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Abstract— This work explores generalizations of the Polyak-
Lojasiewicz inequality (PLI) and their implications for the con-
vergence behavior of gradient flows in optimization problems.
Motivated by the continuous-time linear quadratic regulator
(CT-LQR) policy optimization problem — where only a weaker
version of the PLI is characterized in the literature — this
work shows that while weaker conditions guarantee global
convergence of gradient flows and optimality at the critical
points of the cost function, the trajectory ‘“profile” of the
solutions may differ considerably depending on which “flavor”
of inequality the cost satisfies. After a general theoretical
analysis, we focus on fitting the CT-LQR policy optimization
problem to the proposed framework, showing that, in fact, it can
never satisfy a PLI in its strongest form. We finish our analysis
with a brief discussion on the difference between continuous-
and discrete-time LQR policy optimization, proposing some
intuition to explain why one satisfy a PLI while the other does
not.

I. INTRODUCTION

Recent advances in Artificial Intelligence (Al) and Ma-
chine Learning (ML) have rekindled interest in optimization
theory, with many traditional results being revisited in light
of the proposed techniques [1]-[8]. In particular, the typical
model-free formulation of many successful learning tech-
niques motivates the study of gradient-based optimization
methods, which are invaluable in understanding the training
of neural networks and similar architectures, typically done
through back-propagation algorithms.

Gradient descent or, in continuous time, gradient flow,
consists in searching for the argument x that minimizes
the value of a given function f(z) by “moving along” the
direction of steepest descent of the cost function. Theoretical
guarantees are typically desirable, and in search of balancing
generality and good properties, often in the optimization
literature one deals with specific classes of problems, such as
convex optimization [9] or linear programming [10]. In this
paper, we will focus on optimization problems that satisfy
(to different degrees) a Polyak-Lojasiewicz inequality (PLI),
also known as the gradient dominance condition [11], [12].

The PLI is a staple in nonlinear optimization analysis,
as, in its strongest form, it guarantees global exponential
convergence of the gradient flow to the optimal value of
the cost [12]. Furthermore, satisfying a PLI globally (gPLI)
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also guarantees strong robustness properties [2]. However,
characterizing such a condition might not be possible for
every optimization problem. In [1] the authors noticed that
more general conditions than the gPLI can be proposed
by using different classes of comparison functions so that
different robustness results can be guaranteed.

In particular, the problem of policy optimization for the
linear quadratic regulator (LQR) motivates the discussion
around weaker versions of the PLI [1], [2], [6], [13]-
[18]. For the discrete-time version of the problem, in [14]—
[16] the authors show that it satisfies a gPLI, guaranteeing
exponential convergence to the optimal feedback law for
initialization in the stabilizing set of feedback matrices.
However, so far in the literature for the continuous-time LQR
policy optimization problem there is no characterization of
a gPLI [6], [17], with the analysis in [6] indicating that, at
least for the scalar case, the continuous-time LQR does not
satisfy a gPLIL

In this work, we are interested in characterizing how
generalizations of the PLI affect the rate of convergence of
the solution. We begin in Section II by revisiting common as-
sumptions and their consequences regarding the convergence
of the gradient flow. We then formally introduce the gPLI and
another weaker definition, and discuss their differences and
consequences to the trajectory of the cost along a gradient
flow solution. We next deepen the analysis by defining a
new family of conditions closely related to, but more general
than, the global PLI. We discuss how these weaker conditions
relate to each other and how they can characterize weaker
forms of convergence than the gPLI. Then, in Section III, we
contextualize the theoretical analysis of this paper through
the specific problem of the continuous-time LQR policy
optimization problem. This problem has no guarantees of
satisfying a gPLI, and in fact we show that it can never satisfy
such a condition. We characterize which sequences of points
within the policy space result in an unbounded value for the
gradient of the cost, and which result in a “sub-exponential”
convergence profile for the solution. We follow up with a
brief discussion on the difference between the continuous-
and discrete-time LQR policy optimization, and finalize the
paper in Section IV.

All proofs are omitted due to space constraints but are
available in the extended version of this paper on arXiv [19].

II. THEORETICAL SETUP

Along this paper, let R, R, and R, , denote the sets of
real, non-negative real, and strictly positive real numbers,
respectively. Let S7 and S}, be the sets of real symmetric
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positive semi-definite and positive definite n-by-n matrices,
respectively.

A given function o : R, — R is said to be positive-
definite (PD) if «(0) = 0 and «(x) > 0 for all  # 0.
Similarly, « is said to be of class K if it is continuous,
positive-definite, and strictly increasing. Finally, « is of class
Koo if it is of class K and unbounded.

For a given function f : X — R bounded below, let

[ =infeex f(x), and 2* = arginf,cx f(2).

A. Optimization problems and gradient methods

Let X be an open subset of an Euclidean space (the
analysis in this paper can be generalized to manifolds, but we
refrain from it for simplicity). Then, an optimization problem
consists of searching for the value of an argument/parameter
x € X that minimizes some cost function f : X — R
(or minimizes the negative of a reward for maximization).
Mathematically, we write such a problem as

minimize f(z)
¥ ; )
subject to z € X
which might have one, multiple, or no solution, requiring
some assumptions about either the cost f or the search space
X to guarantee the existence and uniqueness of the solution.
A common assumption is that of compactness of &', and
continuity of f(x) for z € X, which would guarantee the
existence of a minimum (and maximum) in X since f(X) :=
{f(z) | * € X} would be compact. Usually, however, the
search space X is not compact, requiring the adoption of an
alternative set of assumptions, outlined next.

Assumption 1: The function f is real analytic, bounded
below, and proper (i.e. coercive).

It is easy to prove that Assumption 1 guarantees the
existence of a minimum f € f(X) attained at a set of points
T :={x € X| f(z) = f}. Note that, from the point of view
of the optimization problem, any = € T constitutes a valid
solution of (1), since all such points yield the same value
of the cost function. Then, the optimization problem can be
thought of as finding any x € 7.

A natural candidate for solutions to the optimization
problem is the set of critical points of f, i.e. the set of
points Z := {x € X | Vf(z) = 0}. A common strategy
for finding an z € Z is “moving the parameters along the
direction of steepest descent of the function”. Mathematically
and in continuous-time, this means imposing the following
dynamics for the parameter x

i =-Vf(2), )

while in discrete time one would impose the following update
law for x;, for a small enough h > 0

Tpy1 = T — hV f(z). 3)

In this paper we focus on the continuous-time strategy, and
one can easily verify that x is an equilibrium of (2) if and
only if z € Z. Nonetheless, there is no a priori guarantee that
a solution of (2) initialized in X will converge to a point in 2,

much less in 7. Therefore, we next examine the convergence
guarantees that can be derived under Assumption 1, and
explore additional assumptions that may strengthen these
guarantees.

B. Convergence guarantees and the Polyak-Lojasiewicz in-
equality

Consider an optimization problem (1) satisfying Assump-
tion 1, then Lojasiewicz’s theorem [20] guarantees that any
solution of (2) initialized in X will converge to a critical
point of f (precompactness of trajectories follows from
properness of the cost function). Despite that, x € Z is only
a necessary condition for the optimality of z. In fact a point
x € Z can be either a local minimum, a local maximum, or
a saddle-point of f. Regarding that, the following result can
be stated ( [3], [4] appendix A):

Lemma 1 ( [3], [4]): Let

S:={zcZ|weR"st v Vif(zx)v <0},

where V2 f is the Hessian of f, and let ¢ : R, x&X =&
be the solution of the initial value problem (2). Then, the
set of 2o € X for which lim;_, o ¢(¢,20) € S has Lebesgue
measure zero. In other words, the center-stable manifold of
S has measure zero.

Notice that Lemma 1 holds even if S is a continuous
set, or the union of continuous sets. In fact, S need not
be even compact, as long as the condition on the value of
the Hessian holds for all of its elements. However, despite
this result excluding any local maxima and “strict” saddles
from the result of a gradient flow solution to problem (1)
(with probability one), it is still not enough to guarantee the
optimality of the gradient flow solution. Typically, additional
assumptions are introduced in the literature to ensure that
lim; o0 ¢(t,x0) € T, with convexity of f arguably being
one of the most common. If f is convex in X, then Z =T
and a gradient flow will eventually find the optimal solution.
Furthermore, if f is strongly convex, then a solution of (2)
converges to J exponentially.

In this paper, we first review a condition for f that is
weaker than strong convexity but still ensures that a solution
of (2) converges to 7 exponentially (in terms of the cost).

Definition 1 (u-global Polyak-Lojasiewicz inequality):
Given a fixed ¢ > 0, a function f satisfies a pu-global
Polyak-tojasiewicz inequality (u-gPLI) if

IVf(@)]| > a(f(x)-f), 4)

with a(r) = \/pr, for all 2 € X'. Furthermore, f satisfies a
gPLI if the p-gPLI holds for some p > 0.

The property in Definition 1 (often written in the form
[Vf(@)|* > p(f(x) — f)) has been the object of much
recent study, and is a natural generalization of convexity
(see [12] for a thorough analysis of the relationship between
convexity and the gPLI). An immediate consequence is that
all critical points of f must solve (1), i.e. if f is gPLI, then
Z = T, which guarantees the optimality of gradient flow
solutions. Further usefulness of this property lies in the fact
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that it guarantees exponential convergence of the cost along
any solution of the gradient flow, as we show next.

Definition 2 (u-global exponential cost stability): Given
a fixed p > 0, the gradient flow (2) of f is p-globally
exponential cost stable (u-GECS) if

f(p(t,w0)) — /< (f(xo) — i)e_“t forall t >0. (5

Furthermore, the gradient flow of f is GECS if it is u-GECS
for some p > 0.

Lemma 2: The gradient flow (2) of f is u-GECS if and
only if f satisfies a p-global PLI.

Despite the favorable convergence properties guaranteed
by the existence of an exponential upper-bound, proving
that a cost function satisfies the p-global PLI is not always
possible. In some relevant examples in the literature, the
following weaker condition is characterized instead.

Definition 3 (Semi-global PEI): A function f satisfies a
semi-global Polyak-Lojasiewicz inequality (sgPLI) if, for
every € > 0, there exists a p. > 0 such that

with o (r) = \/iter, forall z € X :={x € X' | f(x) - f <
€}.

Although both conditions look similar, the distinction can
imply important differences in the convergence behavior
of solutions. To provide a rigorous framework with good
granularity for analyzing the different possible types of
Polyak-tLojasiewicz inequalities and their consequences to
the convergence of gradient systems, we employ comparison
functions in the next section.

C. Generalizations of the PLI

The classic PLI condition is originally formulated as in
Definition 1, using the square root comparison function.
However, practical cost functions often fail to satisfy this
condition globally — an example being the continuous-time
LQR cost, which will be discussed later. This limitation
motivated us in [1] to propose a nonlinear version of the
PLL. By simply generalizing o(r) in (4) from a = /ur
to a positive definite function @ € PD, the convergence
of the gradient flow can still be ensured. As an additional
benefit, when the gradient flow in (2) is subject to additive
noise, the error f(¢(t, o)) — f is bounded by an energy-like
measure of the noise. This property is formally known as
integral input-to-state stability (iISS) [21]. Furthermore, if «
is strengthened to a class K function, the error f(¢p(t, x0))—f
not only converges to zero in the absence of noise but also
remains bounded when the noise is below a certain threshold,
a property referred to as small-input ISS (siISS) [1]. If « is
further strengthened to be a class K., function, then the
error f(p(t,x0)) — f converges to zero in the noise-free
case and remains bounded under any bounded noise, which
corresponds to the classical input-to-state stability (ISS) [22].
Clearly, the global and semi-global PLIs define comparison
functions of class Ko, and PD respectively.

For our analysis, we also introduce a new class of
functions, called class sarPLI functions, which can be

gPLI —— sarPLl —— sgPLI

l | J

Koo K PD
| | !
ISS siISS iISS

Fig. 1. Diagram of the hierarchy between types of comparison functions
and their relationship with the different types of Polyak-Lojasiewicz in-
equality. Notice in particular that while all functions that satisfy a PLI also
have a class K lower-bound (as presented in definition 4), the converse
is not necessarily true. Similarly, satisfying a sgPLI implies there exists a
PD lower-bound, but the converse is not true. Also notice that the newly
introduced class safPEI lower bound lies in between gPLI and sgPLI, and
provides a better convergence guarantee. Finally, the /PLI stands isolated
in the graph, but one should note that it sustains the same convergence
and robustness properties than the gPLI, so long as the disturbance is small
enough to keep the solution in a neighborhood of the optimum.

represented as

alr) = /b‘ZT Vr >0, 7

where a,b > 0 are constants.

With this established, the following definition summarizes
the “zoo” of the generalized inequalities based on different
classes of comparison functions.

Definition 4: A function f satisfies a class Ko, lower
bound (resp. class sarPLI , IC, or PD) if

IVf(@) =z a(f(z) = f(z7)), ®)

for all x € X, with « being a function of class K, (resp.
class satPLI , IC, or PD).

Notice that there is a natural order between the comparison
function and a natural relation between each of them and the
previously defined different types of PLI, all illustrated in
Fig. 1. In particular, notice that if the comparison function
« is of class sarPLI , then it lies in between a gPLI and a
sgPLI.

An important consequence of satisfying different classes
of lower bounds is the convergence behavior of the solutions.
To better illustrate this effect, we first define a weaker form
of convergence than the one from Definition 2.

Definition 5 (global linear-exponential cost stability):
The gradient flow (2) of f is globally linear-exponential
cost stable (GLECS) if there exists an m > 0 such that for
every xg € X and every ¢t > 0 there exists a ., > 0 for
which

(f(e(t,xo)) = f) )

_JUta) - p-mt—1) itr<t
= (F(0(t,0)) — e teotli=D i £ >t
From this definition, we can derive rigorous conditions for
the solution to be GLECS as follows:
Lemma 3: The gradient flow (2) of a function f is GLECS
if
o The gradient V f is globally bounded;
o The function f satisfies a sarPLI .
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Cost along the solution
Linear bound for €
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Fig. 2. Gradient Flow trajectory for a cost f that satisfies the conditions
in Lemma 3.

We illustrate the results from Lemma 3 in Fig. 2. Ob-
serve that the true trajectory of the cost follows a “linear-
exponential” profile, which means that for a given “margin
of error” € := f(¢(t, z9)) — f, the solution is upper bounded
by a line for values of the cost higher than ¢ and by and
exponential for values smaller than €. Also notice from the
figure that a smaller margin of error e results in a worse
upper bound for the linear part of the solution, but a tighter
upper bound for the exponential part.

Finally, notice a gap between GECS and GLECS: if f
neither satisfies a global PLI nor has a globally bounded
gradient, then its solution is neither GECS nor GLECS. This
is an important observation for the next section of the paper,
as we will show that this is precisely the case for the LQR
cost function.

III. APPLICATIONS TO LQR POLICY OPTIMIZATION

The policy optimization LQR setup is discussed thor-
oughly in publications such as [1], [3], [4], [6], [13], [14],
[16], [17], so we provide only the necessary results, without
derivation. Consider the following continuous-time linear
system:

T = Ax + Bu (10)

where A € R™*", and B € R™"*™ are the system matrices,
with (A, B) assumed to be controllable. Let G := {K €
R™*™ | A— BK is Hurwitz}. The objective is to determine
a state feedback u = — Kz with K € G that minimizes

J(K) = trace(Pg), (11)

where P is the positive definite solution of
Px(A—BK)+(A-BK)"Px+K'"RK +Q =0, (12)

with given matrices R € ST ™ and Q € S}7". For this
cost, the gradient flow K = —VJ(K), is given for V.J
being given by [23]:

VJ(K) = —2(BTPx — RK)Yx, (13)

where, for any K € G, Py is the solution of (12), and Y
is the unique positive definite solution of

Yi(A—BEK)" + (A-=BK)Yx +1=0. (14

In previous works in the literature [5], [6], it was es-
tablished that the solution for a gradient flow dynamics
for solving this problem initialized inside G, := {K S
R™*™ | J(K) < a}, satisfies a semi-global PLI (Lemma 1
of [5], and Theorem 3.16 of [6]), and in [1] it was shown that
it actually satisfies a class sarPLI lower-bound. Although a
priori this does not rule out the possibility that J defined in
(11) satisfies a gPLI, in the following section we prove that
this is not the case; that is, J(-) can never satisfy a gPLIL.

A. The LOR cost lies in the gap

Consider the following definition. _

Definition 6: A matrix-valued function K : R, — G, is
called a high gain curve of G if the eigenvalues of the closed-
loop matrix are strictly in the left half-plane (LHP), i.e. there
exists an € > 0 such that for all p > 0,

max(Re(\i(4 — B(K(p) + K*))) < ¢,

and the limit value of the cost is unbounded,
ie lim, o J(K* + K(p)) = cc.

Furthermore, we can guarantee that any (A, B) control-
lable has a high gain curve, as we show next:

Lemma 4: Let A € R"™™ and B € R™*"™ be the system
matrices for (10), with (A, B) being controllable. Then, there
always exists a K : R, — G thatis a high gain curve of G :=
{K € R™*" | (A — BK) is Hurwitz}, with the additional
property that BK (p) is diagonalizable for all p > 0.

With this, we can state the following lemma regarding the
behavior of the gradient along high gain trajectories:

Lemma 5: Let K : R, — G be a high gain curve of G
and let there be a 5 > 0 such that BK (p) is diagonalizable
for all p > p. Then the limit

Jim. VJ(K(p) + K*) € R™*™, (15)
exists and is finite, i.e. the norm of the gradient ||V.J (K(p)+
K*)|| converges to a constant value as J(K(p) + K*) —
J(K™*) goes to infinity.

Informally, Lemma 5 proves the boundedness of the
norm of the gradient along any “eventually diagonalizable”
high gain curve. As a consequence, we state the following
corollary.

Corollary 1: There is no p > 0 such that for all K € G
it holds that

IVIUE > V(I (K) = J(K*)),

i.e. , the cost function J defined in (11) can never satisfy a
gPLI.

From these results, one would think that J has a globally
bounded gradient norm, since Lemma 5 shows that the
gradient converges to a constant matrix for any high gain
curve. However, that is not the case, as we show in the
following lemma.
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Lemma 6: For any K € 9G, let {K;} fori=1,2,... be
a sequence of matrices K; € G such that lim;_,o, K; = K,
then

lim V(K| = oo.

As a consequenzceo%f this fact, gradient V.J(-) does not
admit a global upper bound, and thus does not satisfy the
conditions for Lemma 3.

The fact that the continuous-time LQR cost neither sat-
isfies a gPLI, nor has a globally bounded gradient, makes
it hard to provide tight global convergence rate estimates to
the policy-optimization algorithm. In fact, the solution can be
either exponential or linear-exponential, depending on which
region of the search-space it is initialized at. This can be
circumvented by judicious restriction of the search-space as
follows:

Lemma 7: For a 6 > 0, let G5 := {K € G| A—
BK + 61 is Hurwitz}, then there exists g > 0 such that
IVJ(K)| < g for all K € Gs.

The results presented so far illustrate, through the LQR
policy optimization problem, the value of understanding
exactly what kind of “PLI-like” condition the cost function in
question satisfies. To complement our analysis so far, and in
hopes of illustrating the different possible behaviors for the
solution of the policy optimization for the LQR, we next
provide an analysis of the single-input single-state/output
LQR case.

B. Convergence analysis of the scalar LOR policy optimiza-
tion

For the scalar case, the continuous-time system dynamics
is given by (10) with A =a € R, and B = b = 1, the latter
being assumed without loss of generality (the magnitude of b
can simply be included in the magnitude of w). The weighting
matrices of the LQR costare Q = g€ Rand R=r € R.

Then, the cost and its gradient can be computed for the
scalar case as in the following proposition

Proposition 1: For the scalar LQR, let k£* be the value of
the feedback gain that minimizes the cost J(k). Then we
have that

J(k* +€) — J(k*) = tre* =: §(e) (16)
OJ(k* +¢) = L(=d(¢) + re) (17)

. oJ(k* + €)|)?
m(k* +¢) = J(”k:* -i(-E) —?yk*) (18)
= 1002 =20 + 1), (19)

where p and ¢ solve (12) and (14), respectively.

These computations allow us to conclude that m(k*) =
r¢* > 0, characterizing exponential convergence near k*.
Furthermore, lim,_, ,—x» m(k* + €) = oo, indicating that the
convergence rate explodes for values of %k in the boundary
of stability. Furthermore, the simpler form of the scalar case
makes it easier to analyze numerical results.

Take a = ¢ = r = 1 and notice from Fig. 3 (a) and
(b), that the gradient 0.J(k) behaves completely differently
if &k > k* orif k < k*. However, notice that if we restrict the
domain from [1, c0] to [1+¢, 00|, the value of the gradient is

now globally bounded. This is the intuition behind Lemma
7.

Furthermore, the linear-exponential convergence behavior
described in Lemma 3 becomes very evident for the scalar
LQR if £ is initialized larger than k£*, as can be seen in Fig.
3 (c). If, however, the solution is initialized near the border
of instability, the convergence is much closer to a decreasing
exponential, as evident in Fig. 3 (d).

C. Comments on the difference between continuous and
discrete-time LOR policy optimization

We conclude the analysis of this paper with a brief
overview of the behavior of the discrete-time LQR policy
optimization problem. This scenario is studied in different
papers in the literature [14]-[17] and for this problem,
a global PLI is characterized (see, for example, Lemma
1 in [16]). This is surprising since, by Corollary 1, the
continuous-time LQR policy optimization can never admit
a global PLI.

Some intuition behind this difference can be obtained by
looking at the Euler discretization of the scalar continuous
case with step-size h > 0, and with Ry = hr and Qg = hgq.
For this problem, we can define mgy(k); +¢€) similarly to how
it was done for the continuous-time case in (18).

Furthermore, notice that the feedback gain k4 is bounded
between a < kj + € < (2 + ha)/h, which implies that
G is bounded in the discrete-time. Moreover, upon explicit
computation of mg(k}+e¢), one can check that for any h > 0,
mg(kq, h) — oo if either kq — a or kqy — (2+ha)/h, which
implies that mg(-, h) must admit a minimum value mgq(h)
attained at some point kg € G, i.e. mgq(h) = mq(ka, h).

With these established, we pick a = ¢ = r = 1 and plot
kq(h) and mg(h) in Fig. 4. Notice that as h — 0 (i.e. as
we approach the CT LQR policy optimization problem), the
value k4(h) at which m4(kq, h) is minimized goes to infinity,
while mgq(h) goes to zero.

IV. CONCLUSIONS AND FUTURE WORKS

In this paper, we presented an overview of convergence
guarantees for gradient methods in optimization problems.
We revisited the Polyak-Fojasiewicz inequality (i.e. gradient
dominance condition) and observed how slight changes in
its characterization can imply significant changes to the
convergence of the gradient flow solution. This motivated
the introduction of nonlinear comparison functions as a way
of characterizing the behavior of the solution, which we
supported with a result that gives conditions for the solution
to present a “linear-exponential” behavior in Lemma 3.

The paper follows up with a scenario where the traditional
PLI condition does not hold: the continuous-time model-
free linear quadratic regulator problem. For this problem
we showed that it presents neither globally exponential,
nor globally linear-exponential convergence behavior, but a
mixture of both depending on how close the solution is
initialized to the border of instability. Despite that, we show
in Lemma 5 that for any “high gain curve” in the space
of stabilizing feedback matrices, the norm of the gradient
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Fig. 3.

Exponential rate of convergence m(k)
o« m 6 & o o N ® o

k Feedback gain k

(a) (b)

Tlustration of the dual behavior of the LQR cost function (11) fort he scalar case with a = r = ¢ = 1. In (a) we plot the squared norm of

the gradient ||V.J||? as a function of the feedback gain k, while in (b) we plot the largest exponential rate of convergence m(k) as defined in (18), and
in both plots the dotted vertical line indicates the optimal k*. Plots (c) and (d) present numerical simulations for the gradient-flow initialized such that
J(k(0)) — J(k*) =~ 8, however (a) was initialized for £(0) > k* and (b) for k(0) < k*.

[7]

[9]

0 [10]
o2 o4 os 08 1 0 02 o4 os 08 1 [11]

(a) (b)
(12]

Fig. 4.  Visualization of how the discretization step affects the global

exponential rate of convergence for the scalar discrete-time LQR policy

optimization problem.

[13]
is upper-bounded, which allowed us, through Lemma 7, to [14]
characterize global linear-exponential convergence behavior
through a judicious restriction of the optimization search
space. We then illustrate our results through numerical |5,
simulations of the scalar case, where the two regions of
the parameter space are clearly defined. Finally we briefly [16]
discuss the distinct behavior of the LQR cost function when
formulated for a continuous- and discrete-time linear system.

[17]
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