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PERSISTENCE RESULTS FOR CHEMICAL REACTION NETWORKS
WITH TIME-DEPENDENT KINETICS AND NO GLOBAL
CONSERVATION LAWS*
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Abstract. New checkable criteria for persistence of chemical reaction networks are proposed,
which extend and complement existing ones. The new results allow the consideration of reaction
rates which are time-varying, thus incorporating the effects of external signals, and also relax the
assumption of existence of global conservation laws, thus allowing for inflows (production) and out-
flows (degradation). For time-invariant networks, parameter-dependent conditions for persistence
of certain classes of networks are provided. As an illustration, two networks arising in the systems
biology literature are analyzed, namely a hypoxia network and an apoptosis network.
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1. Introduction. For differential equations evolving in Euclidean space, “persis-
tence” is the property that solutions starting in the positive orthant do not approach
the boundary of the orthant. Interpreted for chemical reactions and population mod-
els, this translates into a “nonextinction property” that states that no species will
tend to be completely eliminated in the course of the reaction, provided that every
species was present at the start of the reaction [5]. Persistence is thus a property of
central practical interest. In addition, and as remarked in our previous work [4], it is
also of major theoretical interest in itself when coupled with work on chemical reaction
networks by Horn, Jackson, and Feinberg (see, e.g., [15, 14, 11, 9, 10, 18, 19]) which
guarantees global convergence to equilibria in “zero deficiency and weakly reversible”
networks (the so-called global attractor conjecture), provided only that persistence is
satisfied.

In [4], we presented criteria for checking persistence in closed chemical reaction
networks, couched in the language of graph theory and Petri nets. One of the main
results was that a time-invariant, conservative chemical network is persistent, provided
that each siphon contains the support of a P-semiflow, regardless of the analytic
reaction kinetics underlying the chemical reactions or the values of parameters such
as rate constants. These results triggered further research by several other authors,
leading to the derivation of algebraic approaches to the identification of siphons in [17],
to the development of further connections between persistence and the global attractor
conjecture in [2, 7, 12], and to the relaxation of the analyticity assumption by allowing
Lipschitz reaction rates in [1].
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PERSISTENCE FOR TIME-VARYING REACTION NETWORKS 129

In the present paper, we extend the previous results in several directions, all of
them of great relevance to applications:
e Kinetic coefficients are now allowed to be time-varying.
e No conservation assumption is made (so solutions are potentially unbounded).
e The case in which there are critical siphons (i.e., those that do not contain the
support of any P-semiflow) is studied, and a sufficient condition for persis-
tence is provided in that case. This latter condition is parameter-dependent.
The motivation for considering time-dependent coefficients is that these may be used
to represent the effect of external inputs to the network, which allows one to include
effects such as ligand concentrations, external electrical charge effects, and other en-
vironmental factors. Not making a conservation hypothesis is also necessary when
considering models with external inputs such as inflows and outflows or when incorpo-
rating production and degradation processes. Finally, critical siphons arise naturally
in many biological examples. The technical difficulties in the extensions include the
need to generalize tools for autonomous systems that were based on analysis of omega
limit sets and the need to carefully take into account the fact that trajectories are
not now a priori assumed to be bounded. The key property that “extinction sets”
must be siphons required a proof very different from an earlier one, and the necessity
condition for persistence now requires a time-averaging argument.

We provide two concrete examples of applications of the new results. The first one
analyzes a model of the common core subsystem responsible for the hypoxia control
network in C. elegans, Drosophila, and humans. Hypoxia (deprivation of adequate
oxygen supply) results in the expression of specific genes in response to stress caused
by low concentration of available oxygen. This particular example was picked for two
reasons. First of all, viewing oxygen concentration as an external input gives rise to a
network with time-dependent kinetic coefficients. Second, in this model there are no
conservation laws that guarantee boundedness of solutions, and so the same example
serves to illustrate the role of the new concepts of conditional persistence introduced
in this work. The second example is an apoptosis (programmed cell death) network.
We characterize persistence using our result for critical siphons.

2. Background on chemical reaction networks. A chemical reaction net-
work (CRN) is specified by two sets of positive integers R := {1,2,...,n,} and
S = {1,2,...,ns}, and nonnegative integers (“stoichiometry coefficients”) «;; and
Bij, © € R, j € S, together with a vector of reaction rates as discussed below. One
thinks of the elements of R as reactions “R; : ZjES ;S5 — Zjes Bi;S;” involving
the “species” S;. We allow the right- or left-hand sides to be empty (though not at
the same time), representing, physically, inflows and outflows of the chemical reac-
tion. Those species j for which a;; > 0 are called reactants and those for which 8 > 0
the products of the reaction. Informally speaking, the forward arrow means that the
transformation of reactants into products happens only in the direction of the arrow.
If the converse transformation also occurs, then the reaction is reversible and we need
to also list its inverse in the network as a separate reaction. It is convenient to arrange
the stoichiometry coefficients into integer column vectors a; and §;. The stoichiome-
try matriz T' is an ng X n, matrix with entries [I'];; = 8;; — a;; (notice the reversal of
indices). This will be used later in order to synthetically write the differential equa-
tion associated with a given chemical network. The reaction rates quantify the speed
of reactions as a function of the species concentration vector S = [S1,Sa,...,5,.]
and are arranged into a vector

R(S,t) == [R1(S,t), Ro(S,1), ..., Ry (S, )],
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130 D. ANGELI, P. DE LEENHEER, AND E. D. SONTAG

where ¢ € [0,00) denotes time. We explicitly allow time dependence since we wish
to consider the effect of external inputs to the system. Such inputs may represent
chemical species which are not explicitly considered as part of the state variables but
which, nevertheless, influence the reaction rates. We impose a mild uniformity require-
ment for technical reasons: there are nonnegative, continuous functions R;(S), R;(S)
satisfying the following monotonicity constraint:

(1) S >p, 8§ = Ri(S) > Ri(S)

for all i € R (and similarly for R,;), where the notation S > g, S means that we have
a strict inequality S; > S'j whenever species j is a reactant in reaction i (we also
write, more generally, S > S for any two vectors of species concentrations if .S; > gj
for all j =1,...,n) such that, for all : € R, for all S, and for all ¢ > 0,

(2) R;i(0,t) =0 and R,(S) < Ri(S,t) < Ri(S).

We also assume standard regularity assumptions of R;(S,t) in order to ensure local
existence and uniqueness of solutions. A special form of reaction rates are mass-action
kinetics, which correspond to the following expression: R;(S,t) = k;(t) [[}2, S;‘” for
all i = 1,...,n, (interpreting S° = 1 for all S); that is, the speed of each reaction
is proportional to the concentration of its reagents. We allow a time-varying kinetic
rate k;(t), which may account for the effect of external species not explicitly included
in the network under consideration. In the case of mass-action kinetics, a uniform
lower and upper bound on R;(S,t) exists if and only if there exist constants k! ; > 0
and kZ,, > 0 such that kl; < k(t) < kl,, for all £ > 0.

With the above notation, the CRN is described by the system of differential
equations

3) S(t) =T R(S(1),1),

where S = S(t) evolves in R, and represents the vector of all species concentrations
at time ¢, and I' is the stoichiometry matrix. For systems with mass-action kinetics,
one could write S(t) = >, o (Bi — a;)ks(t)S(t), where B; = i, is the column

vector col(Bi1,. .., Bin,), i = Qs is the column vector col(ai, ..., Q. ), and S7 =
S7'...8,e for any nonnegative vector v = (Y1,...,7s.). It is straightforward to

verify that the positive orthant is positively invariant for system (3). Moreover, for
each Sy € R, the affine subspace defined by Sy + Im[I'] is also invariant, regardless
of the specific expression of reaction rates; its intersection with the positive orthant
(which is therefore a forward invariant set) is called the stoichiometry class of Sp.

3. Petri nets and structural invariants. It is convenient to employ some
terminology borrowed from graph theory, specifically Petri nets. We associate with a
CRN a bipartite directed graph with weighted edges, and the species-reaction Petri
net, or SR net, is a quadruple (Vs, Vg, E, W), where Vg is a finite set of nodes, each one
associated with a species, Vg is a finite set of nodes disjoint from Vg, corresponding
to reactions, and F is a set of edges. (We often write S or Vs interchangeably, or R
instead of Vg, by identifying species or reactions with their respective indexes; the
context should make the meaning clear.) The set of all nodes is also denoted by
V = Vg UVs. The edge set E C V x V is defined as follows. For each reaction
R; : ZjES a;;8; — Zjes Bi;S;, we have an edge from S; € Vs to R; € Vg for all §;’s
if a;; > 0, and we say that R; is an output reaction for S;. Similarly, we draw an edge
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from R; € Vg to every S; € Vs if B;; > 0, and we say that R; is an input reaction
for S;. More generally, given a nonempty subset > C S of species, we say that a
reaction R; is an output (input) reaction for ¥ if it is an output (input) reaction to
some species of 3. An entrywise nonnegative vector v is denoted by v = 0. We write
v>=0ifv>0and v#0and v>>0iswv >0 for all i. A P-semifiow is a row vector
¢ > 0 such that ¢T" = 0, and its support is the set of indexes {i € Vs : ¢; > 0}. Using
the fact that the entries of I' are integers, it is easy to show that, given any P-semiflow
¢, there is always a P-semiflow with integer components which has the same support
as c.

DEFINITION 3.1. A nonempty subset ¥ C S of species is stoichiometrically
constrained if there is a P-semiflow whose support is included in 3. When ¥ = S,
that is, if there is some P-semiflow ¢ > 0, we simply say that the CRN (or the
corresponding Petri net) is stoichiometrically constrained.

An interpretation of P-semiflows for (3) is as nonnegative linear first integrals,
that is, linear functions S +— ¢S such that (d/dt)cS(t) = 0 along all solutions of (3).
Finally, a T-semiflow is a column vector v > 0 such that I'v = 0. Once again, one
can assume without loss of generality that such a v has integer entries.

DEFINITION 3.2. A nonempty subset A C R of reactions is consistent if there is
a T-semiflow whose support includes A. When A =R, we also say that the CRN, or
its associated Petri net, is consistent.

The notion of T-semiflow corresponds to the existence of a collection of positive
reaction rates which do not produce any variation in the concentrations of the species.
In other words, v can be viewed as a set of fluzes that is in equilibrium [21]. (In Petri
net theory, the terminology is “T-invariant,” and the fluxes are flows of tokens.)

A vector v = (0,0,...,0,1,0,...,0) with a “1” in the ith position and 0’s else-
where represents the ith reaction; thus we may label such a unit vector as “R;.” With
this notational convention, the following fact holds. Suppose that Ry and Ry are
reactions that are reverses of each other; that is, ar; = B¢; and Br; = ay; for every
species j € §. Then, the vector Ry + Ry is a T-semiflow because the kth and /th
columns of I' are opposites of each other. In chemical network models of biological
systems, it is common for several of the reactions to be considered as reversible. This
gives rise to many such “trivial” T-semiflows.

DEFINITION 3.3. A nonempty set 2 C Vg is called a siphon if each input reaction
for X is also an output reaction for . A siphon is minimal if it does not contain
(strictly) any other siphons.

The terminology “siphon” arises from Petri net theory. However, the concept
of siphon was used (without giving it a name) by Feinberg in [9], in precisely the
same context of CRNs as in [4] (more details are given below). At the time that we
wrote [4], we were not aware of the previous introduction of the concept in [9].

For later use, we associate a particular set with a siphon X as follows:

The set Ly is therefore characterized as the set of concentration vectors whose entries
are zero if (and only if) the corresponding chemical species are in the siphon X.

4. Persistence and consistency. Our main interest is the study of persistence:
when do species remain nonzero if they start nonzero? We will study two variants
of this concept and will provide a necessary characterization for one and a sufficient
characterization for the other.
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DEFINITION 4.1. A nonempty subset 3 C S of species is conditionally persistent
(respectively, bounded-persistent) if there exists a bounded solution S(-) with S(0) > 0
such that

(4) litminij(t) >0 VjeX
—00

(respectively, if this property holds for all bounded solutions). When ¥ = S, we say
simply that the corresponding CRN is conditionally persistent or bounded-persistent,
respectively.

Note that in case ¥ = S condition (4) amounts to the requirement that the
omega-limit set w(S5(0)) should not intersect the boundary of the main orthant.

The following result generalizes Theorem 1 in [4] to systems with time-varying
rates and provides a necessary condition for persistence. It is proved in section 5.

THEOREM 1. FEvery conditionally persistent CRN is consistent.

Theorem 2 in [4] says that, for systems with constant rates, bounded persistence
holds, provided that every siphon is stoichiometrically constrained. The following
result extends this sufficient condition to systems with time-varying rates and is proved
in section 5. A special case of this result, for constant rates, is implicitly given in [9].
Specifically, for trajectories whose limit sets are either single points or periodic orbits,
Propositions 5.3.1 and 5.3.2 and Remark 6.1.E in [9] may be combined to provide the
persistence result; the proofs in [9] are also based on siphon analysis.

THEOREM 2. If a CNR has the property that every siphon is stoichiometrically
constrained, then it is bounded-persistent.

5. Key technical results.
DEFINITION 5.1. A nonempty subset A C R of reactions is conditionally persis-
tent if there exists a bounded solution S(-) with S(0) > 0 such that

1itminfRi(S(t),t) >0 VieA.
—00

The first key technical fact that we need is the following; it is proved in section 7.

THEOREM 3. FEvery conditionally persistent subset A of reactions is consistent.

DEFINITION 5.2. A nonempty subset ¥ C S of species is an extinction set if
there exist a bounded solution S(-) with S(0) > 0 and a sequence t,, — oo such that
(5) nlLIr;on(tn) =0 & jeXx.

Equivalently, ¥ is an extinction set if and only if Ly (| w(S(0)) # () for some
bounded solution S(-).

The second key technical fact, proved in section 6, is the following.

THEOREM 4. Every extinction set of species is a siphon.

LEMMA 5.3. An extinction set cannot be stoichiometrically constrained.

Proof. Let ¥ be an extinction set, and pick a bounded solution S(-) as in the
definition of extinction. Suppose that ¥ C § is stoichiometrically constrained. Let
¢ be a P-semiflow whose support is included in ¥. Since ¢ is a P-semiflow, ¢S(t) =
¢S(0) > 0 for all ¢ > 0 (the last inequality because S(0) > 0 and ¢ > 0). Since the
support of ¢ is a subset of X, it follows that ¢S(t) = _ ¢;S;(t), with the sum over
only the indices j € ¥. Thus (5) cannot hold. 0

We defined what it means for a reaction R; to be an output reaction for a species
S, namely, that S; should be a reactant of R;. More generally, we use the following
concept.
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DEFINITION 5.4. Consider a nonempty subset > C S of species. A reaction R;
is said to be a sink for X if the set of reactants of R; is a subset of ¥. The set of all
sinks for ¥ is denoted by A(X).

LEMMA 5.5. If ¥ is conditionally persistent, then A(X) is conditionally persis-
tent.

Proof. Suppose that we have a bounded solution such that liminf, .., S;(t) >
s > 0 for every j € X. Since the solution S(-) is bounded, this means its closure is
a compact subset K of the (closed) positive orthant. Pick any sink R; for ¥. By
property (1), R;(S) > 0 for all S € K. Therefore liminf;_, . R;(S(t),t) > 0 for this

same trajectory, which proves that A(X) is conditionally persistent. ad
COROLLARY 5.6. If X is conditionally persistent, then A(X) is consistent.
Proof. This follows immediately from Lemma 5.5 and Theorem 3. O

This completes the proof of Theorem 1 because the hypothesis of the theorem
says that ¥ = S is conditionally persistent. By Corollary 5.6, A(S) = R is consistent,
which means that the CRN is consistent, as claimed.

To prove Theorem 2, we observe the following result.

LEMMA 5.7. If a CRN is not bounded-persistent, then there is some extinction set.

Proof. Suppose that there is some bounded solution S(-) with S(0) > 0, some
species jo € S, and some sequence t, — oo such that lim, o S;(t,) = 0. For this
solution, and for this same sequence {t,}, let 3 be defined as the set of species j € S
such that lim, o S;(t,) = 0. Since jo € X, ¥ is nonempty, and it is an extinction
set by definition. O

Now Theorem 2 follows from the next result.

COROLLARY 5.8. If a CRN is not bounded-persistent, then there is a nonstoi-
chiometrically constrained siphon.

Proof. Assume that the given CNR is not bounded-persistent. By Lemma 5.7,
there is an extinction set 3. By Theorem 4, ¥ is a siphon. By Lemma 5.3, ¥ is not
stoichiometrically constrained. d

6. Proof of Theorem 4. Let the nonempty subset ¥ C S of species be an
extinction set. Pick a bounded solution S(-) with S(0) > 0 such that Ly, (w(S(0)) #
(). We need to prove that ¥ is a siphon.

Assume that y € Ly, Nw(5(0)) but that 3 is not a siphon. Hence, there exists
a species S; € X so that for at least one of its input reactions Rj and all of Ry’s
reactant species S; it holds that y; > 0. By property (2), we have that

Ri(y,t) > Ry (y) =7 >0

for some positive value 7 and all ¢ > t,.

Therefore, since all output reactions of S; have zero rate at y (no matter what the
value of ¢ is), and since at least some incoming reaction is strictly positive, it follows
by continuity of each of the R, (S5)’s that there is some ¢ > 0 so that

Sj(t) = [CR(=(1),t)]; = 7/2

whenever z(t) € Be(y) = {z = 0: |z —y| < e} and t > ty. Now, using the uniform
upper bound R(S) = (R1(S),..., R.(S)) and its continuity, we know that there exists
M > 0 so that [TR(z,t)| < M for all z as before. Hence,

(6) 1S(ts) = S(ta)| =

/ " LR(S().1) dt‘ < (ty—t)M

whenever S(t) € B.(y) for t € [ta,ts].
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Assume without loss of generality (choosing a smaller ¢ if necessary) that e is
such that S(0) & B.(y). Consider now any partial trajectory crossing the boundary of
B.(y) at time t. and hitting the boundary of B, /,(y) at time t. /5, where t. /5 is picked
as the first time after t. when this happens. Notice that such a partial trajectory
exists because S(0) ¢ B.(y) and because of our assumption that y € w(S(0)).

Since S;(t) > 7/2 for all t > t; whenever z(t) belongs to B.(y), it follows that
necessarily we must exit B.(y) an infinite number of times; hence infinitely many such
partial trajectories exist.

By the estimate in (6), the time it takes to get from the boundary of B.(y) to
B.2(y) is at least ¢/2M. Moreover, since S;(t) > 7/2, we have that

tes2

/
Sj(ts/Q) = Sj(ta) +/ Sj(t) dt
ts
> S;(t.) +er/AM > eF /AM.

Obviously, for t > t. /5, and as long as S(t) € B:(y), we also have S;(t) > S;(t./2) >
eF/4M . This shows indeed that y ¢ w(S(0)), contradicting our hypothesis. Hence,
must be a siphon. O

7. Proof of Theorem 3. Suppose A C R is a conditionally persistent set of re-
actions, and pick a bounded solution S(-) with S(0) > 0 such that lim inf;_, . R;(S(t),t)
> 0 for each i € A. We need to show that A is consistent.

Pick an arbitrary ¢ > ty. Clearly,

t t
(7) S(t,to,So) —So = [ S(t)dt = T | R(S(t),t)dt.
to tO
Since S(t, to, So) is bounded, so are R(S(t),t) and its average
1 t
7 R(S(t),t)dt.
to

Hence, there exists a sequence t,, — +00 such that

L RS0 de

tn to

also admits a limit R = 0 as n — +oo0. Now, taking limits along this subsequence in
both sides of (7), after dividing by ¢ we have that

®) 0 = lim - (S(tu,to, o) — So) = TR

n—+oo t,
Moreover, for all 1 € A, we have that

ltlin—i}gf Ri(S(t),t) = r; > 0,
and hence there exists T' > 0 so that for all ¢t > T, R;(S(¢),t) > r;/2. Letting r be
the minimum of the r;’s, we conclude that
~ 1 [t
n Jtgo
1 roor
>lim —(t, —to)= == > 0.
> lim P ( 0) 5 =3 >

So, R is a T-semiflow v whose support contains A. O
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TABLE 1
The various species in the hypozia network (9).

S1 HIF«a

S2 HIFa:ARNT
S3 HIFa:ARNT:HRE
S4 HRE

S5 HIFo: ARNT:PHD
S6 PHD

ST ARNT

S8 HIFa:PHD

S9 | HIFa OH:ARNT:HRE
S10 HIFa OH:ARNT

S11 HIFa OH
S12 VHL
S13 HIFa OH:VHL

8. An example: Hypoxia network. As discussed in the introduction, we an-
alyze a model of the hypoxia control network. Starting from the model given in [16]
for the core subsystem of the hyporia control network in C. elegans, Drosophila, and
humans, with 23 species and 32 reactions, the authors of [20] picked a subsystem con-
sisting of 13 species and 19 reactions which constitute the key components explaining
experimentally observed behaviors. We analyze this simplified model.

One of the species, S, which represents the transcription factor HIFq, is subject
to production and degradation (or, in formal terms, “inflows” and “outflows”).

The reactions are as follows:

0 — St — 0,
S1+5 & Sa,
So + .5, > Ss,

(9) Sl + Sg < Sg — Sg + Slla

54 + Sl() < Sg,

S1o <~ S+ 57,
So + Se o S5 —  Sg + Sio,
Si1+S12 S13 — S12,

where the meaning of the various biochemical species is in Table 1.

External oxygen affects the dynamics of the system by scaling the rate constants
for the reactions Sg — Sg + S11 and S5 — Sg + S19. Mathematically, this means
that k;(t) is proportional to the oxygen concentration (and hence is potentially time-
dependent) for each of these two reactions.

According to [16], when the oxygen level falls below a critical value, a sharp rise
in HIF« is observed, while this protein is undetectable if the oxygen level is above
the critical value. The modeling effort in [16] and the analysis of the model in [20]
were aimed at understanding this switch-like behavior. For simplicity, the oxygen
level was kept constant, and the model was investigated over a range of values of this
constant. Here we will investigate the persistence properties of this network under the
assumption that oxygen levels are time-varying. Our results implicitly assume that
the oxygen levels stay bounded away from zero (because of the assumption that all
kinetic coefficients have a lower bound k! ; > 0). It would be an interesting extension
to study the behavior of this network when this assumption fails.

The associated reaction network, represented as a Petri net, is shown in Figure 1.
This network admits four linearly independent P-semiflows, which are associated with
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Fic. 1. Hypozia network.

the conservation laws

Sio +S13 = consty,

(10) S3+ 54 +S9 = consts,
S5+ Sg+Ss = consts

Sy + 83+ 55+ S5S7+Sg+S1,0 = consty,

and it is clearly not conservative, due to the presence of outflows and inflows (equation
for S1). Not only are there no strictly positive conservation laws vI' = 0, but there are
not even “decreasing” semiflows satisfying vI' < 0 which could be used as Lyapunov
functions in order to establish boundedness of solutions. In addition, some kinetic
rates are allowed to be time-varying. Thus, the techniques from [4] cannot be applied
to study persistence.

We consider next the possible T-semiflows. There are several “trivial” ones, corre-
sponding to the reversible reactions: R34+ R4, Rs+ Rg, R7+ Rs, R1o+ R11, Ri2+ Ri3,
R14 + R15, and R17 + ng.

In addition to these, one can find three nontrivial independent T-semiflows:

Ri + Ro,
(11) Ry + R7 4+ Ry + Ri7 + Ry,
Ry + R34+ Ris + Rig + Ri2 + Ri7 + Ry .

Since every reaction appears in at least some T-semiflow, the sum of the semiflows
shown is also a semiflow which is strictly positive, and we can conclude that the
network is consistent.

Thus, the necessary condition for persistence in Theorem 3 is satisfied. This does
not quite prove conditional persistence, but it shows that the property is not ruled
out by the structure of the network.
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Next, we find a set of minimal siphons:

{S12, S13},

{83,854, 50},

{Ss, S, Ss},

{527 53, 557 57, 597 Slo}.

(12)

Notice that all of them coincide with the support of some P-semiflow; hence every
siphon is stoichiometrically constrained. We conclude that the network is bounded-
persistent by Theorem 2. In other words, we have proved that for every bounded
solution S(-) with S(0) > 0, (4) holds, i.e., liminf; ,, S;(t) > 0 for all j € X.

Of course, this statement is a conditional statement, and its usefulness relies upon
actually showing first that a solution of interest is indeed bounded. This is hard to
do without a more careful study of the equations. In our example, all species except
for S1; and S; belong to the support of a P-semiflow, and thus their boundedness
trivially follows by conservation of the associated linear functional v’.S along solutions
of the CRN. In addition, S; is also bounded. This follows because

(13) S; =Ry —k2S1 — R3 — Ry + Ry + Ry < —koS1 + Ry + Ry + Ry

and R, R4, and Rg are bounded (being continuous functions of variables already
known to be bounded). Boundedness of S1; is more challenging to prove, and indeed
simulations show that this variable has potential for diverging to infinity. However, for
appropriate ranges of kinetic constants k;, and for appropriate subsets of initial condi-
tions, as represented by the constants appearing in (12), one can prove boundedness;
an example is the following.

LEMMA 8.1. Suppose that kinetic constants and initial conditions satisfy

L = 2kjaconsty + 2kgconsts — (kg — kig)const; < 0.

Then, S(t) is bounded.
Proof. We introduce the function V(S) := 2511+ S13 evaluated along trajectories.
We have that

V =281 + Si3 = 2R12 + 2Ry + Ris — Ri7 — Rig — 2R13
< 2kiaconsty + 2kgconsts + (ki1s — k19)S13 — k17511512
= 2kjaconsty + 2kgconsts + (k1s — k19)S13 — k17511 (const; — S13)
= K — [ay + ba(c — y)],

with K = 2kioconsty + 2kgconsts, a = k19 — k1g, b = k17, ¢ = consty, z = Si1, and
y = S13, and we note that y < ¢ (because S12 +y = ¢). In general,

ay + bx(c —y) = ac-l—g(c—y) {(2x+y)— <y+%“>] > ac,

the inequality holding as long as V' = 2z +y > ¢+ 2a/b. In summary, V<L<0
whenever V' > ¢+ 2a/b, which means that V' is bounded, so also S11 is bounded. a

The above sufficient condition for boundedness, and hence persistence, will be
satisfied if the initial concentrations of either Si2 or Sis (VHL and HIFa OH:VHL,
respectively) are large enough, provided that the rate of reaction 19 is larger than that
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of reaction 18. VHL is the von Hippel-Lindau protein, a component of a ubiquitin-
dependent degradation pathway which degrades hydroxylated HIFa by binding to
it. An interpretation of our conditions is as follows. Via an intermediate pathway,
HIF« (S1) is first hydroxylated into HIFa-OH (S11), and this step is activated by
increasing oxygen levels (this may be one of the reasons why low oxygen levels lead to
the experimentally observed sharp rise in HIFa: hydroxylation of HIF« becomes less
efficient, allowing HIF« to build up). Then, hydroxylated HIF« is degraded, after
it first forms a complex (S13) with the protein VHL (S12). But this complex also
dissociates, yielding back hydroxylated HIF«, thereby preventing the degradation.
The conditions of Lemma 8.1 guaranteeing boundedness of S1; require that the rate
of complex degradation should be faster than the dissociation rate and that there
should be enough VHL, or enough complex Sis. In other words, these conditions
require that the final part of the pathway in the degradation of HIF«a be operating
efficiently.

The above lemma ensures that solutions are bounded (and hence persistent) for
appropriate initial conditions and parameters. More generally, however, one could ask
which individual variables have the potential for becoming unbounded. An algorithm
developed for this purpose is illustrated in [3]. It is based on a linear time-varying
embedding of individual species equations, and it carries out a consistency check in
order to verify which scenarios are compatible with the topology of the network,
assuming mass-action kinetics. A restriction of the algorithm is that it requires the
knowledge that each individual species either (1) converges to 0, (2) is bounded and
bounded away of 0, or (3) diverges to infinity. If these requirements are satisfied,
scenarios are described by labeling each species with a symbol in {0, 1,w} depending
on its asymptotic behavior. Necessary conditions are provided which allow one to
check whether a particular scenario is compatible with the network and the prescribed
assumptions. While such a classification of behaviors does not cover all the potential
asymptotic dynamics of general systems (for instance, a species might tend to zero
along a particular subsequence of times but diverge to infinity along some other), it
appears to be, in practical situations, a fairly mild restriction.

Based on the analysis presented in [3], and under the assumptions therein, only
two scenarios are possible for the hypoxia network. These are listed in the table below:

Scenario Sl 52 53 54 55 Sﬁ 57
I 1 1 1 1 1 1 1
II 1 0 0 1 0 1 0
Ss  So S0 Su Sz Si3
I 1 1 1 1 1 1
II 1 1 1 w 0 1

There seems to be no theoretical way to decide for which parameters scenario I
holds and for which parameters scenario II holds. Indeed, simulations showed that
scenarios I and IT are both possible for different values of the kinetic constants. In the
case that scenario I holds, we have persistence since solutions are bounded. Notice that
persistence is violated in scenario II since several species (namely Ss, S3, S5, 57, S12)
vanish asymptotically. This does not contradict our theoretical results, as species
S11 in this case gets accumulated and diverges to infinity, thus violating the bound-
edness assumption which is crucial to Theorem 2. Notice that the set of species
tending to zero along a particular sequence of times (the latter chosen in order for
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all species to admit a limit either finite or infinite) need not be a siphon in the case
of unbounded solutions; this is in contrast to the bounded case treated in Theo-
rem 4.

9. Cascade decompositions and siphons. One of the main results in [4]
states that a time-invariant, conservative CRN is persistent if each siphon contains
the support of a P-semiflow, regardless of the reaction kinetics underlying the chemical
reactions or the values of parameters such as rate constants. In the previous sections
we have extended this result to CRNs with time-varying reaction kinetics which may
have inflows and outflows. In this section, we return to the time-independent case, and
we explore the scenario of a CRN that has a siphon which does not contain the support
of a P-semiflow (using the terminology of [4], we say that this siphon is critical). We
will see that a simple sufficient condition based on a linearization argument can be
formulated that still guarantees persistence of the CRN. The linearization condition
is related to, though different from, other conditions imposed on CRNs in order to
obtain persistence, notably that given in section 7.2.1 in [6].

Let ¥ be a critical siphon. We partition the state S according to species which
do not belong to X, denoted by (, and species which belong to ¥, denoted by o. As
shown in [4], siphons have the forward invariance property stated below:

So € Ly = S(t,50) € Ly Vt>0.

If the system equations of the CRN are

(14 Rt

then the forward invariance property implies the following condition:
(15) fo(¢,0)=0 V(¢ 0.

Consequently, the dynamics on the closure of Ly, (which is a forward invariant orthant
of lower dimension, as proved in [4]) is completely determined by the equations:

(16) () = fc(C(2),0).

If w(Sp) N Ly, is nonempty for some Sy > 0, then it is also a forward invariant set,
and so is its closure, and the dynamics on the latter set are described by the evolution
of the ¢ components, as given by (16). Checking nonemptiness of such a set may in
general be a rather challenging task. However, in some cases it turns out that this
is indeed possible by analysis of a reduced variational equation. Since ¢ in (15) is
arbitrary, we have the following further fact:

(17) 9/5(¢,0) =0 V(0.

aC o=0

Therefore, the variational equation associated with solutions corresponding with any
initial condition S(0) = [((0)’,0]" takes the following block triangular structure:

(18) [5;@]: B0 FEw),0) {w)],

0 o= (¢(),0) | L o70)
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These observations suggest that persistence may be understood by examining the
stability properties of a reduced-order variational equation

Ofs

(19) So(t) = v

(€(t),0) do ()

whose dynamics may determine whether the part of the boundary where o = 0 is
repelling or attracting to interior solutions. We claim that (19) is a time-varying
positive system because the matrix

8fg

(20) 55 (& 0)

is Metzler for all ¢ > 0. This will follow from the forward invariance of the nonnegative
orthant for system (14). Indeed, a standard first-order Taylor expansion yields

fo(Co) = f2(¢,0)+ H=(¢,0)0 + o(|o])

=) (.00 + oflo)).

If [af“ (¢,0)];,; is negative for some integers ¢ # j and some ¢ and we let 0 = ce;
(e; is the jth element of the canonical basis of the Euclidean space of compatible
dimension), this yields, thanks to (21), f»(¢,ce;); < 0 for all sufficiently small € > 0.
This violates forward invariance of the positive orthant (since, clearly, [ee;]; = 0).

Assume that closed invariant sets of (16) are equilibria; let us denote them by (..
In view of what has been said so far, one is led naturally to considering the following
implications concerning persistence:

1. Y= (¢.,0) is Hurwitz = CRN is not persistent.

2. % (Ce, 0) has a positive dominant eigenvalue and is irreducible = (. ¢ w(So).
This suggests that persistence can sometimes be analyzed by simple linearization
techniques around boundary equilibria. Item 1 of the above claim is obvious, as the
existence of a boundary equilibrium point with a nontrivial stable manifold clearly
violates persistence of a CRN.

We proceed next to a formal statement and proof of item 2. The proof relies on
a few auxiliary results which are deferred to the appendix.

THEOREM 5. Consider a time-invariant CRN whose associated Petri net is con-
servative. Let ¥ be a minimal siphon, and let the state S(t) be partitioned accordingly:
[€(t),o(t)]. Let (. be an equilibrium of (16), globally asymptotically stable relative to
its stoichiometry class. Assume, moreover, that

8fg

(22) (C@, 0) is irreducible and App <8f0 (e, ))

Then, for any initial condition Sy = [Co,00] in the interior of the positive orthant and
denoting by w(Sy) the w-limit set of the corresponding solution S(t,Sy), there holds
that Se = [(e, 0] ¢ w(So).

Proof. The proof is by contradiction. Let Sy in the interior of the positive orthant
be such that S(t,,So) — Se along some increasing sequence t,, — +00 as n — +00.
Let ¢>> 0 be a left eigenvector of (Ce, 0):

0= APF( LA >> 6
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and define the following function:
V(S) :=[0,¢]S.

Then, V(S,) = 0 (since S, is of the form [x,0]'), and V(S) > 0 for all S € QNint(RZ,),
where Q is a neighborhood of S, chosen as in the proof of Lemma A.1, applied to
the vector function f,(¢,o). Furthermore, we assume without loss of generality that
@ is relatively open in RZ,. Returning to the solution starting at Sp, we claim the
following;: -

There is some p € w(Sp) N Ly, with p # Se.

By passing to a subsequence if necessary we assume that S(t,,Sp) € @ for all n.
There is some sufficiently large n* such that for all n > n* we can define

Tn i=sup{t|t < t, and S(t,S) ¢ Q},

which can be thought of as the most recent entry time (into @) before time ¢,,. Notice
that n* exists, so that the definition of the 7,,’s makes sense. Indeed, if n* did not
exist, then S(t, So) would belong to the open set @ Nint(R%,) for all ¢ > 0. In that
set, the function V is increasing along solutions as we have remarked earlier, and thus
limys 100 V(S(2,50)) > V(So) > 0, contradicting that liminf, . V(S(¢,50)) = 0
since S(tn,So) — Se and V(S.) = 0. A similar argument shows that 7,, — +o0 as
n — —+o00.

For all n > n* and ¢ € (7, t,), we have that S(¢,So) € @ Nint(R%,), and hence
V is increasing along this part of the solution. In particular, for all n > n*,

0 < V(5(7n,50)) < V(S(tn, o)),
where the quantity on the right-hand side tends to zero as n — 4o00. Consequently,
V(S(mn,S0)) — 0 as n — +o0.

By the definition of V, it follows that V(S(7,, So)) = cpn, where S(7,,So) = [*,pn]
for all n > n*. Since ¢ > 0, it follows that p, — 0 as n — 4o0.

By continuity of solutions, the sequence S(7,, Sp) belongs to Q¢, the complement
of @, which is a closed set. Since the sequence S(7,,Sp) is bounded, we can pass to
a subsequence if necessary and assume that S(7,,50) — p € Q° as n — +o00. By
the previous argument, p must belong to Ly, and p clearly belongs to w(Sp) as well.
Finally, since p € Q°, there holds that p # S., which establishes the claim.

On the other hand, let C := w(Sp)Ncl(Lyx). By definition, C' is a compact set. We
wish to show that C is invariant. First, any solution starting in C exists for all t € R
since it belongs to the compact invariant set w(Sp). Moreover, by (15) and denoting
by o(t) the o-component of any such solution at time ¢, it holds that o(t) = 0 for all
t € R, thus showing that such solutions remain in cl(Ly) for all ¢ € R. It follows that
C is indeed invariant. Hence, Corollary A.3, applied with C equal to the closure of
w(Sp) N Ly, and zg = S,, implies that C = {S.}, which contradicts the fact that p
belongs to C. d

10. Example: Apoptosis regulation pathway. We consider the model pro-
posed in [8] of a network responsible for the regulation of apoptosis (cell death) as
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Fic. 2. Apoptosis network.

shown in Figure 2. This comprises the reactions listed below:

Ct+C; — CL+Cf,
Cs+Cf — Cf+Ch,

Ci+IAP  Ci—IAP — 0,

Ci+IAP — Cs — 0,

(23) C{+ BAR <« C}{—BAR — |,

0 — IAP - 0,

0 — BAR - 0,

@ — Cg — (Z),

@ — C3 — (Z),

C3 — 0.

Due to the presence of many inflows as well as outflows (degradation of molecules),
the network does not exhibit conserved moieties; in the language of Petri nets, there
are no P-semiflows. Computation of T-semiflows yields, besides the obvious ones,
R3 + R4, Rg + Ro, Riz + Ri4, Ris5 + Rig, Ri1 + Ri2, Ri7 + Ris, entailed by the
presence of reversible reactions, the following vectors:

R¢ + Rz,
Ry + Ris5 + Ry,
R1 + R7 + Ri7,
R1 + R3 + Rs + Ri1 + Rar,
Ry + Rg + Rig + Ri3 + Ry

Notice that every reaction belongs to at least one T-semiflow; hence the network is
consistent and fulfills the necessary condition for persistence. Thus, it is interesting
to look for sufficient conditions for persistence. Analysis of input-output stability of
the network is made possible by the presence of outflows in every chemical species.
Indeed, by letting

V = [Cs] + [C§] + [C3] + [C3] + [IAP]

]
(24) + [BAR] + [Cf — BAR] + [C} — IAP)
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and taking its derivative with respect to time, we have that

V < (k17 + kis + k13 + k11) — k16[Cs] — k19[C]
(25) ~ ks|Ch] — ke [CL] — kio[TAP] — k1a[BAR]
— kg[cg — BAR] — k5[0§ - IAP] S Kin - outva

where the last inequality follows by letting

(26) Kin = (k}7 + k15 + k13 + k11),
Kour = min{kie, k1o, k1s, k7, k12, k14, ks, ks }-

Hence, limsup; , . V(t) < Kin/Kour < 400, which proves input-output stability
of the network (this is actually true even for time-varying inflows, in which case the
sup norm of Kj;,(t) is needed in constructing the estimate). To further analyze the
network it is useful to investigate the presence of siphons. Indeed, there exists one
minimal siphon: ¥ = {C3,C§,C% — IAP,C§ — BAR}. Due to the absence of P-
semiflows this is indeed a critical siphon. Let o = [C§, C§,C5 — IAP,C§ — BAR)' be
the concentration vector of species belonging to X, and let { = [TAP,Cs, C3, BAR]'.
Writing down explicit equations for ¢ yields

—kro1 — k3o1(1 + k1(302 + kyo3
—k1902 — kgoa(y + kgoy + ka0
—(k4 + k5)(73 + k3o1(1
—(kg + k10)oa + kso2(s

(27) &=

Taking the Jacobian of the vector field for o = 0 yields

—k7 — k3(q k1G3 k4 0
J= kaCo —k19 — kg4 0 ko
k3C1 0 —ky — ks 0

0 kg@; 0 —kg - klO

The species not included in 3, on the other hand, evolve according to the following
simple equations (once each variable in X is set to 0):

C:l = kn— leCl - ksfflCl - kﬁfflCl + k40'3,
(28) G = kis — kigo — k20202,

G = kit — kisCs — k1023,

G = kiz — k14Cs — kgooCs + kyoy,

which letting o = 0 yields the simple globally asymptotically stable embedded system

C:l = ki — koG,
G2 = kis — kieCa,
29 :
(29) G = kit —kisGs,
G = kiz—Fkials

whose equilibrium is located at [k11/k12, k15/k16, k17/k1s, k13/k14]. Hence, we have a
boundary equilibrium at [kll/klg, k15//€16, /€17//€18, /€13/k14, 0, 0, 0, 0]

Applying Lemma A.4 from the appendix leads to the following.

LEMMA 10.1. Let §; > 0 be arbitrary. Then J is Hurwitz if and only if its
determinant is positive.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



144 D. ANGELI, P. DE LEENHEER, AND E. D. SONTAG

Proof. Necessity is trivial. To prove sufficiency we calculate the four leading
principal minors:

My = —k7 — ks,
My = (k7 + k3C1) (k1o + ksCa) — k1k2(aGs,
Mz = —(ka + ks) (k7(k19 + ksCa) — k1k202C3)
— ksksCi (k1o + ksCa)
= —(ka + k5) Mz + kak3Ci (k1o + ksCa),
My = —(kg + kio) M3 — ko (k7(ka + ks) + kaks(1) ksCa.
It follows that

det(J) =My >0 = Ms<0 = My >0,

and M7 < 0 is immediately clear. Thus, by Lemma A.4 in the appendix, J is Hurwitz
whenever its determinant is positive. O

Consequently, if the determinant of J is positive, then the CRN is not persistent.
On the other hand, if the determinant of J is negative, then it follows from Theorem 5
that the CRN is persistent (notice that .J is irreducible).

11. Conclusions. New checkable criteria for persistence of CRNs have been
proposed, which apply even when kinetic rates are time-dependent. These “time-
dependent” rates may represent inflows and outflows, as well as the effect of external
inputs. Finally, the case when critical siphons are present is also studied. As an
illustration, a hypoxia network and an apoptosis network are analyzed.

Appendix. In this appendix we state and prove a few results used in the proof
of Theorem 5.
LEMMA A.1. Assume that g : R™ x R™ — R™ is a C' vector function in some
open set containing R;“gm.
Suppose that there is some ¢ > 0 such that the following hold:
1. g(x,0) =0 for all x > 0.
2. c0g/0y(z,0) > 0 at some T > 0.
Then cg(z,y) > 0 for all x in a neighborhood of T and all y > 0 in a neighborhood of
y=0.
Proof. For each (z,y), consider m(t) = g(x,ty) as a function of ¢ in [0, 1]. By the
fundamental theorem of calculus and using g(z,0) = 0,

oz, y) = g(z,0) + / (dm/dt)(t)dt = F(x,y)y,

where F(x,y) = fol((?g/ﬁy)(x,ty)dt.

Pick a convex neighborhood @ of (Z,0), where cdg/dy(x,y) > 0 for all (z,y) in
Q. By convexity, also ¢dg/dy(x,ty) > 0 for all ¢ in [0, 1] and all (x,y) in Q; therefore
cF(z,y) > 0forall (x,y) in @, and hence cg(z,y) > 0if (z,y) isin Q and y > 0. O
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The following two lemmas are standard “folk” facts in dynamical systems theory,
and we include proofs only in order to make the exposition self-contained.

LEMMA A.2. Suppose that C' is a compact, invariant set of a dynamical system
generated by a system & = F(x) defined on some set X in R™ and that xo is a point
such that the following hold:

1. For every compact, forward invariant subset D of C, xy belongs to D.
2. For every x in C different from xy, xog does not belong to o(x).
Then, C' = {zo}.

Proof. Suppose that there is some x in C' which is different from zy. Consider
D = a(z). Since C' is compact and invariant, D is nonempty, compact, and invariant.
Since D is, in particular, forward invariant, it follows from property 1 that x¢ € D.
A contradiction is obtained because property 2 asserts that zy does not belong to
D. d

COROLLARY A.3. Suppose that C' is a nonempty compact, invariant set of a
dynamical system generated by a system & = F(x) defined on some set X in R™ and
that o is globally asymptotically stable. Then, C' = {xz¢}.

Proof. Denote the flow on C generated by the system by ¢(t,z). We verify
properties 1 and 2 from Lemma A.2. Property 1 is clear because of attractivity of xg.
Property 2 follows from stability of z¢. Indeed, pick a neighborhood U of xy which
does not contain x and a neighborhood V' C U of x( such that trajectories starting
in V cannot exit U in positive time. If 2o belongs to a(x), then there is some ¢t > 0
such that ¢(—t,2) € V. Then z = ¢(¢t, ¢(—t,x)) € U, a contradiction. O

In the example of the regulation pathway for apoptosis, the following basic result
from [13] is used.

LEMMA A.4. A Metzler matriz is Hurwitz if and only if its leading principal
minors alternate in sign, with the first one being negative.

Acknowledgments. The authors would like to express their gratitude to the
anonymous reviewers for comments and suggestions that have significantly contributed
to enhancing the readability of the paper and to clarifying its technical contribution.

REFERENCES

[1] D. F. ANDERSON, Global asymptotic stability for a class of nonlinear chemical equations, STAM
J. Appl. Math., 68 (2008), pp. 1464-1476.

[2] D. F. ANDERSON AND A. SHIU, The dynamics of weakly reversible population processes near
facets, SIAM J. Appl. Math., 70 (2010), pp. 1840-1858.

[3] D. ANGELI, Boundedness analysis for open chemical reaction networks, Nat. Comput., to ap-
pear.

[4] D. ANGELI, P. DE LEENHEER, AND E. D. SONTAG, A Petri net approach to the study of per-
sistence in chemical reaction networks, Math. Biosci., 210 (2007), pp. 598-618.

[5] G. J. BUTLER AND P. WALTMAN, Persistence in dynamical systems, J. Differential Equations,

63 (1986), pp. 255-263.

[6] M. CHAVES, Observer Design for a Class of Nonlinear Systems, with Applications to Biochemi-
cal Networks, Ph.D. thesis, Mathematics Department, Rutgers University, Piscataway, NJ,
2003.

[7] G. CracCIUN, A. DICKENSTEIN, A. SHIU, AND B. STURMFELS, Toric dynamical systems, J.
Symbolic Comput., 44 (2009), pp. 1551-1565.

[8] T. EissiNG, H. CONZELMANN, E. D. GILLES, F. ALLGOWER, E. BULLINGER, AND P. SCHEURICH,
Bistability analyses of a caspase activation model for receptor-induced apoptosis, J. Biol.
Chem., 279 (2004), pp. 36892-36897.

[9] M. FEINBERG, Chemical reaction network structure and the stability of complex isothermal
reactors 1. The deficiency zero and deficiency one theorems, Chem. Eng. Sci., 42 (1987),
pp- 2229-2268.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



[20]

21]

D. ANGELI, P. DE LEENHEER, AND E. D. SONTAG

M. FEINBERG, The ezistence and uniqueness of steady states for a class of chemical reaction
networks, Arch. Rational Mech. Anal., 132 (1995), pp. 311-370.

M. FEINBERG AND F. J. M. HORN, Dynamics of open chemical systems and algebraic structure
of underlying reaction network, Chem. Eng. Sci., 29 (1974), pp. 775-787.

G. GNACADJA, Univalent positive polynomial maps and the equilibrium state of chemical net-

works of reversible binding reactions, Adv. in Appl. Math., 43 (2009), pp. 394-414.

. HOFBAUER AND K. SIGMUND, Ewolutionary Games and Replicator Dynamics, Cambridge
University Press, Cambridge, UK, 1998.

F. J. M. HORN, The dynamics of open reaction systems, in Mathematical Aspects of Chemical
and Biochemical Problems and Quantum Chemistry (Proc. SIAM-AMS Sympos. Appl.
Math., New York, 1974), STAM-AMS Proceedings, Vol. VIII, AMS, Providence, RI, 1974,
pp. 125-137.

F. J. M. HORN AND R. JACKSON, General mass action kinetics, Arch. Rational Mech. Anal.,
47 (1972), pp. 81-116.

K. W. KonN, J. Riss, O. APRELIKOVA, J. N. WEINSTEIN, Y. POMMIER, AND J. C. BARRETT,
Properties of switch-like bioregulatory networks studied by simulation of the hypoxia re-
sponse control system, Mol. Biol. Cell, 15 (2004), pp. 3042-3052.

A. SHIU AND B. STURMFELS, Siphons in Chemical Reaction Networks, http://math.berkeley.

edu/~annejls/SiphonsInCRNs.pdf.

. D. SONTAG, Structure and stability of certain chemical networks and applications to the
kinetic proofreading model of T-cell receptor signal transduction, IEEE Trans. Automat.
Control, 46 (2001), pp. 1028-1047.

E. D. SonTAG, Correction to: “Structure and stability of certain chemical networks and ap-
plications to the kinetic proofreading model of T-cell receptor signal transduction,” IEEE
Trans. Automat. Control, 47 (2002), p. 705.

Y. Yu, G. WANG, R. SiMHA, W. PENG, F. TURANO, AND C. ZENG, Pathway switching explains
the sharp response characteristic of hypoxia response metwork, PLoS Comput. Biol., 3
(2007), pp. 1657-1668.

I. ZEVEDEI-OANCEA AND S. SCHUSTER, Topological analysis of metabolic networks based on
Petri net theory, In Silico Biol., 3 (2003), pp. 323-345.

[

=

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


