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Abstract. This paper shows how to extend recent results of Colonius and Kliemann, regarding connections
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1 Introduction

In a recent paper, Colonius and Kliemann [3] provide
an elegant connection between controlled and classical
(no-input) dynamical systems. Essentially, they first
associate to each finite-dimensional control system X
an infinite-dimensional dynamical system >* whose
state space consists of all states and possible inputs
for 3, and then they show how to establish a one-
to-one correspondence between “control subsets” of
Y. and “chaotic subsets” of ¥*. These concepts are
defined more precisely below; the former are basically
sets in which approximate controllability holds, and
the latter are sets in which the dynamics is chaotic in
the sense defined in [4].

The results in [3] are given in continuous-time, and
the purpose of this note is to study their discrete-
time analogues. In principle, the analogy is straight-
forward, and it is obvious how one should generalize
the above correspondence. However, there are diffi-
culties that have to do with controllability proper-
ties of discrete-time systems. A basic property that
holds —under appropriate Lie-algebraic conditions— in
the continuous case is that of (forward) accessibility:
from any given state one can reach in positive time
an open subset, and one can do so with respect to
any fixed open set containing the state in question.
In discrete-time, in contrast, this fails to be true in
general, even under assumptions analogous to those
made in continuous-time. As this basic property un-
derlies most of the results in [3], it would appear at
first sight that one cannot generalize those results un-
less one makes additional and very strong ad-hoc as-
sumptions.

Fortunately, there is a way of applying the recent
theory developed in [5] and [1] in such a manner that
the above analogy can indeed be completed. In [3] a
key fact employed, which follows from the above ac-
cessibility property, is that the interiors of control sets
are exactly (rather than approximately) controllable.
While not true here, we are able to replace his fact
by the weaker property that inside each such set there
exists an open dense subset, which we call its “core,”
in which controllability holds. The existence of such
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a subset is perhaps the most interesting part of our
work, both because in order to establish it one must
use some of the results given in the above cited pa-
pers, and also because it provides new insight into the
structure of nonlinear discrete-time systems. Because
of the need to work with this dense subset and vari-
ous associated technical difficulties, the proofs become
considerably more involved. But otherwise the argu-
ments closely parallel those in [3], and we organized
this note in such a manner that a direct comparison
with that paper should be easy. A counterexample in
the last section illustrates the differences.

It should be noted that our results are given only
for systems that are invertible (each control induces
a diffeomorphism) and analytic. The first restriction
can probably be relaxed considerably, and is due to the
method of proof. The second restriction is however
much deeper, and it is doubtful that similar results
would hold in a more general smooth situation —for
instance, a central fact used is that from a dense set
of points one has accessibility, but this may fail for
smooth but nonanalytic systems, even under further
Lie-algebraic assumptions.

2 Notations
We will consider a discrete-time system > as follows:

z(t+1) = f(x(t), u(t)) (1)

where z(t) € M and u(t) € U for each t =0,1,2,....
We assume that:

(1) M is a Riemannian, paracompact, connected,
and analytic manifold of dimension n.

(2) U C IR" is a compact, convex set with at least
two points and so that U C closint U.

(3) f: M xU — M (where U D U and is open)
is analytic, and denoting by f, : M — M the map
f(-,u), this map is a global diffeomorphism of M for
each u € U (i.e., the system ¥ is invertible).

(4) The system X is controlled-transitive.

We will use f, to denote the inverse of the map
fu. See [5] for basic background on such discrete-
time systems. The property called here “controlled-
transitivity” is often called simply “transitivity”; we
use a different terminology because of the later use in



this paper of the word transitivity in its dynamical sys-
tems sense. Another name for controlled-transitivity
s “forward-backward accessibility”. It means that
every state can be reached from every other state
by some finite iteration of maps of the type f, or
fo - The property can be elegantly characterized in
Lie-algebraic terms (see [5]). If the system ¥ is not
controlled-transitive, there is a decomposition of M
into a disjoint union of invariant submanifolds, in
such a manner that the system can be restricted to
a controlled-transitive one on each of them. This re-
duces the analysis of general systems to the controlled-
transitive case.

For each x € M, each subset S of M, and each
k > 0, we will use the following notations:

RF(x) = {y € M | 3uy,...,ux, € U such that
fuk "°fu1< ): }

) = Upoo V(). RH(S) = Uyeg RE(S),
R(S) = Ukzo Rk(s)a R(z) = clos R(x),

and R(S) = clos R(S).

For any sequence w = uy,...,
note fwk = fuko . Oful-
easy to establish:

(1) R(R(S)) = R(S) VS cC M.

(2) R(S1U 52) R(51) U R(S3).

Let Q@ = U%2 = {w : Z — U}, equipped with
the pointwise convergence topology. Since U is com-
pact, it can be shown that with this topology (2 is a
compact, complete, separable metric space when the
distance between two elements w, w’ is given by:

=Y 2w (k) - (k) |

kEZ

up € U* we also de-
The following two facts are

Depending on the context (control or dynamical sys-
tems, respectively), the letter w will denote a finite
sequence w = uy,...,ux € U* = Up>oU" or a double
infinite sequence w € . The meaning will be clear
from the context.

To the system X we associate a classical dynamical
system 3* on M x ), where the flow @ is given by the
following: {¢y; k € Z}, where ¢, : M xQ — M x,
bn(,w) = (fF (), 0w), with: (okw )(i) = w (i + k)
i.e. o represents the shift operator, and with:

fukofukilo...oful(l') ifk>0
=1 = if k=0
Jk+1o 1;+20"'of7:()(x) if k<0

where u; = w(i). Observe that the notation f% is

consistent with that used, in the context of control,
when w is just a finite sequence.

It can be shown that the flow ® defines a continuous
dynamical system on M X 2, meaning that ¢prs =
drogs for all k, s, and each mapping ¢y, is continuous
on M x €.

Observe that y € R¥(x) if and only if 3 w € Q such

that f*(z) = y.

3 Properties of Control Sets

The next definition is a precise analogue of that in
[3], except that we make the assumption of nonempty

interior.

Definition 3.1 A set D C M is called a precontrol
set if D C R(z) for all x € D and intD # 0. A
precontrol set which is maximal with respect to set
inclusion is called a control set.

Note that if D is a precontrol set, then in D the system
Y is “almost” controllable, in the sense that if z,y € D
then from x it is possible to reach any neighbourhood
of y.

Next we state some properties of control sets that
will be useful later. For the proofs of the following
results we refer to [2].

Lemma 3.2 Let D C M be a control set. Pick any
two elements Z, ¥ in int D. Then, for each sequence
(ug, ..., ur) € U+ such that fypo...ofu,(Z) =7 we
have that, necessarily, also
fuko e oqu (:Z') €int D

for k = 0,....,7—1. 1

Lemma 3.3 Let D C M be a precontrol set. Then

we have: D C clos Fi(int D) for all k& = 0,1,2,...
where Fj(int D) = U5, Rl(int D) n
Lemma 3.4 Let D C M be a control set. Then:
closD = closint D |

Definition 3.5 Let x € M and S C M. We say that
x is forward accessible (f.a.) in S (resp. backward
accessible (b.a.) in S ) if int (R(z) N'S) # 0 (resp.
int (C(z)NS) # 0). If we simply say that z is forward
(backward) accessible, we mean forward (backward)
accessible in M.

Lemma 3.6 Let S € M and define:
Syg={xe M|z isforward accessible in S },
then S is open. [ |

Lemma 3.7 Let D C M be a precontrol set and pick
any x € D. If x is forward accessible then z is forward
accessible in D. n

We conclude the following important property of
precontrol sets.

Theorem 1 Let D C M be a precontrol set. Then
every point of D is forward accessible in D. |

The definition of precontrol set is not reversible in
time, so we cannot conclude backward accessibility
from every point. However, the next result provides
backward accessibility from a dense subset.

Proposition 3.8 Let D C M be a control set. Then
there exists some (necessarily nonempty) open subset
E C D such that:

(1) clos E = clos D,

(2) if y € E then y is backward accessible in D. 1

Lemma 3.9 Let D C M be a control set and let F
be any set as in the conclusion of the previous Propo-
sition. Then E C R(z) for each = € D. |



Definition 3.10 For any set S C M, define:
Core (S) :={ z € intS | z is forward and backward
accessible in S }.

Using Lemma 3.6 twice (once for ¥ and another time
for the “inverse” system z(t + 1) = f, (x(¢))), we can
conclude the following.

Lemma 3.11 For any subset S C M, Core(S5) is
open. |

For a control set D, we proved (see results in Theorem
1 and Proposition 3.8) that Core (D) D E for some
E C D such that clos E = clos D. Thus we have:

‘ clos Core (D) = clos D for a control set D.

Moreover the result in Lemma 3.9 can be rephrased
as follows.

Proposition 3.12 If D is a control set, and £ =
Core (D), then E C R(z) for all z € D. |

If D is a control set, then, by the previous results,
Core (D) is a dense subset of D in which we have
exact controllability. Note that (as it is implicitely
used in [3]) if ¥ was a continuous time system then
Core (D) would have been equal to int D. An exam-
ple of a control set D for which Core (D) is strictly
contained in int D will be given later. However the
density property of Core (D) will allow us to derive
analogous results of those in [3].

4 Main Results

Now we associate to each given control set D a subset
D* of the dynamical system ¥* on the state space
M x Q. Let D be any control set; we define D* as
follows, in exact analogy to [3]:

Definition 4.1 D* = clos{(z,w) € M x Q | f¥(z) €
int D for all k € Z}

Note that this set is obviously invariant, so ® can be
restricted to D*.

Remark 4.2 Note that, under our assumptions, D*
is certainly non-empty. In fact, choose any z, § €
Core (D) with & # y. By Proposition 3.12 there exist
input sequences w!, w? € Q and integers ki, ko (with
k; > 1for i = 1,2) such that: ffi () = yand fjj’;’ () =
z. Let:
O=(..0%1),...,w%(ks),w(1),...,w(ky),...) with
0(0) = w?(ks).

Then the trajectory starting at z with input se-
quence @ is periodic (in fact fX7%2(z) = &), thus
by Lemma 3.2 it lies entirely in int D. So (Z,®) € D*.

The next results will extablish a correspondence be-
tween control sets D and their “lifts” D*. In order to
make this correspondence clear, we first recall some
definitions for dynamical systems; the definition of
chaotic system is from [4].

Definition 4.3 Let (X, ¥) be a discrete-time dynam-
ical system. (X, ¥) is called topologically mizing if for
any two open sets Vi, Vs of X there exist ki, ks € Z
with k3 > 0 such that, for all [ € IN,

Vthytk, (V1) N V2 # 0.

Definition 4.4 A discrete-time dynamical system
(X, ) on a metric space (X,d) is said to have sen-
sitive dependence on initial conditions if there exists
some d > 0 such that for each x € X and each neigh-
bourhood W of x there are y € W and a positive
integer [ such that: d(¢;(x),¥i(y)) > 9.

Definition 4.5 Let (X, ¥) as before; (X, ¥) is said to
be chaotic if it is topologically mixing, has sensitive
dependence on initial condition, and has a dense set
of periodic points.

The result in the next Proposition and its proof are a
discrete-time parallel of Proposition 3.5 in [3].

Proposition 4.6 Let D be a control set, and define
D* C M x Q according to Definition 4.1. Then D* is
a chaotic set, and D* = closint D*.

Proof. We will show:

(1) Periodic points are dense in D*,

(2) ®|p~ is topologically mixing,

(3) ®|p~ has sensitive dependence on initial condi-
tions,

(4) D* = closint D*.

(1) It is sufficient to show that each (Z,w) € D*
with f¥(z) € int D for all k € Z can be approximated
by periodic points.

Let W = (N xV)ND* be a neighbourhood of (Z,@).
We may assume that N, V have the following forms:
N={yeM|di(z,y) <e},V={we|dv,w) <
€}; where dy, ds represent the distances respectively
on M and on Q. There exists [ > 0 such that:

) _ 9kl < __€ 2
kEZN{~1,...,0,....1} B FP— (2)

where diamU = sup{|u; — uz|; w1, ue € U}. By
assumption on (Z, @) we know that fL (%) and f5'(z)
are in int D. Thus we can find € (€ < ¢€), for which the
é-neighbourhoods of Z, fL(z) and () are contained
in D. By continuity, there exists some J so that:

if di(y, f5'(Z)) < & then, denoting by & =
o~ UHD(@), we have dy (fL™(y),7) < é and
di(f3 W), £ (@) <&

Let E = Core (D). Since closE = closD, we can
choose a point ! in E whose distance from f5'(z)
is less than 6. Then, denoting 3° = f}fl(y_l) and
yt = 27 (y=h), we know that y* and ¢! lie in int D.
So, by Proposition 3.12, there exists £k > 0 and v € Q
such that f¥(y!) = y~!. Define

anli) ={ 50,

and extend w,(+) by periodicity. Then (y%,w,) is a
periodic point of period 2l + 1 + k. Moreover:

forie {-1,...,0,...,1}
forie {I+1,...,1+k}



(i) di(y°,7) < &0y’ € N,

(ii) da(wp, ) = Siez2 ! | wp(i) —w(i) | =

= Siem\ {10,327 [ wp(i) —w(i) | <

< (dilam U) ez —1,..0,.0027 1" <€, s0w, €V,
(iii) by Lemma 3.2, since 3° and y~! are in int D,
all the trajectories joining them lie interely in int D,
SO ffjp (y°) € int D for all k € Z.

Thus (y°,w,) € W.

(2) We have to show that for every pair Wy, W of
open sets in D* there exists kg € Z and k; > 0 such
that for all n € IN ¢_p, 41, (Wa) N W7 # 0.

Since, by (1), the periodic points are dense, we may
assume that the sets W, ¢ = 1,2, are of the form:
W, = (Ni X‘/Z')QD* with V; = {w e | dg(w,wi) <
e}, Ni = {ye M| di(y,x;) < €}, where (z;,w;)
i = 1,2 are periodic points with periods ;.

Choose I > 0 as in eqution 2; we may assume that
l; > for i = 1,2. Using the same argument as when
proving (1), we can find periodic points (y;,v;) € W,
i = 1,2, with periods L; > [; > [, such that, if we
denote E = Core (D) C D, as before, then y; € E and
’Ul(kl) = wl(kz) for kl S {*li, ey 0, ‘e ,ll}

Since E C R(x) for all + € D (Proposition 3.12),
there exist vg € 2 and Ly € IN such that fULOO (y2) = v1.
For any n > 1 we define w, (i) as follows:

v1(7)
vo(i +14nLy + L)
Ug(i + 1 + TLL1 + Lo)

if 4 > —nL1
if —nLy >1> —nlLi— Lg
if —nLy — Lo > .

Since vy (1) = w1 (1) = wy, (i) for i € {—1,...,0,...,1},
we have that w, € Vi for all n. Futhermore, since

5, (1) = fi(p) for & > —nLy and f§ (y1) =

vy
FinLitlo(y,) for k < —nLy — Lo, we can conclude

fE (1) € int D for all k € Z. Thus (y1,w,) € Wi.
On the other hand:

(i) fo! TR ) = s,

(ii) wn(—nLi — Lo — Lo+ k) = vo(k — Lo + 1) =
vo(k) = wa(k) for k € {—Lg,...,0,...,La} (thus in
particular for k € {—1I,...,0,...,1}).

So we can conclude ¢_np,—ro—r1,(Y1,wn) =
(y, 0 Er=Lo=L2(y, )) € Wy since from what we have
observed before, vo(k) = o nla=Lo=L2(y (k) for
ke{-l,...,0,...,1}, and so their distance is less than
€. Thus (2) holds with k’]_ = L1 and k’o = _LO - L2.

(3) If we consider the dynamical system (£, o*) for
k € Z it can be shown, in complete analogy to [3],
proposition 2.8, that this system has sensitive depen-
dence on initial conditions. Thus the sensitive depen-
dence on initial conditions of ®|p« is an immediate
consequence of the same property of (2, 0%), since if
d is any metric on M x Q, we have that if d; (w,v) > ¢
then d((z,w), (y,v)) = 6.

(4) Let (z,w) € D*. There exists a sequence
(Zn,wn) — (z,w) such that f¥ (z,) € intD for all
k. By (1) we know that the periodic points are dense
in D*. Thus for each n there exists (yn,v,) peri-
odic of period 1, with d((n,wn), (Yn,vn)) < 1/n.
So (Yn,vn) — (r,w). Moreover we can assume that
yn € E, where E = Core (D). From the facts that
(Yn, vy) is periodic and FE is open, it is not difficult to
prove that (yn,vy,) € int D*.

Thus we have D* C closint D*. From this we can
conclude D* = closint D*, as desired. [ |

Proposition 4.7 Let D* C M x  be a chaotic set
for ®, such that D* = closint D*. Define:

MyD* = {zeM|IJweQ with (z,w)e€ D*}.
Then there exists some precontrol set D C M such
that D C Il ;D* and clos D = 11, D*.

Proof. Since the system X is analytic and controlled-
transitive we know that there exist two open sets
A1, As from which we have backward and forward
accessibility respectively (see [1]).

Let A = Ay N As, then A is still open and dense.
Let P ={z € Iy D* | 3w € Q for which (z,w) is a
periodic point of D*}.

Since by assumption periodic points are dense in
D*, P is dense in II; D*.

Now let E = AN PNintI;;D*. Then E # () since
D* = closint D* implies II;D* = closint IIp; D*, so
in particular int Iy, D* # (. Moreover, since A is open
and dense and P is dense in II;;D*, we can conclude
that: clos E = closint II;; D* = I, D*.

Claim 1 E C Core (ITp;D*).

Pick any e € F; in particular e is forward accessi-
ble. By analyticity we know that, for all k sufficiently
large, clos R*(e) = closint R*(e). Futhermore, ¢ € P,
thus there exist w € Q and [ > 0 such that f!(e) = e.
Since [ can be chosen arbitrarily large (in particular
l > k), then e € closint R!(e). So from the fact that
e € intII; D* we have that e is forward accessible in
I D*. A similar argument shows that e is also back-
ward accessible in II;D*. Thus e € Core (IT; D*).

Claim 2 E C R(z) for all z € E.

Pick z1,29 € E. By Claim 1, there exist two open
sets W', W2 contained in IIp; D* such that W' C
R(z1) and W C C(x2). Let:

Vi=Wi xQ)nD* Vo= (W2 xQ)nD*
By the mixing property, there exists some L > 0 such
that ¢_r (Vo) N V4 # 0. Thus we can find w € 9,
y1 € Wi, and yo € W such that f¥(y;) = yo for
some k € IN; this implies x; € R(x2), as desired.

By Claim 2, in E we have exact controllability. Next
we extend E to a precontrol set. Define:

D={zxelyD* |z isfa.in D"}

Note that £ C D C Il ;D*. In order to prove that D
is a precontrol set we need to show: (i) D C R(x) for
all z € D, and (ii) int D # 0.

To prove (i), pick any =, y € D. Since from x one
can reach an open subset of II; D* and F is dense in
II), D*, we have that from = one can reach a state e €
E. Moreover, using again the density of E, there exists
a sequence of elements e, € F so that e, — y. By
Claim 2, we know that e, € R(e) for all n. Therefore
also e, € R(z), which in turn implies y € R(z), as
wanted.



We now show (ii). Choose an element e € E. By
Claim 1, there exists an open subset W of Il D*
so that W C C(e). Since e is forward accessible in
Iy D*, any element y € W is forward accessible in
I1y; D*; thus W C D, which implies int D # (. |

Definition 4.8 If (X, V) is a dynamical system, we
say that W C X is a maximal chaotic set if:

1. W is closed and W-invariant.

2. U|w is chaotic.

3. For all W' > W with |y, topologically mixing
we have W' = W.

The next theorem will establish a one-to-one corre-
spondence between control sets of the control system
Y on M and maximal chaotic sets of the dynamical
system X* on M x .

Theorem 2 Let C be the class of all control sets D C
M, and let C* be the class of all maximal chaotic sets
D* for ® such that D* = closint D*. Define o : C —
C* and B :C* — C as follows:

a(D) = clos {(z,w) € M x Q| f¥(z) €int D Vk € Z}
B(D*)={x €Iy D* | z is f. a. in Uy D*}.

Then « and B give a one-to-one correspondence be-
tween C and C* with cof3 = ide~ and Boax = ide.

Furthermore if either D* = «(D) or D = ((D*),
we have:

1. int D Cint I, D™,
2. clos D =11, D*.

Proof. We divide the proof in 3 steps. In part (a) we
prove that « is well defined and satisfies (1) and (2),
in (b) we show the same properties for 3, and in (c)
we prove that o and 3 are inverse maps.

Recall that if (X, ¥) is a discrete-time dynamical
system, and x € X, the w-limit set of x is

w(z) ={y € X | 3 ny, — oo for which ¥, (x) — y}.

Moreover, the system (X, W) is called transitive if
there exists some z € X for which w(z) = X. Tt is a
consequence of Proposition 1.11.4 of [6] that, for the
system X*, topologically mixing implies transitivity.
Since chaotic sets are topologically mixing, we are al-
lowed, in what follows, to use the fact that chaotic
sets are transitive.

(a) In proposition 4.6 we have already proved that
a(D) is a chaotic set such that a(D) = closint a(D).
Thus in order to see that « is well defined (i.e. a(D) €
C*), we need to establish maximality of (D).

Suppose that there exists some D’ D (D) with D’
topologically mixing. Then since D’ is also transitive
there exists (z,w) € D’ such that the w-limit set of
(z,w)isallof D'. Let E' = Core (D) and choose e € E;
then there exists a sequence k,, with k, — oo, such
that f5=(z) — e. So, since F is open, for n sufficiently
large frn(z) =¢é € E.

By maximality of D and the fact that f(z) be-
longs to int D for infinitely many n > n, it follows
that f¥(z) € int D for all k > k;. Since é € E, we
can also find & so that fX(€) € int D for all k < k.
Define:

iy (%) for i < ks
(i) = { w(+kgn) fori> k.
Then (&,&) € a(D), since fE(€) € int D for all k € Z.

Moreover, the w-limit set of (é,@) is equal to the
w-limit set of (x,w), which is D’. Thus, since a(D)
is closed, D' C a(D). So D' = a(D), from which we
have maximality.

Next we prove that (1) and (2) hold for D and «(D).

(1) Suppose that = € int D, and take € > 0 so that
the open ball B, centered at x is contained in D. Let
y € B.N E. Then, as shown in the proof of part (4)
of proposition 4.6, there exists w €  so that (y,w) €
int a(D).

So we have B. N E C I a(D). Since Iy a(D)
is closed and clos E = clos D, we have: clos B, C
IIysa(D), which implies z € int Iy, a(D).

(2) Since E C Iy a(D), Hya(D) is closed, and
clos E = clos D, we have clos D C I ra(D).

Conversely, take © € TIpya(D). Then there exists
w such that (z,w) € Mpya(D). This in turn implies
that there exists (z,,w,) — (z,w) with z,, € int D,
by definition of a(D). Thus z € clos D.

(b) By proposition 4.7 we know that 5(D*) is a
precontrol set. So, also in this case, to see that 3 is
well defined we need to prove maximality of G(D*).
Suppose that G(D*) is not maximal, and let: D =
UxD)y where D), is a precontrol set such that Dy D
B(D*). N

Since int 3(D*) # (), it is easy to see that D is a
control set. If we show that DcC 11y, D*, then we can
conclude that D = ((D*) since, by Theorem 1, we
know that all x € D must be forward accessible in D.
Since D is a control set, we can apply a to D.

Let E* = {(z,w) € int D* | (z,w) is a periodic point
and z is forward accessible }; then E* is dense in D*,
since the set of periodic points is dense. Moreover

if (x,w) € E* then z € {(D*); thus ¢ € D and,

futhermore, (z,w) € a(D).

So E* C a(D), since a(D) is closed, D* = clos E* C
a(D). By the maximality of D*, we have D* = a(D).

By part (a) we know that: D C Iy;a(D) = I D*.
Thus G(D*) is maximal, and so it is a control set.

Next we prove (1) and (2) for D* and (D*). Using
proposition 4.7 we know that clos3(D*) = I D*.
Thus (2) holds. To prove (1), it is sufficient to notice
that Iy E* C int 8(D*), and now, using the same
arguments as in the proof of (1) of part (a), we can
conclude int (D*) C int I, D*.

(c) Let D be a control set. We need to prove
B(a(D)) = D. By property (1) we know that clos D =
Iy (a(D)) = clos B(a(D)), thus the equality follows
by the maximality of both D and S(a(D)).

Conversely, let D* be a maximal chaotic set. Again
choosing E* as in part (b), E* is a dense subset of D*
which is contained in «a(3(D*)). Thus, by closeness



and maximality of D* and «(8(D*)), we can conclude
D* = a(B(D*)), as needed. |

The result of the previous Theorem is the discrete-
time version of the result given in Theorem 3.9 of [3].
The main difference is that in the continuous time
case the inclusion (1) is always an equality, while in
the discrete time case it can be a proper inclusion, as
it is shown in the example given in the next section.

5 An Example

Here we provide an example of a system for which
int D # int s («(D)), and D is a control set so that
Core (D) # int D.

sm(ﬂ'x)

Example 5.1 Consider the function g(x) =
It is easy to verify that |¢'(x)] < 1 for all z € IR
Moreover, g(z) = 0 if and only if z € Z\ {0}. Now let
us consider the following discrete-time, analytic sys-

tem: M =1R? U = [-1,1]?, and equations
2T = x4+ 1+uy
v
vto= g+ 5oe)

where g(z) is the above function.

This system is invertible. In fact the determinant of
the Jacobian matrix of the map f, ., (x,y) is given by:
1 — %¢'(x), which is never zero since u,v € [-1,1],
and |g (z)| < 1. Moreover it is easy to verify that for
each (u,v) € U, the map fy () is bijective. It is
also easy to prove that this system is transitive.

For this system we can see that for all k € IN with
k > 1 the following hold:

1. the points of the type (—k,0) are not backward
accessible,

2. the points of the type (k,0) are not forward ac-
cessible.
Letting B = {(k,0) | k € N, k > 1}, we want to show
that D = IR?\ B is a control set.
Notice that D is certainly maximal; in fact, no
points in B could belong to a control set, since they
are not forward accessible. To prove that D satisfies:

DCR() forall £€D (3)
we will prove the following:
R\ { (k,y) | k€Z, ye R} CR(E) (4)

which, by taking the closure in both sides, implies 3.
Let F={ (k,y) | k€Z, ye R }.

First we notice that, since |sin(n(z + 1)) =
|sin(7ax)|, if we apply to any (x,y) a control sequence
of the form:

u; =0, v = sign (g(x +1-1)), (5)

then, after k steps, we will reach the point:

Tk

Yk

: k—1
| sin(ma)| 1
L ; |z + 1]

Using this fact and the divergence of the series ) 1/n
we will prove 4.

Fix (z,§) € D and (%,) € R*\ F. Notice that,
since (z,y) € B, it is not restrictive to assume:

g(Z) #0 and 7 #D0.

First we choose u;,v; as in 5. Since g(Z) # 0 there
exists k such that yr > 1. Next we apply a control
sequence with all v; = 0 so as to reach a state (z’,y’)
of the type:

¥=%2-n and vy =y
where n is a positive integer that will be chosen later.
Notice that we can assume § < ¥/’

Now we want to find a sequence of controls (0,v;)
such that we get the state (Z,9) in exactly n steps. It
is clear that this is possible if and only if:

, | sin(7Z)| — 1 -
_ E < 6
y 2 — 2 —n+1 — 4 (6)

So we just have to choose n large enough such that 6
is satisfied. This is possible since sin(7Z) # 0 and:

] .
S - S

1=0
is divergent. Thus D is a control set.

Notice that, for this control set D, Core (D) is
strictly contained in D = int D. In fact, none of the
points of the type (—k,0) with k a strictly positive
integer, belongs to Core (D).

Now if we consider the corresponding maximal
chaotic set a(D), it is clear that a(D) = M x . Thus,
in this case, the inclusion (1) in Theorem 2 is proper
(i.e. int D # int I pra(D)).
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