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ABSTRACT

This paper proposes a notion of smooth action on a manifold, and establishes a
general integrability result for certain associated distributions. As corollaries,
various classical and new results on manifold structures of orbits are established,
and the main theorem on preservation of transitivity under sampling is shown to be
a simple consequence.

1. Introduction

One of the basic results in control theory, due independently to [SU1] and [ST],
states that, for continuous time systems, each orbit (set accessible with positive-
and negative-time motions from a given starting state) has a natural structure of
immersed submanifold of the state space. This structure is obtained, roughly, as
follows. Given any piecewise constant control steering a state into the state ¢, this
control having switches at times t,, ..., t,, tangent vectors to the orbit at ¢ are

obtained by taking perturbations of the t,. (More precisely, positive- and negative-

time controlled motions are used.) When phrased in terms of the integrability of

an associated distribution, this generalizes classical theorems of Frobenius and
Chow.

Discrete-time control systems have been studied much less than their continuous
counterparts, and their properties diverge considerably from those of the latter, due
mainly to the possibility of singularities; see for instance [SO|. The paper [JA]
introduced the idea of studying invertible discrete nonlinear systems, and developed
a realization theory which parallels much of the continuous time situation; further
work along these lines was carried out in [FN], [NC], [SS], and related papers.
Invertible systems are those for which transition maps, (one for each fixed control,)
are all (local) diffeomorphisms. Invertibility is of course a priori an extremely
strong assumption in the context of general discrete time systems. However, for
systems that result from the sampling of continuous time systems, this assumption
is always satisfied. For invertible discrete-time systems, it is possible to give a
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close analogue of the continuous time orbit theorem. Since times are discrete, it is
of course not possible to take time derivatives as above. Instead, one substitutes
derivations with respect to the values of the controls in each interval. (The
underlying assumption being that there is some sort of manifold structure on the
control value set. Precise details are given later.)

The first half of this paper introduces a framework that allows to prove an
abstract orbit theorem, for ”smooth actions on manifolds”. This yields as
consequences the above mentioned discrete-time and continuous time results. More
interestingly, the theorem will also imply a number of other results, including
characterizations of ”zero-time” orbits of various different types, and an alternative
submanifold structure in the continuous time case (the input-topology” structure).
The latter wili be compared with the more classical ”time-topology” structure.
Certain facts that would appear to be obvious, for instance the second countability
of zero-time orbits (but not of arbitrary orbits), turn out to require careful proofs.
It should be pointed out that there have been many other proofs of ”orbit
theorems” in the literature, at various levels of generality (see e.g. [KL], [SJ], [KS]).
All proofs are in principle based on the same ideas. In fact, the present approach
is based on the proof in the conference paper [SS|, which was in turn motivated by
a general (unpublished) abstract result due to H. Sussmann, which was in turn a
generalization of the proof in [SUl]. We believe that the present result strikes the
right balance between generality (it appears to imply all others) and level of
abstraction (it can be applied immediately to particular classes of actions), and our
main contribution here in that respect is in exposition.

The second part of the paper concentrates on sampling. When a continuous
time system is regulated by a digital computer, control decisions are often restricted
to be taken at fixed times 0,6,26,...; one calls §>0 the sampling time. The resulting
situation can be modeled through the constraint that the inputs applied be constant
on intervals of length 6. It is thus of interest to characterize the preservation of
basic system properties when the controls are so restricted. For controllability, this
problem motivated the results in [KHN], which studied the case of linear systems;
more recent references are [BL), [GH]. For nonlinear systems, it appears that the
problem had not been studied systematically until the paper [SS] and later
conference papers by the author. As usual for nonlinear systems, it is easier to
study transitivity (controllability with positive- and negative- time motions) than
controllability (but, see [SO1] for various controllability results). The main result
is that, for fast enough sampling, transitivity is preserved provided that the original
system be ”strongly” transitive in a sense to be made precise later. The proof in
[SS] is based on a fixed point theorem. The same result is proved here using more
elementary tools, as an almost trivial consequence of the interplay of the time- and
input- topologies (see above discussion) on continuous time systems. This is
probably the most natural way to understand the sampling results. For expository
purposes, we have also included here a few topics that had already been covered in
the above mentioned conference papers, including a more or less careful treatment
of one-dimensional systems, which provide a good source of examples and
counterexamples.
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2. Preliminaries

We first give some differential-geometric terminology which generalizes that in
the standard literature. Most is as in [SU1], [KR| and [IS]. All manifolds will be
smooth (C*) and paracompact (hence, Hausdorff and each component is second
countable). Let M be an arbitrary such manifold. A submanifold N of M is an
immersed (not necessarily regular) submanifold.

By a vector field X on M we shall mean a smooth vector field (smooth section
of the tangent bundle) defined on an open subset Vy of M; we denote by E(M)
the set of all such X. Given X and Y in E(M), let VynV, = V. We then define
the Lie bracket [X,Y] as the Lie bracket of X restricted to V and Y restricted to
V. If V is empty, the bracket is undefined. Similarly for the sum of X and Y,
and products by constants. This makes £(M) into a ”pseudo-” Lie algebra (or, a
”sheaf of Lie algebras”); for simplicity we shall take in this paper the term ”Lie
algebra” to imply only partially defined operations. Similarly, we let Diff(M)
denote the set of local diffeomorphisms on M, with compositions only partially
defined. As a general rule, if the Lie bracket of two vector fields (or the
composition of two local diffeomorphisms) appears in a statement, that statement
should be taken to mean ”if this composition is defined, then...”.

We denote by X(¢), instead of X the value of XeE(M) at ¢eM. A (possibly

singular) distribution D on M is a subset of the tangent bundle TM with the
property that

D(e) == {veTM | (6v)eD)
is a subspace for each ¢ (So D is a choice of a subspace in the tangent space at
each ¢ in M.) The vector field X belongs to D if X(¢)eD(¢) for all ¢eVy. The
set of vector fields belonging to D is denoted by {D}, A subset & C E(M) is
everywhere defined if the union of the domains Vy, Xe®, is all of M. For an
everywhere defined set ®, {®}, denotes the distribution generated by &, i.e. the
smallest distribution D for which all Xe® belong to D. Thus, {®}(¢) is for each

¢ the span of the set of vectors {X(¢) s.t. X is defined at ¢}. A distribution of
the form {®}, is called a smooth distribution.

For the rest of this paper, the term distribution will always mean smooth
distribution.

The rank of D at ¢ is the dimension of D(¢). Thus the constant rank case
corresponds to the usual notion of (nonsingular) distribution in differential
geometry. An integral manifold N of D is a submanifold of M such that TCN =

D(¢) for each ¢ in N. An integral manifold N of D is mazimal if it is connected
and for every other integral manifold N° of D intersecting N, N’ is an open
submanifold of N. The distribution D is integrable iff it induces a (singular)
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foliation, i.e., there is a partition of M into maximal integral manifolds, the leaves

of D.

The subset & of E(M) is tnvolutive if [X,Y] is in & whenever (the product is
defined and) X, Y are in &. We shall say that ® is a subspace of E(M) is rXed
whenever Xe® and re®, and X+VY is in ® whenever (the sum is defined and) X, Y
are in ®. ("Presheaf of linear spaces” is probably a better terminology.) The
smallest subspace containing ® is denoted by {(I>}Ep (the ”linear space generated by

©”). The smallest involutive subspace containing @ is denoted by {®}; (the ”Lie
algebra generated by ©”). Finally, the distribution ({®} ), is the Lie distribution
generated by ®, and is denoted by {®}, .

A (smooth) distribution D is dnvolutive if {D} . is involutive.  Integrable

distributions are involutive (because the vector fields belonging to D are tangent to
the leaves of D, which are submanifolds).

We shall say that the subset C of the manifold U has nice boundary if the
following property holds: for each ueC there is a smooth curve

v:1]0,1] - U
such that 4(0) = u and 4(t) is in intC (interior of C with respect to U) for all
t>0. (Smooth on a closed interval means smooth in a neighborhood of this
interval.)

2.1. Actions
An action T is an 8tuple (M,A,-{c,acA},{U, acA},{C, acA},{D acA},

{g,,acA}), where:

1. M is a manifold (the state space),

2. A is a set,

3.-: A — A is a map of order 2: -(-a)=a,

4. For each acA, U, is a manifold,

5. For each acA, D_is an open subset of MxU,,

6. For each acA, C_ is a subset of U, with nice boundary,

7. For each x€M, there is some acA and some ueC_ such that (x,u)eD,,

8. For each acA, ., is a smooth map U, — U_ such that the composition
1,°t, is the identity (the subscript is dropped, and ¢(u) is written
simply as @, when a is clear from the context) and such that . maps
C, into C_ and the interior int(C,) into int(C_), and

9. For each acA, g, is a smooth map D, — M, such that:

* (g (x,u),@t) is in D, if (x,u) is in D, and u is in C,, and
e g_(g,(x,u),ii) = x for all such (x,u).

(So, in particular, each map g,(-,u) is a local diffeomorphism.)
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Various examples will be given later, including different manners of modeling
continuous time systems and discrete systems. In all these examples, the sets U,

satisfy that U =U_ and the maps ¢, are always the identity. The above definition

is much easier to read in that case. However, we need the present more general
definition for technical reasons, since we shall introduce various actions associated
to a given action, for which the induced ¢, in general will not be identities, even if

they are so for the original action.

For the rest of this section, we fix an action ¥ as above. Note that, if A’ is
a subset of A which is invariant under ”-” and satisfies property (7) then there is
a restriction of ¥ to A’, obtained by restricting the index sets in the T7-tuple
corresponding to £. Other ways of deriving new actions from a given one will be
described below.

We let A* be the free monoid on A, that is, the set of all possible sequences
(*words”) of elements of A, and identify A with the subset of A" consisting of
sequences of length 1. For any b = (a;,...,a,) in A", -b is the sequence (-a,5ray),
and U, (respectively, C,) is the product of the corresponding U, (respectively, C,),
a=a. We also let g;: MxU, — M be obtained by composition. More precisely,
for the empty word b, U, = C, is a one-point set and g, is the identity, and in
general the sets D, and the maps g, are defined inductively on the length of b as
follows:

(x,uw)eD,, iff (x,u)eD, and (g,(x,u),w)€D,,
for u in U, and w in U,, and then

gab(x,uw) = gb(ga(x,u),w)-

When a or b are clear from the context, we omit the corresponding subscripts. A
concatenation notation is alternatively used to exhibit sequences in U, as in "uw”

above, and similarly for words in A". Further, the letter a”, possibly subscripted
or primed, will always denote an element of A, while notations involving b or ¢

stand for words in A", Similarly, latin letters u,v,... will be used for elements of
the sets U, and greek letters ¢, x, w for elements of sets of the form Uy (that is,

sequences of elements of the various U,). For w = (u;~u) in U, let &=
(ur---ul
whenever (x,w) is in D, and w is in C, and

), an element of U (note the reversed order). Then (g, (x,w),@) is in D

g.b(gb(xaw)aa’) =X .

This proves that the data M, A, U,, etc., defines a new action o (taking a
suitable product path, one can prove that C, has nice boundary, if each C, does).
The main objects of study are the orbits of the action I:

O(x) := {2z | g (x,w) = z, some bw}.

Note that the orbits of £ coincide with the orbits of . Later we shall introduce
various other actions derived by restricting the set A‘; these actions will be very
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valuable in studying ”zero-time” accessibility and related notions.

2.2. The distribution associated to an action
Given the action I, certain induced vector fields will play a central role. These
are defined, intuitively, as follows. Assume that g (y,u) = x. Then, if u+éu is a

perturbation of u, the state g (y,u+éu) is close to x. As éu—0, a tangent vector
at x results. If x° is another state close to x, the fact that g (-,u) is a local
diffeomorphism implies that there is a y’ close to y such that g (y,u) = x".

Applying the perturbation argument with the same éu, there results a vector at x’.
This construction is smooth in x, and a vector field is obtained. We now make all
this precise. The ”tangent bundle of C.”, for acA, (where C, is not necessarily a

manifold,) is defined as
TC, := {(uw) | ueC, and veT U } .

For each (a,uwr) with acA and (uw)eTC, we define a vector field X, , as
follows. For any ¢ such that (¢,3) is in D_,

3g,(9_,(&3),v)
X8 = ——F—— | =) (2.1)

Note that g (g,(¢@),v) is the same as what can be denoted, using the word

(-a,a)EA', by g, .(&fv). Equation (2.1) provides a vector at £ It is clear how

to compute it in local coordinates (product of a Jacobian matrix by a vector). A
coordinate-free interpretation is as follows. Let o be the map that sends veU into
8,(8.,(&10),v); this is defined in some neighborhood of u in U,. For any real-valued

smooth map f defined in a neighborhood of x, consider the composition f:i= f°a.
Then X, (€)(f) is the evaluation »(8), where we are interpreting v as a
differential operator on germs of functions at u. With this definition, it is clear

that Xauy(ﬁ) is again a differential operator, and so defines a vector at ¢. From

the coordinate description it follows that this is not only smooth on ¢ but in fact
smooth as a function of (¢,u,v).

If = M—M is a local diffeomorphism, we denote by Ad, the (partial) linear
operator E(M)—E(M) corresponding to conjugation by =, more precisely:

Ad, X(€) = (=1)u(X(x(¢)))

for X in E(M) and ¢ in M. (In this equation, (n"!)., denotes the differential of =’
at the point #(¢).) Note that the domain of the vector field Ad X is

{¢ | n(¢) is defined and is in Vy} .

If this domain is empty, Ad X is undefined. If = is the (local) diffeomorphism
g,(-w), we denote

Ad, = Ad,, .
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If T is a (pseudo-) group of (local) diffeomorphisms on M, and @ is an everywhere
defined subset of E(M), we introduce the distribution

Adp® := {Ad_ X, =€l and Xed}, . (2.2)

In particular, let T(Z) be the group consisting of all the g, (-w), for beA® and
weC,, for the given action T, and let ®(T) be the set of all vector fields X
for (a,u,r) with acA and (uw)eTC,. We introduce the distribution associated to
X,

D = D(3) := Adpg®(%) -

This is an everywhere defined distribution: for each (€M there is by property (7)

in the definition of action a pair (a,u) such that g (x,i) is defined, so X is

defined for all v tangent at u. We consider also another distribufion, the Lie
distribution associated to X,

D, = D,(3) = {8(2)}, -

The rank of £ at ¢ is by definition the rank of D at ¢ the Lie rank of £ at € is
the rank of D .

2.3. Example: continuous time systems with time-topology
Given an arbitrary everywhere defined set of vector fields ®, we may consider
the (pseudo-) group generated by &,

exp(®) = {exp(tX), teR, Xed} .
Here exp(tX)(¢), if defined, is the solution at time t of the differential equation
x(t) = X(x(t)), x(0) =

The well-posedness theorem for ode’s insures that exp(tX)(¢) is defined for an open
set of pairs (t,) (which depends on X). We may thus introduce the following
action T(®), the action associated to &:

A = {1,1}x®, with -(e,X):= (-¢,X)
e U, := ® and C, = U, for all acA, with ., =identity
ga(f,t) = exp(etX)(¢), if a = (¢,X)
D, is the domain of definition of g,

One can then consider the distribution associated to the action I(®). We call
this distribution Ad(®,8). Let a = (¢,X), and pick any u in ® and any v in T R,
the latter identified again to ®. Then,

ay = X .

It follows that {®}, = {®(Z)}p, so:
Ad(®,2) = D(Z(®)) = Adexp(é)({’) .



448 E.D. SONTAG

Actions obtained in this way will be also refered to as continuous time actions with
time topology, for reasons that will become clear later. They will be one of the
two main types of actions to be associated to continuous time systems.

The classical orbit theorem for continuous time sytems, due independently to
Stefan and Sussmann, says that Ad(®,®) is integrable, and that the orbits of X(®)
are the leaves of this distribution. These statements will be proved later as
particular consequences of the general orbit theorem (whose proof is in itself
essentially that in [SU1]).

Finally, if D is a distribution, we let exp(D) be by definition exp(®), where & =
exp({D},;), and define Ad(D,D) as Ad(®,®) for this set ®. The results in [SU1]

also prove that, if ® is an everywhere defined set of vector fields and if D:= {®},,
then D s integrable if and only if D is invariant, meaning that

Adexp(@)(D) - D .

and that a smooth distribution s integrable iff it has the 7”integral manifolds
property”: for each ¢ in M there is an integral manifold of D which contains §.

2.4. Example: discrete time actions.
A discrete-time action is one for which:

e A has two elements {1,-1} and -a is (-1)a
e U, = U, = Uis a second countable manifold, and ¢ is the identity
e C, = C, = C, called the control constraint set.

We also denote the elements of A as {+,-}. These actions are associated to
(invertible) discrete-time systems, to be introduced later.

2.5. Some useful formulas

The following formula will be used later; it is valid for all acA, bEA‘, weC,,
(u,v) in TC, (more precisely, if either side is defined, then the other one is defined
too, and they coincide):

8gb’_a,a7_b(z,w&vﬁ))

Adb,w(xa,u,v) = v | ,,;:u(y)' (2.3)

In* general, if ccA’ and ¢ is in C_, we shall be interested in partial derivatives of
g (%) with respect to components of ¢.  Assume that c¢ = b’bb’" is a

factorization of ¢ into subwords, and let ¢ = x‘wx’’ be the corresponding
factorization of ¢. Then, (assuming that x = g (y,¥) is defined,)
dg(y,¥) : T, U, - T M ' (2.4)

is by definition the differential of g (y,x’(-)x"") at the point w of U,. When b’
and b’ are empty (c=b), we often omit the subscript and write just dg,(y,w) or
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even dg(y,w). Differentials with respect to x will be written d_ or using the (-).
notation; that is, d g (x,w) is the same as (g (-w))s evaluated at x.

Assume that the above c factors as (b’,a,-b), with a€A, and consider the
corresponding factorization ¢ = (w’,u,»). If v is in T C,, we can evaluate the

differential in equation (2.4) at v; there results the following formula:

dag.(v:9)I(¥) = Ady, (X, ) (X) - (2.5)

auy) defined at x, there
is a y such that g (y,¥) = x: just let c:= (a,-b) and ¢:= ud. We conclude that

D(x) equals the span of all the images of the maps as in equation (2.4). (In fact,
it will follow from later discussion that it equals in fact the image of just one such
map.)

Given any x€M and any vector field of the type Ad, (X

Consider the action )3', introduced earlier, derived from the original action £ by

. . . . . . A . . *
considering the free monoid A’ on A. This gives rise to a distribution D(Z").
The following result is trivial, but will be useful later:

Lemma 2.1: D(2) = D(z") .

Proof: By definition, D(X) is included in D(E'), so need only prove the
reverse inclusion. Since T(E) = I'(Z'), it is enough to show that &(£") C D(E).
Pick any ceA’ and any x in U, The tangent space to U_ at x is the direct sum
of the tangent spaces to all U,, for the acA that appear in the factorization of c.

Thus it is enough in generating <I>(E') to consider the following situation: ¢
factorizes as (c’,a,-b), with corresponding factorization x = x’u®’, v is a tangent
vector at u, and the generator is chu. Let b’ be the word (b,a,c’,c’), and w’

be (w,i,x’,x°). Then formula (2.5) establishes the result.l

In formula (2.1) we could consider derivatives with respect to U instead of v.
New vector fields are obtained in this way, namely

9g,(9_,(&9),u)
Youw = — | ) (2.6)
These vector fields will appear later. Computing in local coordinates, two
applications of the chain rule show that in fact the same distribution would be

obtained from these, because Ya,“'u = -X,., It is also easy to establish the

following formula, for any (a,u,r) with acA ‘and (up)eTC,.
X, 4, = -Ad_ (X

-a,0,0

(2.7)

u,u.u) ’

where p = [60/du](v) . Thus, in generating D it is redundant to include the
vector field X ., when X has been already included.

Finally, consider a word of the form ¢ = (b,ayb’;-a’-b’*) in A® (where a and
a’ are in A), and assume that U, = U_,. Pick an ueC, and a v in T,C,. In
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the next formula, ¢ is a word in U_ of the type (w,v,&",¥,&"") (note the same v):

3g_, (&D) |
Oy l v::u(y):Adb”a’,w"u[Adb’,w’(Xa,u,l/)—Xa’,u,u](f)' (2'8)

2.6. Some properties of actions

The main orbit theorem will apply to arbitrary actions; however, various classes
of actions have nicer properties. For ease of reference, we collect some definitions”
of special classes in this section. Again, T is a fixed given action.

Definition 2.2: The action T is countable if the index set A is countable (or
finite) and all the manifolds U, are second countable.

The main example of countable action is that of discrete time actions (c.f.
section 2.4).

Definition 2.3: The action I is connected if for each ¢ in M and acA there is a
u, in int(C,) such that g (¢u ) = ¢ and further, for any other ueint(C,) there is

a smooth curve 7: [0,1]=M such that 7([0,1]) C int(C,), 7(0)=u_, +(1)=u, and
(&7(2))eD, for all A

Connectedness is a very strong restriction, and is the property that makes the
continuous time case with time-topology so much better behaved than the general
case. (However, we shall introduce a related notion later (’S-connectedness’) that
will be much less restrictive.) In the time-topology case, u =0 always satisfies the

first property, and given any (t,£) such that exp(tX)(¢) is defined, we may let
7(A):= At; this satisfies the second property. For future reference we then state:

Lemma 2.4: Continuous time time-topology actions are connected.

Definition 2.5: The action T is complete if D, = MxU_ and int(C,) is connected
for each acA.

Note- that continuous time tlme-topology actions are not complete, unless the
original vector fields are complete in the usual sense.

Definition 2.6: The action £ s an action with zero if all the sets U, are equal
(say to U), all the sets C, are equal (to C), and there exists an element 0 in

int(C), 0=0, with the property that 8,(6,0)=¢ for all ¢ and all acA.

Note that a complete action with zero is necessarily connected. Finally, we give
two other important possible properties of actions.

Definition 2.7: The distribution D had full rank at ¢eM iff its rank at ¢ equals
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the dimension of M. The action £ has full rank at ¢ iff D(Z) does. Similarly, T
has full Lie rank at ¢ iff D (Z) does.

Definition 2.8: A (real-) analytic action is one for which all the data is analytic
(replace "smooth” by ”analytic” in the definition of action).

3. Statement and consequences of the main orbit theorem

Theorem 8.1: Let © be any action. Then, the distribution D = D(E) is
integrable. Further, for each ¢ in M the orbit O(¢) has a unique structure of (not
necessarily connected or even second countable) submanifold of M with the

property that O(¢) is an integral manifold of D and that for each beA’, the
restriction of g, to a map (O(¢)xintC, )ND, — O(¢) is smooth.

We shall prove this theorem in two steps. First, we shall consider the case in
which C, is a submanifold for each acA. Without loss, we can (and shall) assume

in that case that C, = U, for all a. We call this the manifold case. Then we

deal with the general case. For the manifold case, we shall establish the following
sligthly stronger lemma:

Lemma 3.1: Let T be any action. Assume that U, = C, for all acA. Let ¢ be
in M. Then O(¢) has a unique structure of submanifold of M such that

1. for each beA’, the (restricted) map g,: (O(¢)xU,)nD, — O(¢) is
smooth, and
2. for any ¢ in O(¢), the dimension of O(¢) is equal to

r(¢,) = sup {rank dg,(¢w)}, (3.1)
where the sup is taken over all b and w'such that (¢w) is in D, and
gb(fvw) = ¢

The lemma will be proved in a latter section. We now show that theorem
(3.1) follows from it, for the manifold case. Claim: the orbits of T are integral
manifolds of D. By formula (2.5) and part (2) of the lemma (using ¢=¢), it
follows that rank of D at ¢ > dimO(¢). Further, the generators of D are, by part
(1) of the lemma and by equation (2.5), included in the tangent space to O(¢) at
¢ Thus T€O(£) = D(¢), as claimed. We conclude that the connected components

of the possible orbits O(¢) give rise to the leaves of the integrable manifold D, as
established as a consequence of the following lemma. This lemma can be used to
prove the fact (see section 2.3) that a distribution D is integrable iff it has the
integral manifolds property.

Lemma 3.2: Assume that the smooth curve 7:(0,1)>M is such that (a) 4(t) is in
D(4(t)) for all t, and (b) the rank of D is constant along ~(t). Then the image
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of v is contained in an orbit of X.

Proof: We claim that for each t€(0,1) there is a neighborhood V of t such
that (V) is included in O(y(t)). Let X, X be vector fields such that
{X,(x),~, X (x)} is a basis of D(x), x=v(t). Because the rank of D is constant
along this curve, it follows that {X (y),, X (y)} is a basis of D(y), y=v(r), for r
close to t. Thus there are r smooth real functions p,p, (defined in a
neighborhood of t,) such that ‘

1(r) = £ (DX (1(1) + - + 2 (DX (2(7))

for all such r. This can be seen as a controlled differential equation evolving in
the manifold O(x). As such, there is a solution 7 of this equation, for 7 near t,
contained in O(x), and with y'(t)=x. But 4’ would also be a solution of this
equation as an equation evolving in the manifold M. By uniqueness of solutions of
(controlled) ode’s in M, it follows that v = 4 is indeed contained in O(x) for 7
near t. This establishes the claim. For each possible orbit O, this argument
shows that {t|y(t)eO} is open. Since the orbits are disjoint, connectedness of (0,1)
implies that the range of 7 can intersect at most one orbit.l

If N is any connected submanifold of M which is an integral manifold of D,
and if ¢ is in N, then N must be contained in O(¢), and hence in the connected
component of O(¢) at ¢ This is because any y in N can be connected to ¢ by a
smooth curve, integral for D, and the above lemma concludes that O(y) = O(¢).
This concludes the proof of the theorem in the manifold case, assuming lemma 3.1
is known to be true.

In the rest of this section, we show how to prove the theorem in general,
assuming it has been proved in the manifold case. We need the following lemmas.
Given the action £, we may introduce another action I, ,, obtained when replacing
C, by int(C,) for each acA. All axioms are again satisfied. Let O, (x) be the
orbit of x under this action, and let D, be the corresponding distribution. Note

that the theorem then applies to D, , (manifold case).

Lemma 3.3: D. . = D

int
Proof: Since D, ,(¢) is contained in D(¢) for all ¢, it is sufficient to show
that they have the same dimension. Since every C, has nice boundary, C, is
always in the closure of its interior. Thus the generators X, ,, for each (a,u,v)
with acA and (u,r)eTC,, as well as the conjugates under the maps Adb,w, can be
approximated by similar generators corresponding to the action I, . In particular,

any basis of D(¢) can be approximated by elements of D, ..B

Lemma 3.4: O, (¢) = O(¢) for all ¢.

Proof: Let ¢ = g ({w), with b = aj-va and w = u;~u. For each i, let
C;= Cai, and let v, be a smooth curve [0,1]-M such that %(t) is in int(C;) for
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all t>0 and +(0) = u. We now consider the following action L. Its index set

A’ has just two elements {1,-1}. The manifolds U,” = U’ are both equal to

(-1,1), and C,” = C_,’ is the union (-1,0)u(0,1). The maps ¢ are the identity, and
(with domains induced from the original action),

g, (%:2) = gy (x,1, (1)1, (3%))
8.1’(’(,’\) = g_b(x"’;,(’\z)"'%l('\z))

Let O’ denote orbits with respect to £’. Note that, from the choice of the curves
7, it follows that O’(x) € O, (x) for all x. Finally, consider the action £’
obtained by using instead C;, = C_ = (-1,1) in the above description. We know
that ¢€O’(¢); the result will follow if we can prove that ¢ is also in O’(¢). The
theorem can be assumed true for both £’ and £’’ (manifold case). Furthermore,
a density argument as used in the previous lemma shows that the corresponding
distributions D’ and D’’ are equal. Thus the connected component of O’(¢) at ¢
is the same submanifold of M as the connected component of O"’(¢) at ¢ (since it
is the leaf of D’ through ¢). Thus there is a subset N of M which is a
neighborhood of ¢ both in the topologies of O’(s) and O’’(¢). For A near 0,
g, (&2) is in N, by continuity of g,” in X for the topology of O’’(¢). (Property
(2) in lemma (3.1).) Thus there exists a A # 0 such that y = g,"(§A) is in

O’(¢); since yeO’(¢), we conclude that ¢cO’(¢), as desired.l

To finalize the proof of theorem (3.1) in the ”non-manifold” case, it is only
necessary to define the manifold structure of O(x) via the structure of O, .(x), for

each x. The theorem then follows from the above two lemmas.

Remark 38.5: H.Sussmann has suggested to us a somewhat different proof of
lemma 3.4. We scketch it now. Let £ be as in the above proof, and the curves
7; also as there. Since the elements 7' "(A):= g, (&7,(})-~v,(})) are in O, (¢) for

positive A, and they approach ¢ as A—0, we conclude that dimO, (¢) < dimO, (¢).

A symmetric argument gives the other inequality; thus D has the same rank at
both points. (Here we are using lemma 3.3.) It follows that lemma 3.2 can be
applied to the curve 4°* and the orbit O, ,(¢) to conclude that ¢ is indeed in this

orbit. W

3.1. Some rank consequences

One would like to be able to conclude from theorem (3.1) that the action T has
full rank at ¢ if and only if O(¢) is a neighborhood of ¢ (in the topology of the
ambient manifold M). However this is in general false, (counterexamples will be
given later,) unless one has more a priori information on O(¢). If the rank is full,
then O(¢), being a submanifold of the same dimension as M, is certainly open.
But the converse need not hold. However, if orbits are know to be second
countable, then O(¢) cannot have lower dimension than M unless it has measure
zero in M (see for instance a proof in [BC|, proposition 8.5.6). Thus we would
like to study when orbits are second countable. Equivalently (because of the
paracompactness assumption,) we are interested in determining when O(¢) has only
countably many components (in the submanifold topology). One easy (and well
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known) case is that of continuous time actions with time-topology, or more
generally (c.f. lemma (2.4)):

Proposition 3.6: Assume that T is connected. Then O(¢) is connected (and in
particular, second countable,) for each ¢. Thus O(¢) is the leaf of D through ¢,
and ¥ has full rank at ¢ if and only if O(¢) is a neighborhood of ¢.

Proof: We may assume that we are in the manifold case, i.e. that C, = U,
for all acA, because the orbits using C, or int(Ca) are the same, and the topology
is determined by the latter. Consider any ¢ in O(¢) which can be reached in one
step, ¢ = g,(&u). Let y be a curve joining u with the u  corresponding, in the
definition of connected action, to this acA and ¢ Since g, is continuous in u as a

mapping into O(¢), it follows that ¢ and ¢ must be in the same connected
component of O(¢). Now any ¢’ reachable in one step from ¢ (hence, in two steps
from ¢) is in the same component of O(s) = O(¢) as ¢, and hence the same
component as £ An inductive argument on number of steps gives the result.W

Another case where things are as desired is that of discrete time actions, or
more generally:

Proposition 8.7: Assume that T is countable. Then O(¢) is second countable, for
each ¢. Thus, & has full rank at ¢ if and only if O(¢) is a neighborhood of ¢.

Proof: Note that O(¢) is the union of countably many sets of the form
{g,(D,)}. Each of these is the image of g (¢,), a smooth mapping into O(¢)

whose domain is the open subset {w s.t. (¢w)eD,}. This open set is an open
submanifold of the second countable manifold U, (countability definition), and
hence has only countably many components; thus its image also has countably
many components.ll

Let & = (), the set of all vector fields of the type X, up» (a;u,0) with acA
and (uw)eTC,. Since D is integrable, it is invariant (recall the discussion in

section 2.3,) so Ad(®,2) € Ad(D,D) = D. Thus, if Ad(®,8) has full rank then D
does too. Consider the Lie distribution D;(Z) = {®} ; this is obtained from all

possible linear combinations of iterated Lie brackets of the vector fields Xa,u,y.
Since Ad(®,®) is involutive (because integrable,) and ®CAd(®,®), it follows that:

Proposition 3.8: The Lie distribution D;(Z) is included in D. In particular, if T
has full Lie rank then it has full rank.W

Lemma 3.9: Let T be connected. Then D = Ad(%,9).

Proof: One inclusion is proved above; for the reverse, consider the action
T(®) associated to ®. Pick ¢ in M. Let N be the leaf (maximal integral
manifold) of Ad(®,®) through ¢&. We claim that then O(¢) is contained in N. This
will imply that T£0(£) = D(¢) is included in T£N, giving the desired inclusion.
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By induction on the number of steps needed to reach ¢cO(¢), we may reduce to
the problem of showing that ¢ = g, (£,u’) is in N, for any u’ in int(C,). Let 7 be
a piecewise constant curve joining u_ (corresponding to this acA and ¢) and u’,
such that g_(¢7())) is defined for each A; such curves exist because of the

assumption of connectedness and an approximation argument. Consider the curve
g,(67(1)). This joins ¢ and ¢, and its derivative with respect to A at A = £ is

precisely X_ (x), where

x = g (&7(0), u = 1(8), v = 1(8) . (3.2)

Partition [0,1] into finitely many intervals I in each of which y is constant. If y,z

are endpoints of one such interval, then this argument shows that y,z are connected
by an integral curve of Ad(®,2), and are therefore in the same leaf of this
distribution. By induction on the intervals, ¢ and ¢ are in the sanie leaf, so ¢eN.
Thus, O(¢)CN, as desired.B

Proposition 8.10: Assume that £ is connected and analytic. Then D has full
rank if and only if it has full Lie rank.

Proof: By the previous result, D = Ad(®,8). The vector fields & are
analytic, so we are in the standard analytic continuous-time case, and the result is
well known (see for instance [IS]), and not hard to prove. (Sketch: elements like
Adexp(tx)(Y) generating Ad(®,®) can be written, for small enough t, as power series

on iterated Lie brackets of X and Y, by the Baker-Campbell-Hausdorff formula, so
the Lie algebra generated by & cannot have lower rank than Ad(®,%).)M

4. Proof of lemma 3.1 _

We shall need some more notation. For b in A°, m, (or just m) will be the
map g, (x,.), with domain L,:= {w | (x,w)eD,}. We also make the convention that
a statement like ”g, (x,w) = y” will mean ”(x,w) is in D, and g(x,w) = y”. Fix an
x in M, and let O = O(x). We establish first that

r(x,y) = r(x,z) for any y,z in O.

Pick b,c in A" and w,w’ such that gy(xw) =y, g.(x,w) = 2z, and rank[dg(x,w)] =
r(x,y). Introduce e:= (b,-b,c) and x:= wiw’. Since g(x,w) = x, it follows that
g(x,x) = z. So rank[dg(x,x)] < r(x,z). Let F:= g(-b,c)(-":‘w’) --with domain the
open set {x | (x,0w’) € D(_b,c)}. Since d F(p) is a linear isomorphism for all p in
the domain of F, it follows that r(x,y) = rank[dg(x,w)] = rank[d F(y)°dg(x,w)] =
rank[d, g(x,x)] < rank[dg(x,x)] < r(x,2). A symmetric argument concludes the
equality. Let r be the common value of the r(x,y).

Consider now the set S of all triples s:= (b,Q,h), where b is in A’ and:
Q is an r-dimensional embedded submanifold of L, (4.1)

m,|Q: Q — M is injective and has differential of constant rank r, (4.2)
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h: Q — ®" is a diffeomorphism with an open subset h(Q). (4.3)

Fix one such s, and consider the set m(Q); this is a subset of O. The bijection
m|Q induces a canonical manifold structure on this set, for which both m|Q and
¢:= h°(m|Q)! are diffeomorphisms (and such that ¢ is a chart). We now prove
that, for this structure,

e (a) the inclusion i: m(Q) — M has injective differential at every point,
and

o (b) for any smooth structure ® for O for which the lemma holds, the
subset m(Q) is open --relative to ©,-- and the identity map provides a
diffeomorphism between the two structures.

The inclusion i factors as m°j°(m|Q)"!, where j is the embedding of Q in L.
Property (a) follows from the corresponding properties for its factors (for m, the
properties hold on Q, which is sufficient). We now prove (b). Consider m as a
map from L, into O (with structure ©); this map is smooth (property (1) in
lemma: m is a restriction of g). So m|Q is also smooth into (0,0). Since the
latter is a submanifold of M, and rank[dm|Q] = r (constant) as a map into M,
this rank is also r as a map into (0,0). But this submanifold has dimension r, by
part (2) of the lemma. Thus m(Q) is indeed open rel to ©, and m|Q is a
diffeomorphism between (m(Q),0) and Q, so (b) follows.

We now prove that the family of all such charts (m|Q,4) defines a smooth (r-
dimensional) manifold structure on O, and that property (1) holds. It will then
follow from (a) above that this structure makes O into a submanifold of M, and
the uniqueness statement follows from (b).

The sets m(Q) cover O: Pick any y in O and let b,w be such that g, (xw) =y

and dm(w) = dg(x,w) has rank r. Thus dm has maximal rank at w, so there is an
r-dimensional embedded submanifold Q of L., containing w, such that equation

(4.1), equation (4.2) are satisfied; replacing Q if necessary by an open subset of Q,
a suitable h can be found for equation (4.3).

Compatibility: Pick any two charts (m(Q),¢) and (m’(P),3) corresponding to
(b,Q;h) and (c,Pk) respectively. Let V:i= m(Q)nm’(P). We need to establish
that:

(a) (V) is open in ¢(m(Q)), and
(b) B°¢! is smooth on V.

Pick an arbitrary y in V; thus there are ww’ in Q,P with y = m(w) = m"{w’).
Let ei= (b,c,e) in A', and take xi= wd'w’. Note that rank{dm(x)] >
rank[d g(x,x)] = rank[dg(x,w’)] = r. Since dm(x) always has rank at most r, it
has maximal rank at this x. So there is an open subset Z of L, which contains x
and such that m(Z) is an r-dimensional embedded submanifold of M. Introduce
the open set W [resp., W*| consisting of those v in L, [resp., L] such that vi'w’
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[resp., wwv] is in Z. Then w is in W and w/ is in W’. Let
P= PnW’, Q:= QnW.

Since Q is an embedded submanifold of L,, and W is open in L, also Q' is open
in Q, and similarly for P,P’. Note that m|Q’ maps into m_ (Z), and is injective

with differential of constant rank r. Thus m establishes a diffeomorphism between
Q’ and an open subset E of m,(Z). Similarly for m’[P’ and an open F in m(Z).

Note that EnF C V. Also, w’,w are in P’, Q’ respectively, so y is in ENnF. Since
m|Q is injective,

(m[Q)(EnF) = (m|Q")"!(ENF),

which is then open in Q, because ENF is open in E. So ¢(ENF) is open in h(Q)
= ¢(m(Q)). Thus ¢(z) has a neighborhood included in ¢(m(Q)), and (a) follows.
To prove (b), note that ¢ maps ENF (embedded submanifold of m (Z))

diffeomorphically onto ¢(EnF), which is open in h(Q) and contains ¢(y). A similar
statement holds for A. So B°¢! gives a diffeomorphism between #(EnF) and
B(ENF), and (b) follows.

Property (1) of the lemma: We first establish that the maps m, are smooth.
Pick w in Ly, z = g(x,w). Since r(x,z) = r, there are a ¢ and a w’ in L_ with
g(xw’) = z and dg(x,w’) = r. Let e:= (b,-¢,c) and x:= wd’w’. It will suffice to
prove that m_ is smooth on some neighborhood of x, because m, is (in a suitable
neighborhood of w) a restriction of m,. Note that

r > rank[m(x)] > rank[d g(x,x)] = rank[dg(x,w’)] = r

(this uses that m(w&’) = x). So m achieves maximal rank at x. There is then a
chart C of L, centered at x, and diffeomorphic to a cube in ®°x®', such that, if

Q is the embedded submanifold corresponding to the factor ®*, then rank|dm(x)| is
constantly r on Q and m, is injective on Q. Let h give the corresponding

diffeomorphism of Q with ®'. Then (e,Q,h) gives rise to a chart (m(N),4). So
m,|C is the composition of the projection onto Q and of m|Q, and is therefore
smooth. To prove now that g_is smooth as a map into O, pick any (z,w) in D,

z in O. Let (b,Q,h) give a chart around z. For (g,x) in a neighborhood of (z,w) in
(OxU )nD,,

gc(Y1X) = m(b,c)((m|Q)'1()’)’X)’ (4.4)

so g is indeed smooth. This completes the proof of the lemma.l

5. S-actions
In this section and the next we introduce, for a given action I, two new types
of associated actions Iy and 5. These will be useful in the study of discrete and

continuous time systems. Let L be fixed for the rest of this section.

We introduced earlier the action ©° whose index set is A*. Assume now that S
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is any subset of A® with the property that -s€S whenever sc€S. Assume further
that S contains all pairs of the form (-b,b), for beA®. There is a well-defined
action I obtained by restricting the index set A’ to S. We call an action of this
type an S-action associated to L. Let Dg be the associated distribution D(Zg).

Lemma 5.1: For any S as above, D = Dg. For each ¢eM, O(¢) = u{O,(x),
x€0(¢)} (where O, indicates orbit with respect to Zg).

Proof: Since S is a subset of A* and A'-orbits are the same as A-orbits,
the second statement follows.  Further, by lemma (2.1) it follows that Dy is

included in D. To prove the converse inclusion, pick any generator Ad, (X, . ,)
of D. We wish to prove that this is also in Dg. Introduce the element c:= (b,
a,a,-b) of A*; this is in S by the second assumption on the form of S. Let y:=
(w,8,u,0), an element of C_. Finally, let v’ be the tangent vector at ¢ having
coordinates (0,0,1,0) with respect to the decomposition of the tangent space
corresponding to the product expression U = U,xU _xUXU,. By formula (2.3),

it follows that the chosen generator is equal to the generator X o of D,.H

From the rest of this section, let S be the set -of all pairs (-b,b), beA’. We
call the corresponding I the canonical S-action. Recall the definitions of complete

and connected actions given in section (2.6). An interesting consequence of lemma
5.1 is that, if £ is connected, (as for instance in the case of continuous time time-
topology actions,) then O,(¢) actually coincides with O(¢). This is because, by

proposition 3.6, the latter is the leaf of D through ¢, and by the same argument
for £y (which is again connected), O,(¢) is the same leaf. We introduce a more

general concept:
Definition 5.2: The action ¥ is S-connected if the canonical Ig is connected.

Proposition 5.8: If £ is complete then it is S-connected.

Proof: In general, assume that £ is a complete action which has the
property: if (€M and acA then there is a u €int(C,) such that g (¢u) = ¢
Then X is connected, because given any ¢, a, and u as in the definition of
connected action, any curve joining u and u_  is an appropiate 7. We now show

that T is of this form. Since L is complete, g also is (trivially). Thus is is
only necessary to establish the existence of appropiate u’s. But given any element
(-bb) in S, and any ¢ in M, any weint(C,,), by completeness the element

g_b,b(f,&’;,w) is well defined, and it equals ¢.B

Corollary 5.4: Assume that T is a complete action. Then the leaf of D through
¢ is O,(¢) (orbit of canonical o). In particular, £ has full rank at ¢ if and only

if O,(¢) is a neighborhood of ¢.M
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This corollary provides a characterization of the full rank property in the
complete case. As a final remark, note that, for any S, O (¢) is a submanifold of

O(¢) for each ¢ This is because we may always restrict the original action to
O(¢), which is invariant under all g (-,u). Then theorem 3.1 may be reapplied to

this restricted action, and the uniqueness statement in lemma 3.1 insures that the
(sub)manifold structure obtained for O (¢) coincides with that obtained originally.

6. Balanced actions. :
Again T is a fixed arbitrary action. We assume in this section that there is
given a mapping ¢: A—R with the property that o(-a) = -¢(a), that the sets U,

are all identical, say to U, and that all C, equal a fixed C. We extend o to A’
by the formula o(a;-a ):= 3 o(a;), with o(empty word):= 0. This gives a monoid
homomorphism A*—®. All definitions will be with respect to a fixed such (Z,0).

Let = be an order 2 permutation (n’=identity) of {1,-,r}. The element b =
,a, of A" is balanced (with respect to =) iff o(a;) = -o(a,,) for all i. For such

an element b, we let

a

Ct‘l = {(u;~u) € C" |y =
UPe = {(u;»u) € U | u, =

(<1 =

mi}
) -
The latter has a natural manifold structure, as an embedded submanifold of M,

diffeomeorphic to a suitable product of U’s, and Cg“l is a subset with nice
boundary. We let T, be the balanced action associated to (Z,0) and ». This is

the action whose index set AP®! is the set of balanced beA', and with U and C
sets as above. Let Dy:= D(Z;). Note that Ty-orbits are contained in I-orbits,

and that D}3 is contained in D. Let

D, := {Ad (X )-Adp(X o(a)=c(a’), (u,w)eTC, x,pGP(E)}D .

a,u,V u’,u,v) '

(With the understanding that only well-defined differences are considered.)

Proposition 6.1: Dy = D _ .
Proof: By formula (2.8), Dy € D, . Consider now any (€M and any two
o',y defined at ¢ with o(a)=c(a’).

elements of the form Ad_ anul/ and Adc, X,X
Thus ¢= g (£,x), ¢':= 8.(&x7), 8,(¢,8), and g..(s">1) are all defined. Consider the
word

d := (c,a,a,c,c’;-a’,a’yc’) ,

which can be factored as (b,a,b’,-a’,-b”’) in the obvious way. This is a balanced
word. Consider the element of U 4 8iven by

Y = (Xaﬁ,ua;ﬁx”ﬁ’uail) .

It follows from formula (2.8) that the desired element is in Dy.H
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Pick now any a,a’ with o(a)=c¢(a’), and ucU. Let
o, =X, , Xy, | o(a)=0(a’), (u,v)eTC}.

Let L := {<I>°}L. Then, since Dy is involutive,

Lemma 6.2: {L }, € Dy .

Note the analogy with.with proposition 3.8. The algebra L_ corresponds to the

usual ”0-time Lie algebra” for continuous time (time-topology) systems ([SJ]).
Even if £ is connected, ©; may be nonconnected; however completeness and the

existence of "zero” is inherited:

Proposition 6.3: If T is a complete action [resp., an action with zero,] then Iy is
complete [resp., an action with zero].

Proof: Let ¢ and b balanced be given, b = a;--a. If £ has a zero 0, the
sequence x of r 0’s is such that gb(ﬁ,x) = ¢ for all £ So I also has a zero.
(Note that x is indeed in int(CP®).) Take now I to be complete. The domain
condition is certainly satisfied by Z;. Assume given now any w = u;-u in

int(Cg"') and another such w’. By connectedness of int(C) there are curves 7,
joining u, with w,". We may assume that, if j=ni, then 7j(A) is 7,(2). Thus v =

(7,-+7,) provides a curve joining x to w in int(Cg“l).l

Finally, note that by an argument as in the previous section, orbits under Zg
are submanifolds of orbits under E.

7. Continuous time systems
Continuous lime systems are described by controlled differential equations

x(t) = P(x(t)u(t)), tes, (7.1)

where the state x(t) belongs to a second countable (paracompact) manifold M,
controls u(t) take values in a set C which is a subset with nice boundary and
connected interior of a second countable (paracompact) manifold U, P is smooth as
a mapping from MxU into the tangent bundle TM, and for each ueU, X :=

P(-,u) is an (everywhere defined but not necessarily complete) vector field on M.
An analytic system is one for which all data is analytic.

The orbit O(¢) of an (€M is the set of points that can be reached from ¢ in
positive and negative times, i.e. the set of all points of the form

exp[tlxul]---exp[trxur](5) ,
where r is an integer, the u, are in C, and the t; are arbitrary real numbers. The
zero-time orbit O (¢) is obtained by considering all points as above but with the
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constraint that 3 t,=0.

The previous theory can be applied to the above systems in two very different
ways. The first was described in section 2.3, and consists in associating the action
in which

ge,xu(f,t) = exp[etX ](¢) - (7.2)

The alternative which motivated much of the previous discussion is to consider
instead

g,(&u) = exp[tX ](¢) - (7.3)

More precisely, we consider the action with A:= ®, the obvious ”-», U

a
[respectively, C,,] equal to U [resp., C,| for all a, the identity ., and D, the
domain of the above map. We refer to an action of this type as a continuous
time action with tnput-topology.

The first (time-topology) model is the one implicitely used in the literature
when dealing with continuous time systems, and is the basis of the known orbit
theorems.  The second model (which cannot be even considered in the usual
treatments, where smoothness of (7.1) in u is not necessarily assumed,) will provide
the right framework for understanding sampling results.

Note that the orbit O(¢) is the same, as a set, as the orbit of the
corresponding continuous time action with time-topology or that of the
corresponding continuous time action with input-topology. Thus the notations are
consistent. We let D, and Dy be the distributions obtained with the respective
actions T, L. These are in general different, and so the manifold structures that
result on O(¢) from the two possible applications of theorem 3.1 will be in general
different. For instance, in the trivial case in which M = ® and P(¢u)=1 (U is
then irrelevant), clearly O(¢§)=M for each ¢. Here D, has full rank at every point,
and O(¢) has the topology of M. On the other hand, D has dimension zero at
each point. The connected component of O(¢) at ¢ with the input-topology is just
{¢}; the orbit O(¢) = ® has uncountably many components.

The set & is in the time-topology case just the linear span of {X , ueC}.
Since the corresponding action is connected, we have that O(¢) contains a
neighborhood of ¢, relative to the topology of M, iff the D has full rank at ¢.

We also know that in the analytic case the latter is equivalent to full Lie rank.
In the input-topology case, full rank of Dy is sufficient but not necessary (above
counterexample) for O(¢) to be a neighborhood of ¢. The input-topology action is
not countable nor, in general, connected. @ When the vector fields defining the
system are complete in the usual sense, this action is complete and hence
S-connected, so the leaves of the corresponding distributions are the orbits Os({)
(again see the above example).

In the time-topology case we can apply the material in section 6. Here o is
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defined by ¢(e,X):= ¢. We restate the conclusion of proposition 6.1 in this special
case. Let T be the (pseudo-) group generated by @, i.e. the set of all compositions
of elements of the form exp(tX ). Then,

Dy = {Ad (X)) - Adp(XV) | 7,p€T and u,v in C}, . (7.4)

This action Iy may fail to be connected. For instance, consider the system with
M = ®%{(n,-n), n=integer}, U = C = R, and equations

Xx=u y=1u.

For any control, x(t)+y(t) = x(0)+y(0)+t, and the orbit of (1/2,1/2) under £ is
the set of points of the form (x,-x) with x not an integer. This is not connected

even in the topology of M. We shall prove below that these orbits are exactly the
sets O (¢).

Remark 7.1: The pathology is due to the fact that the system (action) is not
complete. If the system is complete, O,(¢) is connected in the time-topology (and

hence in the topology of M). This is very easy to establish directly, but also
follows from the previous work. Indeed, consider the balanced action Ty associated

to the time-topology action. If ¥ is complete, Iy is also complete. Further, T
has a zero, so Ty is a complete action with zero, and hence connected. Thus, by
proposition 3.6 the orbits under T, are connected. These are submanifolds of M

and of the orbits under T, so they are connected in these topologies too.l

Note that the canonical action Eg (recall section 5) gives nothing new jfor the

time-topology case: the obtained orbits are the same as for £. This is in general
true for connected actions, as discussed previously. Or directly, because given any
(,X), ¢ and any t we may write exp[etX](¢) = exple(t+6)X]° exp[-e6X](¢) for small
enough 6, which exhibits g ,(x,t) as an element of the form 8.pp(Xstyt;).  One

could also consider different balanced actions associated to the input-topology
model, but we don’t need to do so here.

In this section, unless otherwise stated, Ly will mean the balanced action
associated to the time-topology model of the given continuous time system, and Eg

will be used ezclusively to mean the S-action associated to the continuous time
input-topology model, with the following set S:

S := {beA’ | b = tt, Tt = 0} .

Note that S is invariant under ”-” and that (-b,b) is in S whenever beA*. The
corresponding I is not the canonical S-action associated to I.

Proposition 7.2: The following four sets are equal for each ¢ in M:

o The zero-time orbit O_(¢)
o The orbit of ¢ under I
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o The orbit of ¢ under Ig
o If T is complete, the orbit of ¢ under the canonical S-action Eg.

Proof: From the definitions, it is clear that orbits under Ig equal the sets
O,, and that orbits under Ty and under the canonical-S action g are included in

zero-time orbits. Consider now the proof that in the complete case the orbits
under the canonical S-action are precisely the sets O (¢). It will be sufficient to

prove that each element ¢ of the form

exp[trxur]-"exp[tlxul] (e)a > ti‘:Oa (75)
can be obtained by applying to ¢ a composition g of diffeomorphisms of the type
exp(tX)exp(-tX), for various X,t. More generally, assume that the times t; in (7.5)

add up to 7. We claim that ¢ can be obtained as the result of the application of
such a g followed by an element of the type exp(sX), X=X . We prove this claim

by induction on r. For r=1, the result is trivial. If true for r-1, write the
expression in equation (7.5) as

exp(t, X, Jexp[r'X]g(¢)
where t +7° = 7. This equals exp[rX |g’(¢), where g~ = exp[-r'X  Jexp[r'X]g,

r
establishing the induction step.

Consider now the remaining statement. We wish to write every expression
as in equation (7.5) as a balanced expression, i.e. one such that for each exp(tX)
there is a corresponding exp(-tY). (In the complete case, this follows from the
previous paragraph.) We prove by induction on r that any such expression with

2 t, = 7 can be written in the form

exp [Slxl]glexp [sgxz]gz"'gk-lexp [Skxk] (6)

with the g, balanced and the s, all of the same sign and adding up to r. (And the
X, of the form Xu.) So, if r=0, all s, must be zero, and we have a balanced

expression. When r=1, the claim is .true with k=1. Assume inductively that we
are given the expression

exp(t X]exp[s, X,]g,exp[s,X,]g, g, ,exp[s, X, ] (¢). (7.6)

Assume without loss that t #0. If t has the same sign as the common sign of
the s;, then the induction step is proved. Otherwise, suppose that t <0 and the 5,
are all positive (the opposite case is analogous). Let o, be the sum of the s, for
i=1,,j, with ¢:=0. If -t >0,, we may rewrite the above as exp[rX|g(¢), where g
is the balanced (and well defined at ¢) element

g = exp[-s,X]exp[-s,X]--exp[-s, X]g" ,

and g’ is the element in (7.6). If instead -t,>0; but -t <o

i+10 let 7:= o+t We
may then write the above as

g exp[(sj+1+1’)Xj+1] ng---exp[stk](f),



464 E.D. SONTAG

where g = exp[r'X]gexp[—r’XjH] is balanced. Note that the expression is indeed
defined: from o;+8;,,>t, we conclude that AR and together with r'<0 we
know that sj+1>sj+1+r'>0.l

Remark 7.3: In the above equalities, one may as well take the orbits under Ig
and I, obtained when restricting controls to intC. This is because, as proved

earlier, orbits do not change if such a restriction is made, and the proposition
applies both to the original case and the case where C is replaced by intC.

Definition 7.4: The action I satisfies the strong Lie rank condition at ¢ iff T
has full Lie rank at ¢.

The following definition will be more relevant to our main results.

Definition 7.5: The action T is strongly transitive at ¢ iff O (¢) is a neighborhood
of ¢.

The definition refers to the topology of the ambient manifold M. It turns out,
however, that strong transitivity is equivalent to ¢ being interior with respect to
the topologies induced by Xy or by Zg. Or, in terms of the associated

distributions,

Theorem 7.1: The following conditions are equivalent:

e T is strongly transitive at ¢
o Dy has full rank at ¢

e Dy has full rank at ¢

Definition 7.6: The time topology of O (¢) is the topology induced from the
action L. The input topology is that induced from the action Zg.

The above fundamental result is a consequence of the fact, whose proof is given
in the next section:

Proposition 7.7: Both the time and the input topologies on Oo(f) are second
countable.

Second countability insures that the dimension of O_(¢) is equal to the

dimension of M, in the strongly transitive case, for the manifold structures given
by theorem 3.1 applied to each of the actions.

Recall (lemma (5.1),) that Dg is just D, where the latter is the distribution
associated to the input-topology model. So (compare with formula (7.4),)
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D, = {Ad,(X,,,) | 7T, te®, (4,1)eTC} . (7.7)

t,u,l/)

The explicit form of the vector fields appearing above is:

~ dezp(tX lezp[—tX ](€)

t,u,V v | p::u(u)'

(1.8)

If P(x,u) in (7.1) is affine in u and the system is analytic, then for small t these
generators can be expanded in terms of the Lie distribution appearing in lemma 6.2
(these expansions will appear later), and that fact may help to understand
intuitively why theorem 7.1 is true.

Remark 7.8: It is important to note that proposition 7.7, and theorem 7.1,
depend essentially, in the time-topology case, on the assumption made in defining
continuous time systems that the interior of C is connected. Otherwise we could
consider a system on M = ® having, for instance, U = C = (0,1)u(2,3), and the
dynamics given by f(x,u) = 0 if ue(0,1) and 1 if ue(2,3). For this system,
O (€)= for each ¢ but Dg(£)={0} for each ¢, since the partial derivatives in

equation 7.8 are clearly all zero.l

7.1. Second countability of O-time orbit with both topologies.
Given a continuous time system, we consider the actions Yg and Zg An ¢ in

M is fixed; the objective is to study the zero-time orbit O_(£). By remark (7.3),

we may assume that C is open, or, changing notations, that C = U. This is
because set-theoretically Oo(f) does not change, and the topologies are determined

by the interior of C. For each integer r and each order 2 permutation » of
{1...r}, consider the function

a(tw) = e (tw) = exp[trXur]---exp[tlxul](f) (7.9)

where t=(t,,....t) and w=(u,...,u). Its domain E__ is that open subset of ®, xU"
where the expression is defined, and % := {t=(t;,~,t) | t;=t,;}. Note that the
image of each o is included in O (), so we view a as a map into the zero-time

orbit. It is essential to note, in order to understand the necessity of the arguments
to follow, that this mapping is not continuous for either of the topologies of 0,(¢)

which we are considering. However, « is continuous with respect to t when O_(¢)

is given the time topology, and is continuous with respect to w if the input

topology is considered instead (hence the names for the topologies).  This is

because a(t,w) equals g (u;--u) when g is as in (7.3) and also equals
1ty

g(el“l)'"(‘r“r)(itl"m’lt'n when g is as in (7.2) and ¢, = sign(t,).

Every element of O (¢) can be written as a(t,w) for suitable r, 7, w, and t (and
all t,#0, if desired). This is because of the equality of O, and orbit under g
Fix now r and .

Lemma 7.9: For each (t°,w°) in E_ there exists a neighborhood N of (t°,w°) in
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E . such that «(N) is connected in the input topology.

Proof: For each pair of integers 1<i<j<r, we let

09"'a0,tj"Tatj+1a05"'70’t’r)

uj,v,ujﬂ,u).“,-»,ur,ur).
Also, let m; be the permutation of {1,--,2r} with wij(Zl-l) = 2nt-1, 1rij(2i):2j,
7;;(2)=2i, and = k=k for all other k. Introduce

¢ij(t,r) = (t1,0,69,0,,0,8,m8, 1,

Xij(wauav) = (ulaul5u27u2,"'aupu’ui+1,"',

Z := {(t,rwu,v)eR, xRxUxUxU | (qbij(t,r),)((w,u,v))elz'lzr1r for all i<j} .
’ ij
The set Z is open, by well-posedness of ordinary differential equations. For the
given w°, let C be a compact subset of U such that intC is path connected and all
components ui of w are in intC." Let K:= {(t°,0,w°u,v) | u,veC}. This set is
compact and it is included in Z because

azr‘”ij (¢ij (to,O) ,X(w,u,v)) = ar"(to,wo)

for all u,v. Thus there is an open neighborhood V of K contained in Z. Moreover,
V can be taken to be ’rectangular’, meaning

V = I(t-6,6)+6) x (-e,¢) x A;xxA x B x B,

where B is an open set containing C, and for each i, A, is a path-connected subset
of intC which contains the corresponding ui. Further, we assume that 2é<e. (The

product of the intervals (t)-6,t+6) is understood as a subset of ®,.) Finally, let
N := H(t-6,t9+6) x A x-xA_ .

Pick any (t,w) and (s,w’) in N. We want to construct a path (in the input
topology) connecting o(t,w) with a(s,w’). We first connect eo(s,w) with a(s,w’).
Inductively, we may assume that w and w’ differ in only one coordinate, say the i-
th. Since both u; and u,” are in A,, a path connected subset of C, there exists a
path 7 with y(0)=u;, ¥(1)=y,’, and (1) in A, for all \. Composing with « (as a
function of u) we get the desired path in O_(¢). Note that connectedness of

(interior of the) the control set is not used here; only local connectivity is used.
Now consider the problem of connecting a(tw) with o(s,w). Since « is not
continuous with respect to t, this is not straightforward. Inductively, we assume
that t,s differ only at the i-th coordinate. We let j:= =i, and assume i<j. (If i=j
then the antisymmetry condition t, = -t . implies that both s, and t, must be zero,

and hence equal.) Thus, s has the form

8 = byt pSpbip sty Sty poosty)
with s; = -s;. Since both (t,w) and (s,w) are in N, we have that [t-s|<2f. Let

n= st = ts;, s0 that re(-e,e). We can certainly write

*
This is the only place where the (essential) assumption that intC is connected is ever used.
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oty tpw) = e, (855(£,0),x (w,u;0;)) (7.10)
afs;s,w) = 2,,,;ij(¢ij(t,f),x(w,upuj)) : (7.11)

Claim: a(s -s,w) is in the same component as
aZr,ﬂ'kj(¢kj(t’r)’xkj(w’uk’uj)) (7.12)
if i<k<j-1 and in the same component as a(t,w) if k=j-1. We prove the claim by

induction on k. For k=i, this is trivial by equation (7.11). Assume now the claim
proved for k. Since w is in A x--xA, it follows that u, and u, , are both in

intC.  Thus there is a path 7 connecting u, and u, ,, with the image of 7

k
contained in intC, and hence in B. Consider the path

7,(,\) = azr,ﬂkj(:ﬁkj(t,r),xkj(w,",(/\),uj)) (7.13)
into 00(5) with the time topology. This is well defined, because of the choice of

the neighborhood V, and it connects the element in equation (7.12) with the the
corresponding element having u, , instead of u,. If k+1<j, this equals
k1 (¢k+1,1(t‘ T)an+1,j(“’,uk+1’uj)) )
(note the new subscripts,) because of the fact that explt, X, | and exp[:X, ]
k+1 Yk+1
commute. This establishes the inductive step, and; proves the first part of the
claim. Applying now the same argument with , and uj, the expression obtained
at the end of the path is simply «(t,w), by the equality expl-rX  Jexp[tX Jexp[sX ]
J i i

2r7r

= exp{rXuj]. This completes the proof of the lemma.W

Lemma 7.10: For each (t°w°) in E_; there exists a neighborhood N of (t°w°) in

E . such that a(N) is connected in the time topology.

Proof: The proof is very analogous to the previous onme. Fix ¢ in M.
Consider now the functions

B(t,2) 1= (At (1-2)t,28,,(1-A)t 0t ,(1-A)t )
x(ww?) = (ul,u1 gy, yresyu,u )

Let n° be the permutation of {1,-,2r} obtained from = by the formulas =’(2i)=2i,
7' (2i+1)=27i+1. Now let

Z = {(t,2w,w )eR, xRxUU"| (4(t,A),x(w,w"))eE. aem) -
This is again an open set. It contains the compact set

K = {(t°00%0?) | A[0,1]} ,
because a, . (4(t,2),x(w,w’)) = «(t°w°) and all intermediate expressions are well

defined. Thus there is a neighborhood V of K in Z, of the form

A= H(t?—&,t?—f—ﬁ) X (-€,14€) x A x-xA x A x-xA,
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where 6,e>0 and ui is in intA, for each i. (Again, the first product of intervals
should be interpreted as a subset of §R7r.) Let

N := T(t{-6,t)+6) x A xexAL .

Pick (t,w) and (s,w’). We want a path connecting a(t,w) and (s,w’) in the time
topology. If w = w’, this is again easy: by induction, assume that t,s differ only
at t, t, where zi=j. A path from t, to s; maps into the appropiate paths in
O,(¢). The interesting case is that in which we try to connect (t,w)eN and
(t,w )eN. In that case, consider the path

7 (A) = azt’m(rﬁ(t,z\),x(w,w')), 0<A<1,
for this given t and w, w’. This is a continuous as a map into O_(€) with the

time topology, and joins the desired points.B

We can now complete the proof of proposition 7.7. Consider the case of the
input topology. The set O (¢) is a countable union of sets of the form o _(E_),

so it is enough to show that each of these latter sets intersects at most countably
many components of O (§) with the input topology. (Note that this is not

immediate, since for each component of O (¢), the preimages under o are not
necessarily open, because a« is not continuous.) But there is a covering of E . by

open sets N each of which maps into a connected component, by lemma 7.9. Since
E . is second countable, because U is, it follows that there is a countable subcover

by these sets N (”Lindeloff” property), and the result follows. The time topology
case is entirely analogous, using lemma 7.10 instead.B

8. Invertible discrete-time systems.

(Invertible) discrete time systems are a natural class of discrete time control
systems, and where studied explicitely first by [JA]. They are described by
controlled difference equations

x(t+1) = P(x(t),u(t)), t€Z, (8.1)

where the state x(t) belongs to a second countable (paracompact) manifold M,
controls u(t) take values in a set C which is a subset with nice boundary and
connected interior of a second countable (paracompact) manifold U. The map P:
D—M is smooth on an open subset D of MxU, and (invertibility) for each u in
C, P(-,u) is a (partial) diffeomeorphism; the set D is assumed to satisfy: for.each x
there is some u in C such that (x,u) is in D. An anealytic system is one for which
all data is analytic. #We associate to each such system a discrete-time action by
letting g, be P, and taking g_,(-,u) to be by definition the inverse of P(-,u).

In this case, the vectors X, correspond either to forward motions followed by

backward motions (a=-1) or viceversa (a=1). The distribution D consists of all
conjugations of these vectors by iterated compositions of maps P{(-,u) and their
inverses. In the special case when dynamics are complete, in the sense that the
maps P in (8.1) are defined and invertible for all x and u, the corresponding action
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is complete and hence (c.f. proposition 5.3) also S-complete. Applying then an
argument analogous to that in the two paragraphs after equation (7.5), we have:

Proposition 8.1: For discrete-time complete actions, the orbits are second
countable and the leaves of D are the O-time sets O(¢) consisting of all g, (¢w)

such that > b.=0.0

Thus the leaves correspond in the complete case to ”zero time orbits” in
discrete time. In general, all we can say is that discrete-time systems give rise to
countable actions, and hence proposition 3.7 applies.

In the analytic complete case, there is a Lie algebraic criterion for transitivity
that may be easier to apply than checking the rank of D. It is to some extent
related to the result in proposition 3.10. (Note however that in applying this
criterion to sampled sytems -see next section,- it is still necessary to integrate the
original continuous time system; the criterion is not a ”direct” condition based on
the vector fields defining the system, as one using Lie distributions would be.)
This criterion, which we prove below, was first established by [JNC], based on
computations in differential algebra.

Assume a discrete-time complete action I is given, and fix a control value u, in
intC, to be denoted simply by 0. Let m= g (-,0) and let I'" be the group
generated by n. More generally, for each integer i>0 we associate the mappings

gi(x,u) = ﬂ'i(g+(xi'1(x),u))
g.i(xsu) = ".l+1(g.(“l(x)5u)) .
There is then an action X, defined by using these g’s together with the original

sets U and C. Let O,(¢) be the orbit of ¢ under this action. Again applying an
argument analogous to that in the two paragraphs after equation (7.5), we have:

Lemma 8.2: For all ¢ O,(¢) = O,(¢).B

Consider the distribution D associated to the new action. The vector fields in
®(%,) are precisely those of the form Ad, i(X), with i an integer and X in &(Z).
The action I, is connected, since g;(¢,0)=¢ for all ¢, and any other g(¢,u) can be

deformed to this by completeness. Thus by lemma 3.10 its distribution has full Lie
rank iff it has full rank, in the analytic case. By lemma 5.1, D and D_ coincide.

We can summarize the discussion as follows (this is, with different terminology, the
result in [JNC]):

Corollary 8.3: Assume that the T is a complete discrete time action. Then, T is
transitive at ¢ if (and, in the analytic case, only if) £, has full Lie rank at ¢.B

There is yet another sufficient condition for transitivity, not necessary even in
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the analytic case, which will be of interest in the context of sampling. The rest of
this section studies that condition. We still assume that £ is complete and that
an element ”0” has been fixed in intC. We let = be g+(-,0), as before, and ~:=

»! = g(-0). Let e,,e, be a basis of T U. For each j = 1,-,m we introduce
the vector field

by = Y+,o,ej = 'X+,o,ej ’
where the notation is as in equation (2.6). These vectors correspond to backward

movements by ’small’ u followed by forward motions by u=0. Since they are
elements of D, it follows that if the set of vector fields

L := {b;,by,Ad (b)), +,Ad, (b, ),AdY (b))}, (8.2)

generates a distribution of full rank at ¢, then T is transitive at ¢ A (rather
surprising) result in sampling will be that in a certain sense this condition will be
also sufficient for analytic systems. The Lie algebra L can be also generated in a
different way, which will be needed later. Let @, be the function g (-,v)}, for each

v. For each i>1 and each j consider

or'(a ,(€))

b,'j(f) = v

l v'=0(cj)’ (8.3)
so that b1j = bj for each j. An easy calculation with coordinates shows that

by = Ad (b)) + by

for all j. We conclude:
Lemma 8.4: {b;, j=1,-,m, i>1}; = L.N

9. Sampling

Consider a continuous time system as in section 7. In digital control it is of
interest to restrict attention to controls in equation (7.1) which are constant on
intervals of length 6, where ¢ is a positive ”sampling interval”. It is of interest to
determine when properties of controllability are preserved under sampling
(restriction to sampled controls). There is a large literature on such issues for
linear systems; see for instance [KHN], [BL], or [GH]. These results establish in
particular that controllability is preserved if ¢ is small enough. We prove in this
section a result along these lines, for transitivity, as well as a more algebraic
criterion. The result is very easy to prove based on the above machinery, and
generalizes that in [SS]. It is also possible to give (positive-time) controllability
results, as done i [SO1], but the techniques required are different, and we do not
do so here.

Assume a continuous time system (7.1) is given. We consider the associated
actions Ty and Iy discussed in section 7. For each >0 we introduce also the

discrete time action I, defined by taking g, (&u):= exp[6X ] and g (&u):=
exp[-6X ]
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Definition 9.1: The continuous time system (7.1) is é-transitive at ¢ iff Zj is
transitive at ¢. It is sampled transitive iff it is é-transitive for some 6>0.

The distribution associated to L4 is denoted by D;. Note that the set (S, )
is the set of all vector fields as in equation (7.8) which have t=+4, and D is

obtained as in (7.7), when restricting to such t and to the subgroup of T' generated
by the exp[6X |. Thus Dg is included in Dy, and:

Proposition 9.2: If a continuous time system is sampled transitive then it must
be strongly transitive.ll

Before stating the basic result on sampled transitivity, which provides a strong
converse to this proposition, we give a (very) easy lemma on matrices. This will
be applied in a couple of places later, and also gives as a corollary the result in
the appendix of [SO2|. If A is a set of real matrices all of size pxo, we let S(A)

denote the subspace of ®” generated by the columns of all the matrices in A. For
any real 6§ and any k, §Z¥ is the lattice of ®* consisting of all t=(t,,",t,) with t,/6
= integer for each i. If A(t) = A(t;,~t,) is an pxo-matrix of smooth functions of
t=(t,,,t,) defined on a connected open subset V of ®* and if a=(t;,e,) is a k-

vector of nonnegative integers adding to r, we denote the (componentwise)
a-derivative of A evaluated at t, as follows:

A%(t) := &°A / 8L1t1---aL"tk

Lemma 9.3: Assume that A(t) is as above, and consider the following statements:

(1) S({A(t), teV}) = ®,
(2) For some A>0, S({A(t), teVNsZ¥}) = RP for each 0<é<A,
(3) S({A%(ty), a multiindex} = ®”, for some t° in V.

Then, (1) is equivalent to (2), and (3) implies both. If A is analytic in t, all are
equivalent.

Proof: We first prove that (1) is implied by (3). Assume that the space S
in (1) is proper. Then there is a nonzero row vector n such that pA(t)=0 for all

t. It follows that nA®(t)=0 for all t, in particular for t=t% so (3) follows. In the
analytic case, the argument can be reversed.

We are only left to prove that (1) implies (2), the converse being trivial. If
(1) holds, there is a finite set of matrices A(r,~,7r,) whose columns span ®*, with
various choices of vectors ("1""’Tk)' Appending these matrices to each other, we

might as well consider the case in which there is only one such matrix (with
maybe a larger ¢ and k). So assume that A(r) has rank n at 7. Let A>0 be
such that A(t) is defined and has rank n whenever [t;r]<A for all i. Consider

now any positive § with §<A. For each i, let s, be an integer with |s;-r,/6|<1.
Then, A(s6,-s5,6) has rank n, as desired. Note that we have proved somewhat
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more: if q matrices are used to generate in (1), the same number is enough in
(2).m

Theorem 9.1: If ¥ is strongly transitive at ¢, then there is a A>0 such that T is
é-transitive at ¢ for all 0<é<A.

Proof: We want to show that D, has full rank at ¢, for small 6. Since Dy
is full rank, there are n vector fields X, X ~of the form Adb,w(x"“’u) such that
the matrix (X,(¢)--X (¢)) has rank n, where we identify vectors at ¢ with column
vectors. Consider for each i the vector function b(t) of t = (t,5,~t;,) (k depending
on i) defined as follows. Assume that X, has form Ad (X reR, and that = =
exp[r,Y,]--exp[r,Y,]. Then

b(t) := Ad’r(t)(xt

T,u,ll)’

io’“"’)’

where =(t):= explt,|Y,]-exp[t; Y,]. This is defined for t near r. The matrix A(t),
t = {tﬁ, i=1,~-n, j=1,~-k(i)}, is the matrix having the b(t) as columns. Thus
condition (1) in lemma 9.3 is satisfied (use 7’s as particular values). The columns
of A(t), teéZ, are elements of Ds. The result then follows from the lemma.B

Note that it is possible to refine the proof given here to conclude, as in [SS],
that A can be chosen uniformly on neighborhoods of ¢, and hence uniformly on
compacts.

9.1. A Lie condition

The above result can be complemented by sufficient conditions that give more
precise estimates of those sampling periods for which transitivity is preserved. This
section describes some such criteria. For simplicity, we shall assume that all
continuous time systems are complete in this section. By a parametrized vector
field (for short, p.v.f.) we shall mean a function

X:® — E(M)

suc that X,  := X(r) is complete for each 7 and X (¢) depends smoothly on

(r,6)eRxM. If X and Y are like this, Z:= [X,Y] is by definition the parametrized
vector field with Z_ := [X_,Y,] for each r. This defines a Lie algebra structure on

the set of all parametrized vector fields. If X is a p.v.f.,, we may consider the new
p.v.f. X’ with

X (¢)
or

X, (8 =
By commutativity (in local coordinates) of /8¢ and 8/dr,
XY = [X,Y] + [X,Y] for all X and ¥ .

Higher order derivatives K(N) are defined by induction. Note that it follows from
the above that
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xy®= 3 (7)x0.v0, (1)

i+j=N
If X is a p.v.f., we denote by kX the new p.v.f. with l‘XT X, A

shift-invariant family of parametrized vector fields is a set F of such X, with the
following property:

If X is in F and k is a positive integer, then *X is again in F .

For any family of p.v.f’s F, {F}; is the Lie algebra (in the sense of the previous
paragraph) generated by F. Note that {F}  is again a shift-invariant family if F
is. We consider also the new family, for each F:

F* = {X(N)] N>0, XeF}.

If F is shift-invariant, then F* is too. Indeed, assume given Z = _)S(N), and
consider Y := ¥X. Since Y is again in F, then *Z = k®Y(™N) is in F®, as desired.

Lemma 9.4: For any family F of p.v.f’s, {F ,}* C {F®}, .

Proof: We proceed by induction on the formation of Lie brackets. Thus it
is only necessary to establish that [¢,w](N) is in {F>}_ whenever ¢ and w and all

their r-derivatives are already known to be there. But this follows from formula
(9.1).m

Finally, let F® be the set of all derivatives at 0 of the p.v.f.’s in F:

Fe := { XN, N>0, XeF } ¢ 5(M)

Lemma 9.5: For any shift-invariant family F, {F ,}* = {F&}, .

(Note that both sets represent Lie algebras of vector fields, not of p.v.f.’s.)

Proof: One inclusion is clear from the previous lemma, by evaluation at
7=0. We must then prove that {F°}; C {F,,}>°. Since the latter contains F°,
it is enough to prove that it is a Lie algebra. It is clearly a linear space. Now
pick two elements there, say X((,i) and Yg), with X and Y in F;,. We must prove
that their Lie bracket is in F°. Since F is a shift-invariant family, kX is again in
{F}pa- Thus it will be sufficient to show that [XSP,YE)] is a linear combination of
the form

N
Z 'k[kl’ﬂ.(;m'
k=1
We choose N:= i+j, and the coefficients r, as follows. Consider the expansion
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N

N
=3 (2,
k=1 =1
where p, is the p.v.f.

N
P[’“Z 'kkl[k(f\:(t)) ’X{N_t)]'
k=1

Evaluating at =0, we obtain that

(Pl) f=(2 "kkl){Xy)’Yl(;N_l)]'
By a VanDermonde argument, we may choose the sequence of reals {r,} so that all

Y r,k! = 0 except for the term with ¢=i, and :((1:’))1 for that term. This gives

the desired equality.l

For any family F and each 6>0 we denote Fs := {X; , XeF}; C E(M). Note
that {F,}s = {Fs}.-

Lemma 9.6: If F is a shift-invariant family of p.v.f.’s such that the distribution
F* has rank n at ¢ then there is a A>0 such that F; has rank n at ¢ for each

0<é<A.

Proof: Assume that X,Y, is a set of n vector fields such that

det (X(N(e),YM(€),~) #£0 . (9.2)

Introduce the nxn matrix function of re®, A(r):= (X(¢),Y,(€),+). By equation
(9-2), condition (3) in lemma 9.3 is satisfied. Applying the lemma, condition (2)
gives a A such that the columns of all possible A(ké) also generate R°, for any
0<é<A. But these columns are in F, because F is shift-invariant.B

Corollary 9.7: If F is a shift-invariant family of p.v.f’s such that {FX}, has
rank n at ¢ then there is a A>0 such that {Fg}; has rank n at ¢ for each
O<é<A.

Proof: By lemma 9.5, {F;,}> has rank n at ¢{. Applying lemma 9.6 to
F, ., we conclude that {F ,}, has rank n for § small enough. But as remarked

earlier, this is the same as {F}, .0

The above is now applied to sampling. Assume a complete continuous time
system is given. As in section 8, we assume that a control value ”0” in intC has
been fixed. For each j = 1,-,m, positive integer i, and teR, consider the p.v.f.

X[l defined by:
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dezplirX lezp[—~i7X |(€)

(xtod) (¢) := — | yole)- (9.3)

Let F be the family consisting of all such p.v.f.’s; F is shift-invariant because tx [i]
= X{“’j]. Further, for each fixed 6>0, F; is nothing else than the set of all
elements b;. in equation (8.3) (with respect to the action Zs ). It follows that T
is é-transitive if {Fg}; has rank n at ¢, or, from corollary 9.7,

Theorem 9.2: If {F*}, has rank n at ¢ then there is a A>0 such that T is
é-accessible at ¢ whenever 0<6<A.

Now consider a control-linear system, i.e. a continuous time system for which
the right hand side P(x,u) of (7.1) has the form f(x)-3 ug(x), and U = is ®", C
contains the origin in its interior. We take X = f - Zvg, ve®™, X = {, the
obvious choice of es, and the element "0” in intC as the origin. From the theory

of Lie series (see [GO], or verify by direct computation), the following Taylor
expansion holds:

oo
(X0, = > i"ad’;—l(gj)f"/k!, (9.4)
k=1
where ad,(8) := [a,8]. (This formula was used before in the context of sampling

in [NC], where a weaker version of the corollary given below was conjectured.) It
follows that

(XBH®N = N adM(g) , ®9)

so that {F}, is precisely the algebra L_ that appears in lemma 6.2, because the

lie algebra generated by the adif(gj) equals L. For any fixed >0, introduce the
Lie algebra of vector fields L; which is given as in equation (8.2) for the discrete
time action ;. We conclude from the above:

Corollary 9.8: Consider a continuous time complete control-linear system. If
{Lg}p has full rank at ¢ then T is é-transitive at ¢ If T satisfies the strong Lie

rank condition at ¢ then there is a A>0 such that for each 0<é<A, {Ls}, has full
rank at ¢.

Note that the last conclusion is a very particular case of a fact that we had
already proved above (c.f. theorem 9.1). The first conclusion is rather interesting,
however. Based on the discrete-time theory, there is no reason to expect the éiven
distribution to have full rank, even if £ is é-transitive and analytic. But the
corollary says that when dealing with sampling problems, at least for small enough
6 this will indeed be true. Further, in particular examples it may be easier to

check L;. Note that formally, if we let J% be the following (partial) linear operator
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on E(M):

oo
J=Y" adk b/,
k=1
then bj = J‘sgj, and

— k ) .
Ly = {Adexp[_&].l & | k>0, j=1,-,m}, .

These formulas are used to provide a more explicit result for bilinear systems in
[SO3|.

9.2. A worked example

It seems appropiate to work out in detail a nontrivial example. We take the
“rotating satellite” model (momentum control only) described by [BA], [BO]. It is
not hard to show that such systems are é-transitive (and even controllable) from all
¢, for 6=6(¢) small enough, provided that they are strongly transitive to start with.
(The above references give an algebraic characterization of this latter property.)
For simplicity, we choose a rigid body with one symmetry axis, and take the
simplest possible coefficients. This is the control-linear system in ®% with m=1 and
defining vector fields:

= yzd/dx - xyd/dz, g = 8/3x + 8/dy + 8/oz .

Thus in coordinates f = (yz,0,-xy)’ and g is the constant vector (1,1,1)’. (Prime
indicates transpose.) From now on, we write everything in coordinates. We wish
to find explicitely the generators bi’j for all 6. Consider then the p.v.f. X := X1
in equation (9.3). Since the system is analytic, the following series expansion
converges at least for small 7

[+ ]
X=> ad?’;l(g)rN/N! . (9.6)
N=1
Let h be the linear vector field (z,0,-x), and consider its Jacobian

H :=

(o]
(o]
-1

000

1
(o]
o]

Since g is constant, adih(g) = ((H)ig. W= ad{l(g) then Lwyj = 0 for all j and
all i>1, where Ly, denotes the corresponding Lie derivative. Since f = v.h, it
follows that

[f.g] = - yHg - b, adi(g) = y'(-H)'g for i>2
So the expression in equation (9.6) becomes

b2z + (1fy) (B
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where H(") is the matrix 2:11 r*"H*1/k!. Using linear algebra to evaluate (-H)(™),
we conclude that we must study the following p.v.f.:

X, = [-7"2/2+(1/y){sin(ry)+cos(ry)-1},7,7x/2+(1/y){sin(ry)+1-cos(ry)}] "

Let Y be the p.v.f. 2X (substitute t:=2t in above equation), and Z the p.v.f. 3X
(substitute t:=4t). Consider now the matrix whose columns are Y ~4X,, Z, 9X

and the Lie bracket of these. The determinant of this matrix can be computed
easily with a symbolic manipulation system and one obtains

96 * (cos(ry) - 1)* / y?

Thus the determinant is nonzero whenever 7y is not a multiple of 2x. Pick now
any 6>0. For any point (x,y,z)’ such that 6y is not a multiple of 2w, this shows
that the system is é-transitive at (x,y,2z)’. But if (x,y,z) is now any point in %3,
we can always é-reach from this state one with ’good’ y, since the y-coordinate
satisfies dy/dt = u. It follows that the system is transitive at every § in R°.
(Instead of the argument in terms of reaching points with ’good’ y, one could
search directly for more generators in order to establish the conclusion at every
point.)l

9.3. The one dimensional case.

As an easy example, we consider complete continuous time analytic systems with
M = ®R. Although elementary, this case provides some feeling for the kinds of
pathologies that may occur. We let

N:= {(&6) | ¢eM and Dy has full rank at ¢},

and B:= complement of N in Mx®,. A point z in M is invariant if f(z,u) = 0 for
all u; this is equivalent to D, having rank O there. In that case, both {x<z} and

{x>z} are invariant under the dynamics (7.1), so each of these sets gives rise to a
new system (7.1) with state space again (diffeomorphic to) ®. Thus B is the union
of the corresponding sets B’, B’’ obtained from each of these, and of the set
{(z,6), 6>0}, and transitivity can be studied for each part separately. We shall
assume from now on, therefore, that (7.1) has no invariant points. Call B trivial if
B is empty or if it equals Mx® " and consider the é-projection

C = {6] (x,6)eB, some x}. (9.7)

These are the sampling periods for which (7.1) is not globally transitive, in the
sense that D, has full rank at all {. We shall prove:

Theorem 9.3: (M=R and no invariant points.) If B is nontrivial, then C is a
discrete subset of R.

In particular, the system is globally transitive for all small enough sampling
times (if nontrivial). Theorem 9.3 will follow from a more detailed study of the
following sets. For any two (complete) vector fields X, Y, write
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B(X,Y):= {(x,6) | explkéX](x)=exp[ksY](x), all integers k}. (9.8)

Take two vector fields of the form X = X and Y = X,» w,v in C. Assume that
(x,6) is not in B(X,Y), so that, for the system Ts5 > gp(x,w) # gy (x,¥) for some
k>0, where w=u¥, y=v*, and beA’. Since C is connected, the image of gp(x-1)

contains a nontrivial interval. Thus I is transitive at x, and x is not in B.
Conversely, assume that (x,6) belongs to all the B(X,Y) of the above form. Then
the orbit Og(x) of x under I; is included in the discrete set {explksX](x),

k=integer}, for any fixed X, and so (x,6) is in B. We conclude that
B = n{B(X,)Y), X=X_,Y=X, uv in C}. (9.9)

It follows that it is sufficient to prove theorem 9.3 for the sets of type B(X,Y).
We identify vector fields with their coordinates with respect to the natural global
chart in R.

Lemma 9.9: Assume that B is nontrivial. Then, for any X,Y as above,
X(x)Y(x)>0 for all x.

Proof: An x such that f(x,u)=0 for some u is an equilibrium point. Let x
be any such point. Since x is invariant, f(x,v)#0 for some v in C. It follows that
exp[6X ](x) = x # exp[6X ](x) for all 6>0, so (x,6) is not in B, for any 6>0. We
claim that there are no equilibrium points. Indeed, assume that f(x,u) = 0 for
some (x,u), and replace C by a compact set which contains this u and is included
in the closure of the original C. Pick any non-equilibrium point y<x in M, and
let Z:= inf{z>y | z equilibrium point}. By compactness of C, z is itself an
equilibrium point, so z#y. Pick v,v’ such that f(z,v)=0 and f(z,v")#0. By
definition of z, f(a,v)#0 and f(a,v’)#0 for all a in the interval [y,z). Compare the
trajectories exp[tX |(y) and exp[tX |(y). Assume first that f(y,v)>0. Then the v-
trajectory converges to z, as t — oo, while the v’-trajectory does not. Same
conclusion for f(y,v)<0 if one takes the limit as t — -co instead. It follows that,
for every 6>0, (y,f) is not in B(X,Y), for X=X and Y=X,, and hence also for
some v,v’ in the original C. A similar argument holds if y>x. So the existence
of an equilibrium point implies that B is empty, contradicting nontriviality. So
f(x,u)#0 for each x and all u, and so (recall C is connected) the f(x,.) indeed
have constant sign.h

We are thus led to the study of the sets B(X,Y) with, say, X(x)>0 and Y(x)>0
for all x. Call such vector fields ”positive”. Conversely, any such pair {X,Y}
gives rise to a system (7.1) with B = B(X,Y); this is a consequence of the
following characterization, which is easy to obtain but very useful:

Lemma 9.10: Let X,Y be positive (analytic, complete) vector fields. There is
then an analytic function g: ® — ®, with derivative (dg/dt)(t)>-1 for all t and
such that, for some diffeomorphism b(.),

g(t+ks)=g(t) for all integers k iff (b(t),6)eB(X,Y), (9.10)

for any t in ® and any 6>0. Further, g is constant iff X=Y. Conversely, given
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any analytic g with derivative bounded below, and any (strictly increasing)
diffeomorphism b, there exists a continuous time system, and in particular there are
positive X,Y, such that B = B(X,Y) and 9.10 holds.®

Proof: Let a(t):= exp[tX](0), b(t):= exp[tY](0), both analytic and strictly
increasing. Let c:= a!, d(t):= c(b(t)). Define

g(t):= d(t)-t.
Since c¢(.) and d(.) are increasing, g has derivative > -1. Let x be any state,
and t:= b!(x). Note that exp[tX](x) = a(c(x)+t), exp[tY](x) = b(t +t). So
these two trajectories are equal at t iff g(t +t) = g(t,). Further, since g(0)=0, g

is constant iff g=0, which happens iff a(t) = b(t) for all t. This proves the first
part of the lemma.

Conversely, assume given g and a diffeomorphism b. Multiplying g by a
constant, we may assume that (dg/dt)(t) > -1/2 for all t. Let U = C = ®, and

introduce for each u the function d (t) = (sin’u)g(t)+t; note that the derivative of

d, is >1/2, for all u. Thus a(t):= b(d](t)) is well defined (and analytic). We
may then introduce

f(x,u):= (da,/dt)(a;}(x)).

Let X:= f(-,0), X := f(-,u) for u>0, and Y=f(-,1). Reversing the previous argument
shows that, for any u>0, exp[tX ](b(x)) = exp[tX](b(x)) iff g(x+t) = g(x)
(independent of u). For this system, then, B(X,X ) = B(X,Y) for all u>0. Thus
B = B(X,Y), and 9.10 holds.

Fix now a function g satisfying the properties in lemma 9.10, and denote’ by
B(g) the set of pairs (t,6) with §>0 such that g(t+ks§) = g(t) for all integers k.
Also, let C(g) be the projection of B(g) in the é-coordinate.

Lemma 9.11: Let (t,6), (t',6°) be in B(g). Then,

18(6)-8(t")] < [hé-+ks’ (9.11)
for any integers h,k such that hé+ké” # O.

Proof: Consider any such h,k, and let r:= |hé+ké’|. For suitable integers

a,b, r = bé’-aéd. Without loss of generality, take m:= g(t)-g(t’) to be positive.
Assume that r<m; there is then some integer s such that t’-t-m < -sr < t’-t. Let
c:=as, d:=bs. We then have

0 < (t"+dé")-(t+cs) < m,
and (by hypothesis)

lt-+c)-g(t"+d6") = g(t)-g(s) = m.

By the mean value theorem, this contradicts dg/dt>-1.1
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Corollary 9.12: If § and ¢’ are rationally independent, and if (t,6), (t,6°) are in
B(g), then g(t) = g(t).

Corollary 9.13: Assume that C(g) has a limit point in ®. Pick (t’,6’) and
(t°"y6"°) in B(g). Then g(t’) = g(t"’).

Proof: We shall use the following observation twice: Assume that {a} is a
converging sequence of distinct real numbers, and let f be any nonzero real number.
There are then (i) a subsequence {aj} of {a;}, and (ii) sequences {bj}, {cj} of
integers, such that the numbers e:= bja, + cf are all nonzero and {e;} converges
to zero. [Proof: assume that a, — a. Let b,, ¢, be integers such that b;#0 and
|batcfl < 1/i (if a=0 use just c;=0, otherwise consider the group generated by a
and f). Now pick any ay, J=j;y such that the inequality is still satisfied and ej#O.]
Assume that {(t,6,)} C B(g), with all § distinct and converging to § (which may

be zero). Applying the above observation with fi= §°, we conclude --for a
subsequence of the (t,6,)-- that the bg,+c,6* are are all nonzero and converge to 0.

By lemma 9.11, |g(t,)-g(t")| also converges to 0. Taking in turn a subsequence of
the {4}, and f:= §°’, we can also conclude that [g(t,)-g(t"")| converges to zero. so

g(t')=g(t’ "), as desired.W

Proposition 9.14: If g is nonconstant then C(g) is discrete as a subset of R.

Proof: Assume that there are infinitely many distinct § < K, with (t,,6,) in
B(g). By corollary 9.13, there is a constant ¢ such that g(t,+ké,) = c for all i and
all integers k. Let t,° = t, mod(§,) such that t,’€[0,K]. Thus g(t,’) = c and {t;"}
is bounded. Since g is nonconstant and analytic, there are only finitely many t,’.
But then there are infinitely many t,”":= t,"+4, --since there are infinitely many §--
and these are also bounded, with g(t,"’)=c. This again contradicts nonconstancy of
gl

Theorem 9.3 now follows from proposition 9.14 and lemma 9.10. Actually, we
can prove somewhat more. Since B is analytic, each subset with constant § also is,
so B is the union of a discrete set and a union of lines L:= {(x,§), x in M}. So

g is periodic with period 4, for all i. Since periods form a subgroup, g
nonconstant implies that the 4, are integer multiples of some fixed é>0. So the
nondiscrete part of B is of the form

{(x,k6), x in M, k = integer}.

The set C(g) may be rather complicated. Consider the following example. Take a
sequence of numbers {a } such that

T (a)? < 1/x, and (9.12)
cos(rx/a)) > 1-2® if x€[-n,n]. (9.13)
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Now let g (x):= cos(sx/a ) and g:= (infinite) product of the g . This product is
well defined because there is by (9.13) normal convergence on compacts, and g is
indeed analytic. Further, consider its derivative

g =2 (8/8,)8,"

Since |g/g,/<1 and |g ‘|<w/a,, also |g’|<l. The zeroes of g are those of its
factors, i.e., the union of the sets

{(t,+ka ), k = integer},

where t := a /2. So all a, are in C(g). If (t,6) is in B(g) and ¢ is not rationally
dependent with some a_ , then corollary 9.12 says that g(t) = 0, so 6= some a , a
contradiction. Thus C(g) contains all the a, and no other rationally independent
numbers. For constructing sequences {a } as above, consider the following
argument: Let {b } be such that cos(rx/a) > 1-2™ whenever x is in [-n,n] and
a>b_ (just let b be such that cos(sn/b ) > 1-2). Now pick any sequence {a }
satisfying condition (9.12). and such that a >b for all n. Note that, in
particular, one could choose the a to be rationally independent.

Remark 9.15: One of the most useful tools in the continuous time theory is (the
positive form of) Chow’s theorem, which implies for analytic systems that the
positive-time reachable set has nonempty interior whenever O(x) does. In fact, the
term ”accessibility” is used interchangeably with transitivity in that context, with
the first term refering to the property of positive time reachable sets. Here,
however, it may happen that Dj is full rank at ¢ but that the set of points

Ay €) = {exp[JX“I]°---°exp[6X“k](£) | v,eC}

(only positive-time motions, no exp[-6X]’s allowed,) has an empty interior. We
construct an analytic continuous time system with M=% where this happens. We
first obtain an analytic function g:R®—® whose derivative is bounded below, and for
which a pair (x,6) satisfies the condition

g(x+ks) = g(x) for all keZ
iff it satisfies
x=2rr, 6=2s%, r,s€Z and s does not divide r .

As above, this gives rise to a system for which Dg(x) = {0} iff (x,§) is of this
form. Further, assume that this g is such that, with x,=2x, g(x,+2ks) = g(x) for
all positive integers k. In that case we can conclude both that O,,(x,) has interior
and that A, (x,) = {2k, k>1}. An example of a g like this is

g(x):=(sinx)/x .

This example can be modified to obtain one where even the orbit under I; equals
M for all (x,6) but such that still As(x,) has empty interior for some x;, For
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this, take the above g and introduce a g (x):= Y 27g%(x+2n), the sum over n>0.

Again x,;=¢=2n serves as a counterexample.ll
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