapunov candidate
A
Va(z,0) = T(2) = T" + M0, VI (2)) + 5 (v,0) (56)

where the weights A\; and )y are chosen as
1 1 c
0< X <min —, —, —— ¢,
! —mm{2n+c oL 2(1]L+02)}
- 1-— )\10
P

A2
The L-smoothness of V.7 gives
1
T() = T > 52 (VI (), VI (2)). (5%)

Plugging (58) into (56) and using Young’s inequality, we can ensure Vs is a size function over Z x R
by

Vale,0) 2 3(T() = T°) + 17 (VT (), VI () + Ao, VI () + 2w, .
> (7)) + w0
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Along the trajectories of (55), and under the restrictions on the weights A; and Ag, the generator

L applied to Vs satisfies
LVe](2,0) = (VT (2),0) + Ao, V2T (2)0) = Min(VT (2), VI (2))

— (VI (2),0) — Aan{v, VI (2)) — Az2c(v,v) + %(GZ, GY)

A
< MVI (). VI () = 5 (0.0) + S KT

A2
<’U,’U> + 7Kg¥||EETH1

. c
< =T (z) = T*)? - Alﬁm 5

where the last inequality follows from the generalized PL conditions. Define
— mi 2 _¢©
() = win { u(h) ’Wh}’ Wh > 0. (61)

Then, p1 € Koo if p € Koo, 1 € Kif p € K, and py € PD if p € PD.
When 4 € K, applying the weak triangle inequality (Lemma 2.1) yields

A
LVa](z,v) < —Ainpa (T (2) = T*) — Mnpa ({v, v)) + fK%IIEETII (62a)
1 A
< —hnpn (5(7(2) = T+ (0,0)) + ZREIZET . (62b)
Moreover, since
« A1+ Ao "

Va(2,0) < (L4 ML)(T(2) = T7) + —5—(v,0) < X3(T(2) = T" + (v, v)) (63)

with A3 = max{1 + A1 L, (A1 + A2)/2}, it follows that

_ 1 A2 pa o T

LYz v) < =D (53-Va(z0) + 5 KEIZET (64)

Hence, when g is of Ko, the function V, qualifies as an NSS-Lyapunov function, while if u € K, it
qualifies as a scNSS-Lyapunov function. Statements 1 and 2 then follow directly from Theorems 3.2
and 3.1, respectively.

When p € PD, define po(r) = mingep{p1(s) + p1(r — s)}, which is also a positive definite
function. Moreover, uy satisfies the weak subadditivity property uo(r+s) < pq(r) + p1(s). Therefore,
combining (62a) and (63), we obtain

1 A
LD2(z,0) < =Mz (5 Va(z,0)) + S KEIEET. (65)
3

It follows that, when pu € PD, the function Vs serves as an iISS-Lyapunov function. By Theorem 3.3,
Statement 3 is established. O

4.2.2 Robustness without Global Lipchitz Condition

In the previous subsection, we required a global Lipschitz condition on the gradient to establish the
NSS properties of the underdamped Langevin diffusion. However, in many practical scenarios this
global Lipschitz condition is difficult to satisfy, which highlights the need to develop NSS guarantees
without relying on it. We address this challenge by properly tuning the learning rate n and damping
coefficient c.

To prepare the main results, we aim to establish a global upper bound on the gradient. Since J
is twice continuously differentiable, its gradient is locally Lipschitz and its Hessian is locally bounded.
For h > 0, define

Ly (h) = max||V27 (2)]|
CoE )
La(h) = La(h) — Ls(0),

where Zj, is the sublevel set introduced in (45). By construction, L, is continuous, vanishes at zero
and nondecreasing.
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Lemma 4.1. The gradient of J is upper bounded by
IVT(2)|? < e1(T(2) =T, (67)

where @1(h) = 2La(h)h + 3h is a Keo-function. If @y is not continuously differentiable, it can be
smoothed by defining

h+6
o (h) = % /h (2Ls(s)s + gs)ds > oy (h), Yh > 0. (68)

with any § > 0. In addition, 3 is a Keo-function, continuously differentiable, and satisfies ©h(h) >

2L5(h) +5/2.

Proof. According to [Nes13, Lemma 1.2.2], J is La(h)-smooth on Zj,. Now fix z € Zj, and define
k(z,8) = J(z — sVTI(2)). (69)

Its derivative at s = 0 satisfies

0k(z,s)
0s

= —(VJ(2),VJ(2)) <0. (70)

s=0

Since Zj, is compact [Son22, Lemma 2.4], there exists § > 0 such that z — §V.7(z) first lies on the
boundary of Z, i.e. k(z,8) = h.
We will show that 5 > %(h) by contradiction. Suppose 5 < %(h) Since z — sVJ(z) € Zy, for all
€ [0, 5], by [Nes13, Lemma 1.2.3], we have

Ly(h)3?
2

h=J(:— sVT() < T(2) + (— 5t )||W<z>||2. (1)

If § < 2/La(h), then (— 5+ La(h)5%/2) <0, so h < J(z) contradicting J(z) < h. Hence, 5 > +2

La(h)"
Take s = #(h) Since s < 3, we have z — sVJ(z) € Z,. Using [Nes13, Lemma 1.2.3] again,
. 1 1 )
723 (2- VIR £ 96 - goIVIGIP, (72
Since z € Z7(.)—g+, we can set h = J(z) — J*, obtaining
IVI )P < 2La(T (2) = TNIT(2) = T*) < ea (T (2) = T*), (73)

where ¢1(h) = 2La(h)h + 3h = 2Ly (h)h + 2L2(0)h + Sh, and it is a Koo-function. Hence, inequality
(67) holds.

To ensure continuous differentiability, we smooth 1 by convolution and define ¢o as (68). In
addition, the derivative of s is

(2La(h + 6)(h+ 6) — 2Ly (h)h) + g

| =

#h(h) = 5(p1(h +8) — 1 (1)) =

> 2Ly (h) + g

(74)

where the last inequality follows from the monotonicity of L. Thus, both (67) and the derivative
condition are established, completing the proof. O

The connections between the NSS properties of underdamped Langevin diffusion and the general-
ized PL conditions are stated below.

Theorem 4.4. Let G(z,v) be globally bounded, i.e., ||G(z,v)|lr < Kg for all z € Z and v € R,
c=3IVET ()| + & and n = 3(p4(T(2) = T*) —c). Then:

1. If the function J satisfies the Koo-PL condition, the underdamped Langevin diffusion (55) is
NSS;
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2. If the function J satisfies the KC-PL condition, the underdamped Langevin diffusion (55) is scNSS
and iNSS.

3. If the function J satisfies the PD-PL condition, the underdamped Langevin diffusion (55) is
iNSS.

Proof. The candidate Lyapunov function is designed as

Vs(z,0) = ¢2(J(2) = T7) + (VI (2),0) + (v, v). (75)
Following Lemma 4.1, and by applying the Cauchy—Schwarz and Young’s inequalities, the Lyapunov
function can be bounded by

22T = ) + 5(0,0) S V(0) £ ST () = ) + 5 000) (76)

It is clearly that V3 is positive definite and coercive on Z x R™.
Now we analyze the £ generator applied to Vs, which is given by

LV3)(z,0) = @5 (T (2) = TNVIT(2),0) + (V2T (2)v, )
+ (VI (2),—nVT(z) — cv) + 2{(v, —nV T (z) — cv) + (G(z,v)Z, G(z,v)X)

(77)
< =n(VI(2), VI (2)) = (2¢ = V2T (2)]) (v, v)
(T () = T*) = e = 20) (VI (2),v) + KE|EET .
Following the property of @9 in Lemma 4.1,
1,, N 1,9 1
n=5((J()-T) - 5IVIGE)-3) =1 (78)
By the chosen 7 and ¢, and the generalized PL conditions, it holds
Ls](z,0) < —u(T (2) = T*)? = (v,0) + KG[IZET| (79)
< —pa(p2(T (2) = T) = na({v,0)) + K& =X,
where g is defined as
p3(h) = min{u(py ()2, B}, Vh > 0. (30)
Then, pu3 € Koo if p € Koo, us € K if p € K, and p3 € PD if u € PD.
When p € K, applying the weak triangle inequality (Lemma 2.1) to (79) gives
1 1
£Vl 0) <~ 50T () = ) + 50,0} ) + KBIET)
(81)

1
< —pa(¥ale0) ) + K3IEST

where the last inequality is a result of (76). When J satisfies the Koo-PL condition, s is a Kuo-
function, and hence, system (55) is NSS by Theorem 3.2. When 7 satisfies the IC-PL condition, pus is
a K-function, and hence, system (55) is scNSS by Theorem 3.1.

When J satisfies the PD-PL condition, define py(h) = mingepo n{ps(s) + p3(h — s)}, which is
also a positive definite function. Moreover, u4 satisfies the weak subadditivity property ps(h + s) <
ps(h) + ps(s). Therefore, we obtain from (79) that

LVs](z,v) < —piq (;Vg(Z,U)) + K227 (82)

It follows that, when p € PD, the function V3 serves as an ilSS-Lyapunov function. By Theorem 3.3,
Statement 3 is established.
O
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5 Applications

In this section, we apply the notion of NSS to analyze the robustness of the gradient descent algorithm
for two important problem classes: policy optimization for LQR and logistic regression.

5.1 Policy Optimization for Linear Quadratic Regulator

We study the policy optimization algorithm for the following linear system:
z(t) = Azx(t) + Fu(t), (0) = xo, (83)

where A € R"*™ and F' € R™™ are constant system matrices; z(t) € R™ and u(t) € R™ denote the
states and control inputs, respectively. The performance index of the system is defined as

Ji(xo,u) = /000 z(t) " Qx(t) + u(t) " Ru(t)dt (84)

where Q € S| and R € S}, . Under the assumption that the pair (A, F') is controllable, the optimal
control for (84) is given by

u*(t) = —R'FTP*x(t) = —K*z(t) (85)
where P* > 0 is the solution of the Riccati equation
ATP*+ P*A—P*FR'FTP*+Q=0. (86)

Policy optimization seeks the best feedback control K* over the admissible set

G = {K € R™""| (A — FK) is Hurwitz}, (87)
by solving
}(nérgl J2(K) = Eyyno.1,)J1 (70, u = —Kx) (88)
=Tr (PK) 5

where Py € S/ | is the solution of the Lyapunov equation
(A—FK)"Pg+Px(A—FK)+Q+ K"RK =0. (89)
The gradient of the objective function J> is given by
V7(K) = 2(RK — FT Pg)Yk (90)
where Y € S}, is the solution of the Lyapunov equation
(A—FK)Yg +Yg(A—FK)" +1, = 0. (91)

Let Y* denote the solution of (91) corresponding to the optimal feedback gain K*, and J5° = Jo(K™).
The following lemma shows the local Lipchitz continuity of the gradient V Js.

Lemma 5.1 (Lemma 5.3 in [CJSB25]). The gradient VJo(K) is Lz(h)-Lipschitz continuous over the
sublevel set Gy, = {K € G|J2(K) — J5 < h}, with

- 2|| Rl

Lot - £2A0L saa| P |17

)\min (Q)2

8||F'll(as || BRIl + [IE']])
)\min (Q)2

(J5 +h) + (J5 +h)F + (T3 +h)P (92)

where

a; =

2||F] _(_20Al 2
)\min (‘R)7 2= <)\min (R)>

The following lemma shows that J2(K) — J5 can serve as a size function over G.
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Lemma 5.2 (Proposition 3.2 and Lemma 3.3 in [BMM20]). The objective function J2(K) is coercive
and analytic over G.

The following lemma shows that the objective function 7, satisfies the JC-PL condition.

Lemma 5.3 (K-PL condition of LQR [CJS24]). The objective function Jo(K) satisfies the K-PL
condition, that is

IVT(K)|lr > ps(T2(K) = T5), YK €G,

where
(h)= —" Wh>0 (94)
1u’5 - blh + b2 ) -
by = ||F||\/2()‘min (Y*) + Amax (Y*))
)\min (R) )\min (Y*) ’
and

A= FE[2 000 (V)2 nin (V) + Apax (Y5))1/2
V2| F||

The overdamped Langevin diffusion for solving the policy optimization problem (88) is given by

ba

dK(s) = —2n(J(K(s)) = T*)(RK(s) — FTP(s))Y(s)ds + 31 (s)dW(s) (95)

where W(s) € R™*" is a standard, independent Brownian motion, P(s) = P, Y (5) = Yg(s),
and ¥; : Ry — R™*™ is Borel measurable and locally essentially bounded, which characterizes the
intensity of the stochastic perturbations. Since the gradient of 75 is not globally Lipschitz continuous,
the NSS properties of (95) can be established by Theorem 4.2.

Theorem 5.1. The overdamped Langevin diffusion in (95) is NSS if limp o0 n}(Lz) =0, and it is scNSS

if 0 < limp_s o0 % < .

Proof. By Lemma 5.2, 75(K) — J5 qualifies as a size function. Since limy_, oo % = 0 implies that

limy, o0 77(5);% = 0, the stochastic dynamics of (95) is NSS by Statement 1 of Theorem 4.2.
When 0 < limp 00 %Z) < 00, we have 0 < limy_so W(:()h)z < 00, too. Hence, the stochastic
dynamics of (95) is scNSS by Statement 2 of Theorem 4.2. O

By introducing the momentum in optimization, the heavy-ball method of policy optimization for
LQR can be represented as

dK(s) =dV(s) (96)
dV(s) = —2n(RK(s) — F T P(s))Y (s)ds — ¢V (s)ds + X1 (s)dW (s).

Its scNSS property can be guaranteed by the following theorem.

Theorem 5.2. The underdamped Langevin diffusion in (96) is scNSS if ¢ = £||V2T2(K(s))| + 5 and
n=5(¢5(J2(2) = J5) — c), where p3(h) = 2L3(h)h + 5/2h.

Proof. Since J satisfies the I-PL condition (Lemma 5.3), it follows from Statement 2 of Theorem 4.4
that (96) is scNSS. O
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5.2 Logistic Regression

Suppose we are given a dataset of N samples {(x;,%;)}Y,, where each feature vector z; € R" and
the corresponding label y; € {0,1}. In logistic regression, the probability that a sample with feature
vector x belongs to class y = 1 is modeled as

1

p(x;0) =Py = 1] 9)—‘7(9T )= m»

(97)

where 8 € R™ denotes the parameter vector to be learned. The model parameters are obtained by
minimizing the empirical negative log-likelihood (binary cross-entropy) loss:

N
wmin (0 Nze = D log(pi0)) + (1= i) o1 — pi(0), (98)

OcR™

where ¢;(0) is the per-sample loss and p;(0) = p(z;;6). Let X = [z1, 29, - ,z,] € R™Y denote the
data matrix. The gradient and Hessian of the logistic loss are given by

VJS N Z pz yz L, (993)

1
V2 75(0) Zpl )1 — pi(0)) iz, :NXA(H)XT, (99b)

where A(6) = diag(p;(0)(1 — p;(#))). The following standard assumptions are imposed throughout the
analysis.

Assumption 5.1. The dataset is sufficiently rich so that the data matric X € R™N has full row
rank, i.e., rank(X) = n.

Assumption 5.2. The dataset is nonseparable. That is, there does not exist a nonzero vector e R™,
such that ész >0 for all i with y; =1 and sz <0 for all © with y; = 0.
5.2.1 Properties of Logistic Loss

The following lemmas establish key properties of J3. In particular, under Assumption 5.2, the objective
function is shown to be coercive.

Lemma 5.4. Under Assumption 5.2, the objective function J3 is coercive over R™.
Proof. For any 6y € R™ and 6 # 6y, write
- 0 — 0

0=0p+7r0,0=—— 1=]|0-—060] (100)
16— ol
Define, for » > 0 and any unit vector 67,
LN
0 N 0T
C(r0) =5 Zj (pi(B0 +r6) — )0 ", (101)
so that
0 i (6o +r0)(1 — pi(6y +70))) (0 2;)? (102)
8r pz 0 r PpilVo r Z;) .

When r — oo:

o (103)
Nzl{yz—l}[ 0" ]y + 1y = 03[0 ]y =: C(6),
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with [s]4 = max{s, 0}. By Assumption 5.2, for every unit vector 5, there is at least one index i with
either y; = 1 and 6" z; <0 or y; = 0 and gTzz > 0. Hence, 5(5) > 0 for all unit vector §. In addition,
it follows from (102) that 2=((r, 6) > 0 and ((r, 6) is strictly increasing in r for any fixed §. The map
¢ is continuous on the compact unit sphere, so

— =

e; = min ((0) > 0. (104)
I911=1

Since ((r, 9) is continuous in 9 strictly increasing in r, and converges pointwise to the continuous limit

¢ (9) Dini’s theorem yields uniform convergence on the unit sphere. Thus, there exists 0 < r; < oo,
such that

¢(r, 9) > 5 Vr >y, H9|| =1. (105)
Along any ray 6y + ré,
(00 -+ 1) — Ta(60 + 1) = C(r. ), (106)
and integrating from 1 to r > i gives
Ts(0 +10) — To(00 + 110) = / (5, Bhds > S r =), Wr > (107)

Because § — J3(00 + 7“15') is continuous on the unit sphere,

=

rpin jg(eo + r19) =e9 > —0Q.
lell=1

Therefore, lim, o, J3(60 + 7“5) = oo uniformly in direction 6_’: i.e., the logistic loss is coercive. O

We now present a lemma that demonstrates the convexity and smoothness properties of J3.

Lemma 5.5. Under Assumption 5.1, the objective function [J3 is strictly convex, and its gradient is
globally 7 | X X "||-Lipschitz continuous.

Proof. For a single sample with logit s; = 0 x;, the second derivative of the loss is

ds?

= 0(82)(1 — J(SZ)) > 0, (108)

where o(-) is the logistic sigmoid. Hence, ¢; is a convex function of s;. Since s; is affine in 6, each
per-sample loss is convex in #. The overall loss J3 is therefore convex.

The Hessian of J3 is given in (99b). Each diagonal entry of A(6) satisfies 0 < p;(6)(1 — p;(0)) <
Under Assumption 5.1, for any nonzero v € R™ we have

e

v V2T (0)v = LIA0)2X To|? > 0, (109)

which implies V273(0) = 0. Thus, J3 is strictly convex.
Finally, to show Lipschitz continuity of the gradient, observe

IV2RO) = | XAOXT || < XIAO] 1XXTI| < £ XX, (110)

since [[A(F)|| < ;. Therefore, the gradient V.J3 is globally 1 || X X ' ||-Lipschitz continuous. O

Since J3 is coercive over R™ and strictly convex, there exists a unique minimizer 6*. The following

lemma lays the foundation for establishing the scNSS property of the gradient-based optimization
algorithms used to solve logistic regression.

Lemma 5.6. Under Assumptions 5.2, the objective function [J3 satisfies the K-PL condition, i.e.,
INTO) > e (Ta(0) = T5), (111)

where ug is a KC-function.
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Proof. Set 0y = 0%, where 6* is a (finite) stationary point of [J5. Define ¢* as in (101) with 6, replaced
by 6*. From (99a), we have

IV75(0)]” = NQHZ pi(0" +10) — y)a

N
z (; pi(0* + 1) — -)é’Ta:i)Q =(*(r,0)% (112)

Since 6* is a finite stationary point of J3, C(O,H_') = 0 for all unit vector 6. Moreover, by (102) and
(103), for each fixed direction 8, r — (*(r, 8) is strictly increasing and saturates when r — co. Hence,

¢*(-,0) is a K-function with saturation.
Next, note that along any ray,

(30" 41— 3507)) = ¢ ), (113)
By integration, we have
Tt +18) = u0%) = [ ¢*(s0)ds = 00,0, (114)
0

Because ¢*(-,6) is increasing and has a positive limit, P, ) is a Koo-function for each fixed . There-

fore, for each fixed 9 the inverse of ¥(, ) denoted as ¥ ~1(-, _') exists and belongs to class K. By
(112), it holds

IVT5O)l] = ¢*(r,0) = ¢ (67 (Ta(0 + 8) — T5(67),6),6). (115)
Finally, define a direction-uniform lower envelop
pe(r) = u%ﬁiflc*(w_l(r’ 0),9). (116)

Because ¢*(yp~1(r, 5), 5) is smooth and strictly increasing in r for each fixed 6, and the unit sphere of

6 is compact, ug is continuous, strictly increasing, and satisfies ug(0) = 0. Hence, g is a K-function.
Substituting it into the bound (115) yields (111), which establish the IC-PL condition of the logistic

loss.
O

Remark 5.1. Even though the logistic loss J5 is strictly convex (Lemma 5.5), it cannot satisfy the
Koo-PL condition. Indeed, since |p;(0) —y;| <1, we have

IVT0) < | X]/VN.

On the other hand, by Lemma 5.4, J3(0) — oo as ||0]] — oo. Hence, it is impossible to find a
Koo-function p such that

IVTI3(O)| = w(Ts(0) = T5)- (117)

In addition, since limjjg| o pi(0)(1 — pi(0)) = 0, it follows from (99b) that lim g oo ViT3(0) = 0
Hence, the logistic loss is not globally strongly convex either.

5.2.2 Robustness Analysis

Under stochastic perturbations, the first-order gradient flow for solving logistic regression (98) can be
represented by the following overdamped Langevin diffusion:

df(s) = —VIJ3(0(s)) ds + X(s)dB(s), (118)

where B(s) denotes a standard Brownian motion and X(s) characterizes the covariance structure of
the noise. As a direct application of the results developed in Section 4, it follows that the Langevin
diffusion in (118) is scNSS.
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Theorem 5.3. Under Assumptions 5.1 and 5.2, the overdamped Langevin diffusion in (118) is scNSS.

Proof. By Lemma 5.4, the objective function J3(0) — J5 qualifies as a size function. Lemma 5.5
ensures that the gradient of J3 is globally Lipschitz continuous. Moreover, by Lemma 5.6, J3 satisfies
the IC-PL condition. Hence, applying Theorem 4.1, the stochastic dynamics in (118) is scNSS. O

If the heavy-ball gradient descent algorithm is applied to logistic regression under stochastic noise
with time-varying covariance, the resulting dynamics can be represented by the following underdamped
Langevin system:

df(s) = du(s) (119)

dv(s) = —nVIT3(0(s))ds — cv(s)ds + X(s)dB(s)
where v(s) denotes the velocity, n > 0 is the learning rate, ¢ > 0 is the damping coefficient, ¥(s)
encodes the time-varying noise covariance, and B(s) is a standard Brownian motion. Using the main
results of Theorem 4.3, we conclude that the Langevin system (119) is scNSS.

Theorem 5.4. Under Assumptions 5.1 and 5.2, the underdamped Langevin diffusion in (119) is
seNSS.

Proof. By Lemmas 5.4 and 5.5, the objective function J3 is coercive on R™ and has a globally Lipchitz-
continuous gradient. In addition, J3 satisfies the K-PL condition (Lemma 5.6). Therefore, by Theorem
4.3, the underdamped Langevin diffusion in (119) is scNSS. O

6 Conclusions

In this paper, we introduced a new notion—small-covariance NSS—alongside a Lyapunov condition
for it. Small-covariance NSS ensures that if the covariance of the stochastic noise is sufficiently small,
the trajectories of a stochastic system will eventually enter and remain inside a neighborhood of
the equilibrium. The size of this neighborhood is proportional (in a generally nonlinear way) to
the magnitude of the covariance. Under the NSS framework, we studied stochastic gradient dynamics
(including overdamped and underdamped Langevin diffusion) and showed that if the objective function
satisfies the generalized K-PL condition, the stochastic gradient dynamics is small-covariance NSS. In
addition, if the JC-PL condition is strengthened to a K,,-PL condition, the stochastic gradient dynamics
is NSS; if the KC-PL condition is weakened to a positive-definite condition, the stochastic gradient
dynamics is integral NSS. The developed theoretical framework was applied to policy optimization
for LQR and to logistic regression, and it is shown that the stochastic gradient dynamics for both
are small-covariance NSS. Future research will focus on robustness analysis of Nesterov’s accelerated
gradient method and on methodologies to enhance the robustness of gradient-based methods.
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