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Abstract

This paper studies the effect of perturbations on the gradient flow of a general constrained
nonlinear programming problem, where the perturbation may arise from inaccurate gradient es-
timation in the setting of data-driven optimization. Under suitable conditions on the objective
function, the perturbed gradient flow is shown to be small-disturbance input-to-state stable (ISS),
which implies that, in the presence of a small-enough perturbation, the trajectory of the per-
turbed gradient flow must eventually enter a small neighborhood of the optimum. This work
was motivated by the question of robustness of direct methods for the linear quadratic regulator
problem, and specifically the analysis of the effect of perturbations caused by gradient estimation
or round-off errors in policy optimization. Interestingly, we show small-disturbance ISS for three
of the most common optimization algorithms: standard gradient flow, natural gradient flow, and
Newton gradient flow.

1 Introduction

Gradient-based optimization of loss functions constitutes a key tool in contemporary machine learning.
Thus, the theoretical analysis of convergence to the minima of loss functions, in gradient-like iterations
and/or in their continuous analogue, gradient-like flows (viewed as the limit of discrete-time gradient
descent algorithms with infinitesimally small step size) have attracted considerable attention from
both academic and industrial researchers. Besides convergence under ideal no-noise situations, a
useful optimization algorithm should be capable of finding a near-optimal solution while degrading
elegantly in the face of perturbations that might arise from noisy measurements of experimental data,
arithmetic rounding errors due to numerical computation, numerically approximating the gradient
from data through two-point estimates, discretization error when solving ODE’s, or even early stopping
when estimating gradients in a hierarchical learning setup [CMLC18, SD22, BPD22, MZSJ22, Son22].
Especially in the setting of data-driven optimization, the analytical form of the gradient is typically
unknown, and consequently the gradient has to be numerically approximated through sampling and
experiments, which unavoidably introduces perturbations to the gradient iteration or flow. In computer
science foundations of optimization theory, similarly, noisy or error-prone operations such as inexact
or stochastic gradient computations have led to the introduction of the concept of “reproducibility in
optimization” which is concerned conceptually with the same issues [AJJ+22]. One could also view
adversarial attacks on neural network training as affecting gradient computations in “backpropagation”
algorithms, and the effect of disturbances in that context has been the subject of recent work [dSS23]. In
summary, both the convergence and robustness properties of gradient descent should be theoretically
analyzed in the presence of perturbations. Mathematically, gradient flows are more amenable to
mathematical analysis than discrete iterations, so they are the main object of study in this paper.

In order to formulate precisely the effect of perturbations on gradient flows, we employ as in [Son22]
the formalism of input-to-state stability (ISS) introduced originally in [Son89] (see for example [Son08]
for an exposition).
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The key to proving ISS for perturbed gradient flows is to verify a Polyak- Lojasiewicz (PL) type of
condition [Pol63,  Loj63] on the loss function to be optimized, meaning that the gradient of the loss
function should not be “too small” compared to the loss. Roughly (precise definitions to be given)
if we wish to minimize a continuously differentiable (but not necessarily convex) function J (z) on a
domain Z and if a global minimizer z∗ exists, then we would like that, for some continuous function
κ : R≥0 → R≥0 which satisfies that κ(0) = 0 and κ(r) > 0 for all r > 0 (a “positive definite”
function), there should hold an estimate of the form ‖∇J (z)‖ ≥ κ(J (z) − J (z∗)) valid for all z in
Z. The classical PL condition is often stated in a slightly different “semi-global” form, by requiring
the existence, for each r, of a constant cr such that ‖∇J (z)‖ ≥ cr(J (z) − J (z∗)) for every z in the
sublevel set {z | J (z) ≤ r}. For a coercive function J , this is equivalent to the above estimate using
positive definite functions.

Sometimes, the PL condition is stated globally, that is, with a constant c which is independent
of r (in other words, κ can be picked as a linear function), but such a global condition is too strong
for many applications, including the one to be pursued here. On the other hand, one could think
of stronger forms of the PL condition, weaker than the existence of a linear function but stronger
than merely requiring κ to be positive definite. One particularly useful strengthening is to ask that
κ be a function of class K, that is, that it be a strictly increasing function. For example, one could
take κ(r) = ar

b+r : note that this function saturates, in the sense that it approaches a finite limit as
r → +∞. This is stronger than asking that κ be only positive definite, as illustrated by κ(r) = a

b+r
which is positive definite but is not of class K. An even further strengthening would be to ask that
κ be of class K∞, meaning that κ does not saturate, κ(r) → ∞ as r → ∞, as for example when κ is
linear. Estimates with κ of class K∞ lead to ISS estimates for perturbed gradient flows, as discussed
in [Son22], and a similar proof to that in [Son22] can be used to show that estimates with κ(r) only
positive definite lead to the weaker property of “integral ISS (iISS)” [Son98, ASW00] for perturbed
gradient flows. We may call the intermediate type of PL estimate, in which κ is required to be of class K
(a stronger property than positive definiteness, but not as strong as class K∞) a CJS-PL (“comparison
just saturated”) estimate. It turns out that CJS-PL estimates are exactly what is required in order
to establish “small-disturbance” ISS as studied in [PJ21, PBJ22]. To be precise, we will show that
when the objective function is coercive (the value of the objective function blows up when the decision
variable approaches the boundary of Z) and the CJS-PL condition holds, the perturbed gradient flow
is small-disturbance ISS. This implies that the trajectory of the perturbed gradient flow will eventually
enter a small neighborhood of the optimal solution, as long as the perturbation is sufficiently small.
In addition, the size of the neighborhood is (in a nonlinear manner) proportional to the magnitude
of the perturbation. In the application that motivated this work, the linear regulator problem (see
below), CJS-PL is the correct notion to use, and we believe that this notion might be of more general
applicability in optimization problems as well.

We should remark that generalizations of the PL condition, and relations to ISS types of properties,
can be found in other recent work. This includes [PK21], which studies the gradient minimization of
a function Jq on Euclidean space, where the parameter q represents time-varying uncertainty. In that
paper, an ISS property is established with respect to the rate of change of the parameter q, essentially
showing differential ISS (DISS) [ASW03]). Extremum-seeking controllers based on gradient flows and
an ISS property with respect to disturbances, specifically for an integrator and a kinematic unicycle,
are designed and analyzed in [SD22]; in that paper the domain is a closed submanifold of an Euclidean
space. In [CMLC18] one finds results on gradient flows that are ISS with respect to additive errors,
but assuming a “convex-concave” property for the loss function, and in [BPD22] the authors solve an
output regulation problem for switched linear systems, and show an ISS property for gradient flows
with respect to unknown disturbances acting on the plant.

We now turn to the main motivation for this work. Reinforcement learning (RL) is an active
research field in which gradient-based optimization plays a pivotal role [SB18, Chapter 13]. In the set-
ting of RL, an agent interacts continuously with an unknown environment, and iteratively optimizes
a performance index by collecting data from the environment. By adopting gradient-based optimiza-
tion methods, various policy optimization (PO) algorithms have been developed, such as actor-critic
methods [KT99], deep deterministic policy gradient [LHP+15], and trust region policy optimization
[SLA+15]. The critical strategy of the policy optimization methods is to parameterize the policy by
universal approximations and update the parameters of the policy along the gradient descent direction
of the performance index.
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Starting in the early 1960s with the work of Kalman, the linear quadratic regulator (LQR) problem
was shown to be theoretically tractable, and has become a widely utilized tool for optimal control and
feedback design in engineering applications. In the classical approach, the (infinite-horizon) LQR
problem relies upon the solution of a Riccati equation. In 1970, Athans and Levine [LA70] introduced
the idea of a direct gradient descent computation of optimal feedback gains, a procedure which can be
interpreted as a form of RL. Thus, the LQR problem offers an ideal benchmark for better understanding
policy optimization methods in the RL field, as one can compare solutions to the known optimal
solution, and analysis of gradient methods can take advantage of theory developed for LQR. For
policy optimization in the LQR problem, the objective function is a cumulative quadratic function
of the state and control inputs, the control policy is parameterized as a linear function (feedback)
of the state, and the admissible set, consisting of all the stabilizing control gains, is an open subset
of an Euclidean space. As investigated for example in [BMM20, MZSJ22, HZL+23], the gradient of
the objective function can be computed by using a Lyapunov equation that depends on the system
matrices. Nevertheless, if precise system knowledge is unavailable, as in the setting of model-free RL,
the gradient has to be numerically approximated through sampling and experiments. For example, by
utilizing the approximate dynamic programming technique [BT96, Pow07], the Lyapunov equation was
solved by data-driven methods in [JJ17, LL13, JBG20]. In [MZSJ22, FGKM18, LTZL22], the gradient
is directly calculated by the finite differences method [NW06, Section 7.1], based on the change in
function values in response to small perturbations near a given point. For these data-driven methods,
a gradient estimation error is inevitable due to noisy data and insufficient samples. Therefore, the
robustness analysis of the policy optimization algorithm in the presence of perturbations is critical for
efficient learning, and lays the foundations for better understanding RL algorithms.

Our main result will be that, for the LQR problem, the loss function is coercive and satisfies
the CJS-PL property, and therefore, by the results in the first part of the paper, we conclude that
the perturbed standard gradient flow is small-disturbance ISS. We also show that two variants of
gradient flows, natural gradient flows and Newton gradient flows, are small-disturbance ISS. The new
contribution is to establish the CJS-PL property for the LQR problem. This considerably extends
previous work [MZSJ22, BMM20] that only showed a semiglobal estimate (and thus would imply
merely iISS). In [Son22], it was mistakenly stated that the magnitude of the gradient is lower bounded
by a K∞-function, which is a stronger property. This is incorrect. Indeed, take a one-dimensional
linear system with scalar inputs and assume that all constants in the system and cost function are

equal to one. Then the loss function is J (z) = z2+1
2(z−1) , so that its gradient is J ′(z) = z2−2z−1

2(z−1)2 . The

domain of J is the open set (1,∞). We claim that there is no function κ of class K∞ such that
|J ′(z)| ≥ κ(J (z) − J (z∗)), where z∗ is the global minimizer of J . Indeed, as z → ∞ we would have
that J (z) → ∞, so, as κ is of class K∞, also κ(J (z) − J (z∗)) → ∞. However, the left-hand side
|J ′(z)| is bounded, and in fact converges to 1/2, showing a contradiction.

To summarize, the contributions of the paper are as follows. First, we provide a Lyapunov-like
necessary and sufficient condition for small-disturbance ISS. Second, under assumptions of coercivity
and the CJS-PL property, we use the Lyapunov characterization to show that the perturbed gradient
flow for a general constrained nonlinear programming problem is small-disturbance ISS. Finally, we
show the CJS-PL property for the LQR loss function, which in turn then implies that the standard
gradient flow, natural gradient flow, and Newton gradient flow, are all small-disturbance ISS. The
remaining contents of the paper are organized as follows. In Section 2, the concept of small-disturbance
ISS is reviewed, followed by a necessary and sufficient condition. Section 3 introduces the perturbed
gradient flow for a general constrained nonlinear programming problem over an open admissible set,
and it is shown that the perturbed gradient flow is small-disturbance ISS under appropriate conditions
on the loss function. In Section 4, we study the CSJ-PL property for the LQR problem, and three
different kinds of the perturbed gradient flows for LQR are shown to be small-disturbance ISS.

Notations: In this paper, R (R+) denotes the set of (nonnegative) real numbers. P
n denotes the

set of n-dimensional real symmetric and positive semi-definite matrices. λmin (·) and λmax (·) denote
the minimal and maximal eigenvalues of a real symmetric matrix, respectively. Tr (·) denotes the trace
of a square matrix. ‖·‖ denotes the spectral norm of a matrix or Euclidean norm of a vector, and
‖·‖F denotes the Frobenius norm of a matrix. For a continuous-time signal w(·) : R+ → R

n, ‖w‖∞
denotes its essential supremum norm, i.e. ‖w‖∞ = ess sups∈R+

‖w(s)‖. For a matrix-valued signal

K(·) : R+ → R
m×n, ‖K‖∞ = ess sups∈R+

‖K(s)‖F . wt(·) denotes the truncation of w(·) at t, that is,

wt(s) = w(s) if s ≤ t, and wt(s) = 0 if s > t. For any K1,K2 ∈ R
m×n and Y ∈ P

n, define the inner
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product as 〈K1,K2〉Y = Tr
(
KT

1 K2Y
)
.

2 Small-Disturbance Input-to-State Stability

Let S denote an open subset of R
n, which will be called the admissible set of states. Consider the

following nonlinear system

χ̇(t) = f(χ(t), w(t)), (1)

where f : S×R
m → S is continuously differentiable, and inputs w(·) : R+ → R

m are locally measurable
essentially bounded functions. We assume given an equilibrium χ∗ of the unforced system, that is
f(χ∗, 0) = 0.

Definition 2.1. [Hah67] A function α(·) : R+ → R+ is a K-function if it is continuous, strictly
increasing, and vanishes at zero. For any d > 0, a function α(·) : [0, d) → R+ is a K[0,d)-function if it
is continuous, strictly increasing, and vanishes at zero. A function α(·) : R+ → R+ is a K∞-function
if it is a K-function and also satisfies α(r) → ∞ as r → ∞. A function β(·, ·) : R+ × R+ → R+ is a
KL-function if for any fixed t ≥ 0, β(·, t) is a K-function, and for any fixed r ≥ 0, β(r, ·) is decreasing
and β(r, t) → 0 as t → ∞.

Definition 2.2. [Son22] A function V : S → R is a size function if V(·) is

1. continuous;

2. positive definite with respect to χ∗, i.e. V(χ∗) = 0 and V(χ) > 0 for all χ 6= χ∗, χ ∈ S;

3. coercive, i.e. for any sequence {χk}∞k=0, χk → ∂S or ‖χk‖ → ∞, it holds that V(χk) → ∞.

Definition 2.3. [PJ21, PBJ22] System (1) is small-disturbance input-to-state stable (ISS) if there
exist a size function V(·), a constant d > 0, a KL-function β(·, ·), and a K[0,d)-function γ(·), such that
for all inputs w locally bounded by d (i.e. ‖wt‖∞ < d, ∀t ≥ 0), and all initial states χ(0) ∈ S, χ(t)
remains in S and satisfies

V(χ(t)) ≤ β(V(χ(0)), t) + γ(‖w‖∞), ∀t ≥ 0. (2)

The notation wt means the restriction of w to the interval [0, t]. By causality of the dynamical
system, the same definition would result if ‖w‖∞ is replaced by ‖wt‖∞ in (2).

Definition 2.4. A continuously differentiable function V : S → R is a small-disturbance ISS-Lyapunov
function for system (1) if

1. V is a size function;

2. there exist K-functions α1(·) and α2(·) such that if ‖µ‖ ≤ α1(V(χ)),

V̇(χ, µ) = 〈∇V(χ), f(χ, µ)〉 ≤ −α2(V(χ)). (3)

Theorem 2.1. System (1) is small-disturbance ISS if and only if it admits a small-disturbance ISS-
Lyapunov function.

Proof. Sufficiency: This is an adaptation of the proof of the analogous result for the ISS prop-
erty [Son89]. Let d = supr∈R+

α1(r). For any inputs w with ‖w‖∞ < d, define the sublevel set

Sc = {χ ∈ S|V(χ) ≤ c}, where c = α−1
1 (‖w‖∞). Borrowing techniques similar to those in the proof of

[Son89, Theorem 1], we can show that Sc is forward invariant, i.e. if χ(t0) ∈ Sc for some t0 ≥ 0, then
χ(t) ∈ Sc for all t ≥ t0. Now, let t1 = inf{t ∈ R+|χ(t) ∈ Sc} ≤ ∞. Therefore, for any t ≥ t1, we have

V(χ(t)) ≤ α−1
1 (‖w‖∞). (4)

For t < t1, α1(V(χ(t))) ≥ ‖w‖∞, which implies that

dV(χ(t))

dt
≤ −α2(V(χ(t))), ∀t < t1. (5)
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By the comparison lemma [Kha02, Lemmas 3.4 and 4.4], there exists a KL-function β(·, ·) such that

V(χ(t)) ≤ β(V(χ(0)), t), ∀t < t1. (6)

Combining (4) and (6), the small-disturbance ISS property (2) follows readily with γ(·) = α−1
1 (·).

Necessity: We first prove the case when S = R
n. Reparameterize the input as

w =
d

1 + ‖v‖v =: h(v). (7)

It is shown in Lemma A.4 that h(·) is a homeomorphism from R
m to W := {w ∈ R

m|‖w‖ < d}. With
the input change, we have

χ̇(t) = f (χ(t), h(v(t))) =: f1 (χ(t), v(t)) . (8)

Since γ(·) is a K[0,d)-function and γ1(·) is a K-function with the range [0, d), γ2(·) = γ(γ1(·)) is a
K-function. According to (2), it holds

V(χ(t)) ≤ β(V(χ(0)), t) + γ2(‖v‖∞). (9)

Since V(·) is a size function over R
n, according to Lemma A.2, there exist K∞-functions ρ1(·) and

ρ2(·), such that

ρ1 (‖χ− χ∗‖) ≤ V(χ) ≤ ρ2 (‖χ− χ∗‖) , ∀χ ∈ R
n. (10)

Plugging (10) into (9) yields

‖χ(t) − χ∗‖ ≤ ρ−1
1 [β (ρ2(‖χ(0) − χ∗‖), t) + γ2(‖v‖∞)] . (11)

By the weak triangular inequality in [JTP94, Equation (6)], there exist a KL-function β1(·, ·) and a
K-function γ3(·), such that

‖χ(t) − χ∗‖ ≤ β1 (‖χ(0) − χ∗‖), t) + γ3(‖v‖∞). (12)

Hence, system (8) is ISS with respect to v. According to [SW95, Theorem 1], there exists an ISS-
Lyapunov function V1(·), such that

ρ3(‖χ− χ∗‖) ≤ V1(χ) ≤ ρ4(‖χ− χ∗‖), ∀χ ∈ R
n, (13)

and

〈∇V1(χ), f1(χ, v)〉 ≤ −ρ6(‖χ− χ∗‖), (14)

for any χ ∈ R
n and any v ∈ R

m satisfying ‖v‖ ≤ ρ5(‖χ−χ∗‖), where ρi(·) (i=3,4,5) are K∞-functions,
and ρ6(·) is a K-function. This, in turn, implies that if ‖w‖ ≤ γ1 ◦ρ5 ◦ρ−1

4 (V1(χ)), equation (14) holds.
Since γ1 ◦ ρ5 ◦ ρ−1

4 (·) is a K-function with the range [0, d), we obtain that V1(·) is a small-disturbance
ISS-Lyapunov function.

Next, we prove the general case when S is an open subset of R
n. For the unforced system χ̇ =

f(χ, 0), χ∗ is an asymptotically stable point and the domain of stability is S. By [Wil67, Theorem
2.2], S is diffeomorphic to R

n. Therefore, the necessity holds.

3 Robustness Analysis of Perturbed Gradient Flows

Consider the following constrained nonlinear programming problem

min
z∈Z

J (z) (15)

where Z is an open subset of Rn, which is called an admissible set of variables; J (·) : Z → R is an
objective function with a global minimizer z∗.

5



Definition 3.1. A function J (·) : Z → R is a proper objective function if it is

1. continuously differentiable and its gradient ∇J (·) is locally Lipschitz continuous;

2. J (z) − J (z∗) is a size function;

3. there exists a K-function α3(·), such that ‖∇J (z)‖ ≥ α3(J (z) − J (z∗)) (CJS-PL estimate).

Remark 3.1. As discussed in the introduction, the gradient dominance condition given by the CJS-PL
estimate is weaker than its counterpart in [Son22, Definition 4.1], where α3(·) is required to be a K∞-
function. Note also that this condition implies that over any compact set {z ∈ Z|(J (z) −J (z∗) ≤ r},
there exists a constant αr > 0, such that ‖∇J (z)‖ ≥ αr(J (z) − J (z∗)). That is, the regular “PL
inequality” holds over any compact sets.

The perturbed gradient flow for (15) is

ż(t) = −η∇J (z(t)) + ∆z(t), (16)

where η > 0 is a constant step size, and ∆z(·) denotes the perturbation to the gradient flow. The
perturbation ∆z(t) may arise from inaccurate gradient estimation for data-driven optimization or
arithmetic rounding errors of numerical computation.

Theorem 3.1. If J (·) is a proper objective function, then, system (16) is small-disturbance ISS.

Proof. We will prove that V2(z) = J (z)−J (z∗) is a small-disturbance ISS-Lyapunov function. Firstly,
notice that V2(·) is a size function with respect to z∗. Then, differentiating V2(z) along the trajectories
of system (16) yields

V̇2(z,∆z) = −η〈∇J (z),∇J (z)〉 + 〈∇J (z),∆z〉
≤ −η‖∇J (z)‖2 + ‖∇J (z)‖‖∆z‖

≤ −η

2
‖∇J (z)‖2 +

1

2η
‖∆z‖2

≤ −η

2
α2
3(V2(z)) +

1

2η
‖∆z‖2,

(17)

where the second line follows from the Cauchy-Schwarz inequality, the third line is from Young’s
inequality, and the fourth line is a direct consequence of the CJS-PL property. Hence, if ‖∆z‖ ≤
η√
2
α3(V2(z)), it follows from (17) that

V̇2(z,∆z) ≤ −η

4
α2
3(V2(z)). (18)

Since α3(·) is a K-function, η√
2
α3(·) is also a K-function. Therefore, by Definition 2.4, V2(z) =

J (z) − J (z∗) is a small-disturbance ISS-Lyapunov function. According to Theorem 2.1, we conclude
that system (16) is small-disturbance ISS.

4 Application to LQR Problem

4.1 Preliminaries

Consider the following linear time-invariant system

ẋ = Ax + Bu, x(0) = x0, (19)

where x ∈ R
n is the state; x0 is the initial state; u ∈ R

m is the control input; A and B are constant
matrices with compatible dimensions. The continuous-time LQR aims at finding a state-feedback
controller by solving the following optimal control problem

min
u

J1(x0, u) =

∫ ∞

0

xT (t)Qx(t) + uT (t)Ru(t)dt, (20)

6



with Q = QT � 0, and R = RT ≻ 0. Under the assumption that (A,B) is stabilizable and (A,
√
Q) is

observable, as shown in [Son13, Section 8.4], the optimal controller is

u∗(x(t)) = −K∗x(t), K∗ = R−1BTP ∗, (21)

and P ∗ = (P ∗)T ≻ 0 is the unique solution of the following algebraic Riccati equation (ARE)

ATP ∗ + P ∗A + Q− P ∗BR−1BTP ∗ = 0. (22)

Let G = {K ∈ R
m×n|A−BK is Hurwitz} denote the admissible set of all stabilizing control gains.

For any stabilizing controller u(t) = −Kx(t), where K ∈ G, and any nonzero initial state x0 ∈ R
n, the

corresponding cost is

J1(x0,K) =

∫ ∞

0

xT
0 e

(A−BK)T t(Q + KTRK)e(A−BK)tx0dt = xT
0 PKx0, (23)

where PK = PT
K ≻ 0 is the solution of the following Lyapunov equation

(A−BK)TPK + PK(A−BK) + Q + KTRK = 0. (24)

Since K∗ is the optimal control gain and P ∗ = PK∗ is the minimal cost matrix, by [Son13, page 382],
it holds

J1(x0,K) = xT
0 PKx0 ≥ xT

0 P
∗x0 = J1(x0,K

∗), ∀x0 ∈ R
n. (25)

This implies that PK � P ∗.
Given an arbitrary nonzero initial state x0, the LQR problem can be interpreted as optimizing the

control gain over the admissible set G, i.e.

min
K∈G

J1(x0,K). (26)

Since the objective function J1 depends on the initial condition, we are motivated to develop an initial
condition-independent formulation for the LQR. For any initial state, an upper bound for J1(x0,K)
is

J1(x0,K) ≤ ‖x0‖2Tr (PK) = ‖x0‖2J2(K), (27)

where

J2(K) = Tr (PK) , (28)

which is independent of x0. Notice that, for any nonzero x0, J1(x0,K) and J2(K) have the same
minimum at K∗. Thus, (26) is equivalent to the following policy optimization problem [BV04, Section
4.1.3]

min
K∈G

J2(K). (29)

Before calculating ∇J2(K), which is defined from the first-order term in Taylor expansion, let us
define the matrix YK ∈ P

n as the solution of

(A−BK)YK + YK(A−BK)T + In = 0. (30)

It is noticed that according to [ZDG96, Lemma 3.18], YK ≻ 0 for any K ∈ G. In addition, Y ∗ is
defined as the solution of (30) with K replaced by K∗. Since A−BK is Hurwitz, by [Che99], YK can
be expressed as

YK =

∫ ∞

0

e(A−BK)te(A−BK)T tdt. (31)

7



Lemma 4.1. For any K ∈ G, when it is perturbed by E with K + E ∈ G, the second-order approxi-
mation of J2(K + E) is

J2(K + E) = J2(K) + 2Tr
(
ET (RK −BTPK)YK

)
+ Tr

(
ETREYK

)

+ 2Tr
(
ET (RK −BTPK)∆YK

)
+ O(‖E‖3F ),

(32)

where ∆YK is defined in (36), and O(‖E‖3F ) is the remainder of the approximation.

Proof. Firstly, we calculate YK+E when K is perturbed to K + E. Using (30), we have

(A−BK −BE)YK+E + YK+E(A− BK −BE)T + In = 0. (33)

Subtracting (30) from (33), we have

(A−BK −BE)(YK+E − YK) + (YK+E − YK)(A−BK −BE)T −BEYK − YKETBT = 0. (34)

Hence, the first-order approximation of (YK+E − YK), denoted as ∆YK , satisfies

(A−BK)∆YK + ∆YK(A−BK)T −BEYK − YKETBT = 0, (35)

which, in turn, implies

∆YK = −
∫ ∞

0

e(A−BK)t(BEYK + YKETBT )e(A−BK)T t. (36)

Then, we will calculate PK+E for the perturbed control gain K + E. By (24), we have

(A−BK −BE)TPK+E + PK+E(A−BK −BE) + Q + (K + E)TR(K + E) = 0. (37)

Subtracting (24) from (37) yields

(A−BK −BE)T (PK+E − PK) + (PK+E − PK)(A−BK −BE)

+ ET (RK −BTPK) + (RK −BTPK)TE + ETRE = 0,
(38)

which is equivalent to

PK+E − PK =

∫ ∞

0

e(A−BK−BE)T t[ET (RK −BTPK) + (RK −BTPK)TE + ETRE]e(A−BK−BE)tdt.

(39)

Taking the trace of (39), considering J2(K +E)−J2(K) = Tr (PK+E − PK), and using the cyclic
property of the trace [PP08, Equation (16)], we can obtain

J2(K + E) − J2(K)

= Tr

(
[ET (RK −BTPK) + (RK −BTPK)TE + ETRE]

∫ ∞

0

e(A−BK−BE)te(A−BK−BE)T tdt

)

= 2Tr
(
ET (RK −BTPK)YK+E

)
+ Tr

(
ETREYK+E

)
.

(40)

Since the first-order approximation of YK+E is YK +∆YK , plugging it into (40), we can obtain (32).

In (32), the first-order term is 2Tr
(
ET (RK −BTPK)YK

)
= 〈E, 2(RK−BTPK)YK〉, which should

be equal to 〈E,∇J2(K)〉 by Taylor expansion. Hence, the gradient of the objective function J2(K) is

∇J2(K) = 2(RK −BTPK)YK , (41)

We claim that J2(K) is a proper objective function (Definition 3.1). To this end, we will first prove
several intermediate lemmas providing bounds on YK and PK . The following lemma gives a lower
bound of λmin (YK).

Lemma 4.2. For any K ∈ G, we have

λmin (YK) ≥ 1

2‖A−BK∗‖F + 2‖B‖‖K −K∗‖F
. (42)
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Proof. Let q ∈ R
n denote a unit eigenvector of YK associated with the eigenvalue λmin (YK). Pre and

post multiplying (30) by qT and q, respectively, we have

λmin (YK) qT [(A−BK) + (A−BK)T ]q = −1. (43)

Since YK ≻ 0, it follows from (43) that qT [(A−BK) + (A−BK)T ]q < 0. Consequently, we have

λmin

(
(A−BK) + (A−BK)T

)
= min

‖ν‖=1
νT [(A−BK) + (A−BK)T ]ν

≤ qT [(A−BK) + (A−BK)T ]q < 0.
(44)

By (43) and (44), it holds

λmin (YK) =
1

−qT [(A−BK) + (A−BK)T ]q
≥ 1

−λmin ((A−BK) + (A−BK)T )

=
1

−λmin ((A−BK∗) + (A−BK∗)T + B(K∗ −K) + (K∗ −K)TBT )

≥ 1

2‖A−BK∗‖F + 2‖B‖‖K −K∗‖F
,

(45)

where the last line uses the relation ‖B(K∗ −K)‖ ≤ ‖B‖‖(K∗ −K)‖ ≤ ‖B‖‖(K∗ −K)‖F . Thus, the
proof is completed.

The following lemma gives the bounds of Tr (YK).

Lemma 4.3. Given K ∈ G and Q ≻ 0, we have

Tr (PK − P ∗)

‖R‖‖K −K∗‖2F
≤ Tr (YK) ≤ Tr (PK)

λmin (Q)
(46)

Proof. Considering K∗ = R−1BTP ∗, we can rewrite (22) as

(A−BK∗)TP ∗ + P ∗(A−BK∗) + Q + (K∗)TRK∗ = 0. (47)

It follows from (21) and (47) that

(A−BK)TP ∗ + P ∗(A−BK) + Q + (K∗)TRK∗ + (K −K∗)TRK∗ + (K∗)TR(K −K∗) = 0. (48)

Subtracting (48) from (24) and completing the squares yield

(A−BK)T (PK − P ∗) + (PK − P ∗)(A −BK) + (K −K∗)TR(K −K∗) = 0. (49)

Since A−BK is Hurwitz, by [Che99, Equation (5.18)], we have

PK − P ∗ =

∫ ∞

0

e(A−BK)T t(K −K∗)TR(K −K∗)e(A−BK)tdt. (50)

Taking the trace of (50) and using the cyclic property of the trace in [PP08, Equation (16)] and (31),
we obtain

Tr (PK − P ∗) = Tr

(∫ ∞

0

e(A−BK)te(A−BK)T tdt(K −K∗)TR(K −K∗)

)

= Tr
(
YK(K −K∗)TR(K −K∗)

)
.

(51)

By the trace inequality in Lemma A.1 and considering the following relation

‖(K −K∗)TR(K −K∗)‖ ≤ Tr
(
(K −K∗)TR(K −K∗)

)
≤ ‖R‖‖K −K∗‖2F , (52)

we have

Tr (PK − P ∗) ≤ ‖R‖‖K −K∗‖2FTr (YK) . (53)
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Hence, the lower bound of Tr (YK) in (46) is obtained.
Since A−BK is Hurwitz, it follows from [Che99, Equation (5.18)] and (24) that

PK =

∫ ∞

0

e(A−BK)T t(Q + KTRK)e(A−BK)tdt. (54)

Taking the trace of (54), and again using the cyclic property of the trace in [PP08, Equation (16)] and
the trace inequality in Lemma A.1, we have

Tr (PK) = Tr

(
(Q + KTRK)

∫ ∞

0

e(A−BK)te(A−BK)T tdt

)
≥ λmin (Q) Tr (YK) . (55)

Hence, the right inequality in (46) follows readily.

Lemma 4.4. For any K ∈ G, Tr (PK − P ∗) ≥ α4(‖K −K∗‖F ), where α4(·) is a K∞-function defined
as

α4(r) =
λmin (R) r2

2‖A−BK∗‖F + 2‖B‖r , ∀r ≥ 0. (56)

Proof. Taking the trace of (50), and using the cyclic property of the trace in [PP08, Equation (16)],
we have

Tr (PK − P ∗) = Tr
(
(K −K∗)TR(K −K∗)YK

)
≥ λmin (YK)λmin (R) ‖K −K∗‖2F . (57)

Considering the lower bound of λmin (YK) in Lemma 4.2, we can obtain

Tr (PK − P ∗) ≥ λmin (R) ‖K −K∗‖2F
2‖A−BK∗‖F + 2‖B‖‖K −K∗‖F

= α4(‖K −K∗‖F ). (58)

The following lemma shows that J2(K) is coercive. This result is known, but we provide a proof
in order to make this paper self-contained.

Lemma 4.5. The objective function J2(K) is coercive, i.e. for any sequence {Kk}∞k=0, Kk → ∂G or
‖Kk‖F → ∞, it holds J2(Kk) → ∞.

Proof. Recall that J2(K) = Tr (PK). It follows from Lemma 4.4 that J2(Kk) → ∞ when ‖Kk‖F → ∞.
Next, suppose that Kk → ∂G and the corresponding sequence of cost matrices are {Pk}∞k=1 =
{PKk

}∞k=1. We will prove that limk→∞ Tr (Pk) = ∞ by contradiction. Assume that there exists a
bounded subsequence, denoted as {Tr (Pk)}∞k=1 by slightly abusing the notations. By Bolzano–Weierstrass
theorem, there exists a convergent subsequence {Pkj

}∞j=1, i.e. limj→∞ Pkj
= P̄ . Since PK is continuous

with respect to K, the limit P̄ satisfies

(A−BK̄)T P̄ + P̄ (A−BK̄) + Q + K̄TRK̄ = 0, (59)

where K̄ ∈ ∂G, which implies that there are some imaginary eigenvalues for A − BK̄. Let ν denote
the eigenvector of A−BK̄ associated with the imaginary eigenvalue λ = iθ. Pre and post multiplying
(59) with ν, we have

2iθνT P̄ ν + νT (Q + K̄TRK̄)ν = 0. (60)

This implies that Qν = 0, K̄ν = 0 and Aν = λν, which contradicts with the observability of (A,Q).
Therefore, limk→∞ Tr (Pk) = ∞ is obtained.

Lemma 4.6. For any K ∈ G, let K ′ = R−1BTPK and MK = (K −K ′)TR(K −K ′). Then,

Tr (MK) ≥ a‖K −K∗‖2F + a′Tr (PK − P ∗) , (61)

where a and a′ are constants defined as

a =
λmin (R)λmin (Y ∗)

2λmin (Y ∗) + 2λmax (Y ∗)
, a′ =

1

λmin (Y ∗) + λmax (Y ∗)
. (62)
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Proof. We can rewrite (24) as

(A−BK∗)TPK + PK(A−BK∗) + Q + KTRK + (K∗ −K)TBTPK + PKB(K∗ −K) = 0. (63)

Considering K ′ = R−1BTPK and completing the squares, we have

(A−BK∗)TPK + PK(A−BK∗) + Q + (K∗)TRK∗ + (K −K ′)TR(K −K ′)

− (K ′ −K∗)TR(K ′ −K∗) = 0.
(64)

Subtracting (47) from (64) yields

(A−BK∗)T (PK − P ∗) + (PK − P ∗)(A−BK∗) + (K −K ′)TR(K −K ′)

− (K ′ −K∗)TR(K ′ −K∗) = 0.
(65)

Since A−BK is Hurwitz, according to [Che99, Equation (5.18)], we have

PK − P ∗ =

∫ ∞

0

e(A−BK∗)T t[(K −K ′)TR(K −K ′) − (K ′ −K∗)TR(K ′ −K∗)]e(A−BK∗)tdt. (66)

Taking the trace of (66), and using the cyclic property of the trace in [PP08, Equation (16)] yield

Tr (PK − P ∗) = Tr (Y ∗MK) − Tr
(
Y ∗(K ′ −K∗)TR(K ′ −K∗)

)
(67)

By the trace inequality in Lemma A.1, we have

λmax (Y ∗) Tr (MK) ≥ λmin (Y ∗) 〈(K ′ −K∗), R(K ′ −K∗)〉 + Tr (PK − P ∗) . (68)

Using Lemma A.3 and Young’s inequality, we can obtain

〈K −K∗, R(K −K∗)〉 = 〈K −K ′, R(K −K ′)〉 + 〈K ′ −K∗, R(K ′ −K∗)〉 + 2〈K −K ′, R(K ′ −K∗)〉
≤ 2〈K −K ′, R(K −K ′)〉 + 2〈K ′ −K∗, R(K ′ −K∗)〉

(69)

Noticing that Tr (MK) = 〈K−K ′, R(K−K ′)〉. Plugging (68) into (69) and using the trace inequality
in Lemma A.1 yield

λmin (R) ‖K −K∗‖2F ≤
(

2 + 2
λmax (Y ∗)

λmin (Y ∗)

)
Tr (MK) − 2

λmin (Y ∗)
Tr (PK − P ∗) . (70)

Hence, (61) follows from (70).

4.2 Perturbed Standard Gradient Flow

At any position K ∈ G, the steepest-descent direction of J2(K) is the solution to the problem [NW06]

min
E

〈E,∇J2(K)〉, subject to 〈E,E〉 = 1. (71)

Therefore, by the method of Lagrange multipliers, the steepest-descent direction of J2(K) is

−∇J2(K)/‖∇J2(K)‖F .

Consequently, along the the steepest-descent direction and considering the expression of ∇J2(K) in
(41), the standard gradient flow is [BMM20, MZSJ22]

dK(s)

ds
= −η∇J2(K(s)) = −2η(RK(s) −BTP (s))Y (s), (72)

where η > 0 is a constant step size, P (s) := PK(s), and Y (s) := YK(s). It is seen from (41) that
the calculation of the gradient ∇J2(K(s)) relies on the system matrices, which are unknown in the
setting of model-free RL. Many data-driven methods, e.g. approximate dynamic programming [JBG20]
and finite-difference algorithms [FGKM18], are proposed to numerically approximate the gradient.
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Therefore, in practice, ∇̂J2(K(s)), instead of ∇J2(K(s)), is utilized to optimize the control gain, and

the perturbation ∆K(s) = η[∇J2(K(s)) − ∇̂J2(K(s))] is unavoidable for the gradient flow. Hence,
the perturbed gradient flow of the LQR is

dK(s)

ds
= −2η(RK(s) −BTP (s))Y (s) + ∆K(s). (73)

The following lemma shows that the gradient of J2(K) is lower bounded by a K-function of the
deviation from the optimal value (gradient dominance condition), which is an important property of
a proper objective function in Definition 3.1.

Lemma 4.7. There exists a K-function ξ1(·), such that for any K ∈ G,

‖∇J2(K)‖F ≥ ξ1(J2(K) − J2(K∗)). (74)

Proof. Considering the expression of ∇J2(K) in (41), the expression of K ′ in Lemma 4.6, and the
cyclic property of the trace [PP08, Equation 16], we have

Tr
(
∇J T

2 (K)∇J2(K)
)

= 4Tr
(
Y 2
K(K −K ′)TR2(K −K ′)

)
. (75)

By the trace inequality in Lemma A.1, it holds

Tr
(
∇J T

2 (K)∇J2(K)
)
≥ 4λmin (YK)

2
Tr

(
(K −K ′)T

√
RR

√
R(K −K ′)

)

= 4λmin (YK)
2

Tr
(√

R(K −K ′)(K −K ′)T
√
RR

)

≥ 4λmin (YK)
2
λmin (R) Tr

(√
R(K −K ′)(K −K ′)T

√
R
)

= 4λmin (YK)
2
λmin (R) Tr (MK) .

(76)

By Lemmas 4.2 and 4.6, it follows that

Tr
(
∇J T

2 (K)∇J2(K)
)
≥ λmin (R)

a‖K −K∗‖2F + a′Tr (PK − P ∗)

(‖A−BK∗‖F + ‖B‖‖K −K∗‖F )2
. (77)

To simplify notations, let

a1 = λmin (R) a, a2 = λmin (R)a′, a3 = ‖A−BK∗‖F , a4 = ‖B‖, (78)

and

σ(r, p) =
a1r

2 + a2p

(a3 + a4r)2
. (79)

It is clear that σ(r, p) ≥ σ(r, 0). Taking the derivative of σ(r, p) with respect to r, we have

dσ(r, p)

dr
=

2a1a3r − 2a2a4p

(a3 + a4r)3
. (80)

When p ≥ a1a3

a2a4
r, σ(r, p) is strictly decreasing in r. When p ≤ a1a3

a2a4
r, σ(r, p) is strictly increasing in r.

Hence, for each p, r = a2a4

a1a3
p is the minimum point of σ(r, p), and

σ(r, p) ≥ σ(
a2a4
a1a3

p, p) ≥ σ(
a2a4
a1a3

p, 0) =: ξ21(p), (81)

where

ξ1(p) =
a5p

a3 + a6p
, (82)

and

a5 =
a2a4√
a1a3

, a6 =
a2a

2
4

a1a3
. (83)

Since dξ1(p)
dp = a3a5

(a3+a6p)2
> 0, ξ1(·) is a K-function with the range [0,

√
a1

a4
).

Plugging (81) into (77) yields

‖∇J2(K)‖F = Tr
(
∇J T

2 (K)∇J2(K)
) 1

2 ≥ ξ1 (Tr (PK − P ∗)) . (84)
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Remark 4.1. As remarked in the introduction, the gradient dominance condition in Lemma 4.7, the
CJS-PL condition, can be considered as a generalization of the well-known Polyak- Lojasiewicz (PL)
condition which only holds on a compact set of stabilizing control gains [MZSJ22, BMM20]. The
gradient dominance condition in Lemma 4.7 removes the restriction to compact sets.

We next revisit the one-dimensional system mentioned in the introduction, in order to illustrate
Lemma 4.7. Suppose that m = n = 1 and A = B = Q = R = 1. In this case, the admissible set is
G = {K|K > 1}, and one obtains

P ∗ = 1 +
√

2, K∗ = 1 +
√

2, YK =
1

2(K − 1)
, Y ∗ =

√
2

4
,

J2(K) = PK =
1 + K2

2(K − 1)
, J2(K) − J2(K∗) =

(K −K∗)2

2(K − 1)
.

(85)

The constants in (62), (78) and (83) can be computed as

a =
1

4
, a′ =

√
2, a1 =

1

4
, a2 =

√
2, a3 =

√
2, a4 = 1, a5 = 2, a6 = 4. (86)

Consequently, we have

ξ1(p) =
2p√

2 + 4p
, ξ1 (J2(K) − J2(K∗)) =

(K −K∗)2√
2(K − 1) + 2(K −K∗)2

. (87)

The gradient of J2(K) is

∇J2(K) =
K2 − 2K − 1

2(K − 1)2
=

(K −K∗)2 + 2
√

2(K −K∗)

2(K − 1)2
. (88)

When K ≥ K∗, ∇J2(K) ≥ 0, and

∇J2(K)

ξ1 (J2(K) − J2(K∗))
=

2(K −K∗)3 + 5
√

2(K −K∗)2 + 6(K −K∗) + 4
√

2

2(K −K∗)3 + 4
√

2(K −K∗)2 + 4(K −K∗)
≥ 1. (89)

When K∗ ≥ K > 1, ∇J2(K) ≤ 0, and

−∇J2(K) − ξ1 (J2(K) − J2(K∗))

=
−4(K − 1)4 + 7

√
2(K − 1)3 − 4(K − 1)2 − 6

√
2(K − 1) + 8

2
√

2(K − 1)3 + 4(K − 1)2(K −K∗)2
≥ 0,

√
2 ≥ (K − 1) > 0

(90)

Therefore, ‖∇J2(K)‖ ≥ ξ1 (J2(K) − J2(K∗)), which is consistent with Lemma 4.7.
Based on Lemma 4.7, we are ready to state the main result on the small-disturbance ISS property

of the perturbed standard gradient flow (73).

Theorem 4.1. System (73) is small-disturbance ISS with respect to ∆K.

Proof. Define V3(K) := J2(K) − J2(K∗). It follows from (28) that V3(K) = Tr (PK − P ∗). Clearly,
V3(K) is continuous in K. Since K∗ is the unique minimum of J2(K), V3(K) is a positive definite
function with respect to K∗. The coercivity of V3(K) can be obtained by Lemma 4.5. Therefore, by
Definition 2.2, V3(K) is a size function.

In addition, since PK and YK are continuously differentiable with respect to K ∈ G, ∇J2(K) =
2(RK −BTPK)YK is locally Lipchitz continuous. Hence, by Lemma 4.7 and Definition 3.1, J2(·) is a
proper objective function. According to Theorem 3.1, the proof of Theorem 4.1 is completed.

As a direct consequence of Theorem 4.1, an estimate of ‖K(s)−K∗‖F is provided in the following
corollary.

Corollary 4.1. There exist a constant d1 > 0, a KL-function β2(·, ·), and a K[0,d1)-function γ4(·),
such that for all perturbations ∆K bounded by d1 (i.e. ‖∆K‖∞ < d1), and all initial conditions
K(0) ∈ G, K(s) satisfies

‖K(s) −K∗‖F ≤ β2(V2(K(0)), s) + γ4(‖∆K‖∞), ∀s ≥ 0. (91)

13



Proof. Since system (73) is small-disturbance ISS, when ‖∆K‖∞ < d1, it holds

V3(K(s)) ≤ β′
2(V3(K(0)), s) + γ′

4(‖∆K‖∞), ∀s ≥ 0, (92)

where β′
2(·, ·) is a KL-function and γ′

4(·) is a K[0,d1)-function. According to Lemma 4.4 and recalling
that V3(K(s)) = Tr (P (s) − P ∗), we have

‖K(s) −K∗‖F ≤ α−1
4 (β′

2(V3(K(0)), s) + γ′
4(‖∆K‖∞)) . (93)

Using [JTP94, Equation (6)], we can obtain (91).

4.3 Perturbed Natural Gradient Flow

It follows from (51) that

J2(K) − J2(K∗) = 〈K −K∗, R(K −K∗)〉YK
. (94)

Hence, the objective objective function can be viewed as a quadratic function over the Riemannian
manifold (G, 〈·, ·〉YK

). As seen in the expression of ∇J2(K), the magnitude of the gradient dependents
on YK , and YK may tend to infinity when K → ∂G, and tend to zero when ‖K‖F → ∞ (see the
illustrative one-dimensional system in (85)). The non-isotropic property of the magnitude of the
gradient may slow down the convergence of the gradient flow. To handle the non-isotropic property, in
[AD98, Ama98], the natural gradient was proposed as a way to modify the standard gradient search
direction according to the Riemannian structure of the parameter space.

Over the Riemannian manifold (G, 〈·, ·〉YK
), the steepest-descent direction can be obtained by solv-

ing

min
E

〈E,∇J2(K)〉, subject to 〈E,E〉YK
= 1. (95)

By the method of Lagrange multipliers, the solution of (95) is

E = −∇J2(K)Y −1
K /〈∇J2(K)Y −1

K ,∇J2(K)Y −1
K 〉1/2YK

. (96)

The natural gradient over the Riemannian manifold (G, 〈·, ·〉YK
) is

grad (J2(K)) = ∇J2(K)Y −1
K = 2(RK −BTPK). (97)

Considering the perturbation, the natural gradient flow is

dK(s)

ds
= −2η(RK(s) −BTP (s)) + ∆K(s). (98)

The following lemma is introduced to pave the foundation for the proof of small-disturbance ISS
property of system (98).

Lemma 4.8. For any K ∈ G, we have

2〈K −K∗, R(K −K ′)〉Y ∗ = Tr (PK − P ∗) + 〈K −K∗, R(K −K∗)〉Y ∗ . (99)

Proof. By completing the squares, we have

(K −K ′)TR(K −K ′) − (K ′ −K∗)TR(K ′ −K∗)

= (K −K ′)TR(K −K∗) + (K −K∗)TR(K −K ′) − (K −K∗)TR(K −K∗).
(100)

Therefore, we can rewrite (65) as

(A−BK∗)T (PK − P ∗) + (PK − P ∗)(A−BK∗) + (K −K ′)TR(K −K∗)

+ (K −K∗)TR(K −K ′) − (K −K∗)TR(K −K∗) = 0.
(101)
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Since A−BK∗ is Hurwitz, by [Che99, Equation (5.18)] we have

PK − P ∗ =

∫ ∞

0

e(A−BK∗)T t[(K −K ′)TR(K −K∗)

+ (K −K∗)TR(K −K ′) − (K −K∗)TR(K −K∗)]e(A−BK∗)tdt.

(102)

Taking the trace of (102) and using the cyclic property of trace in [PP08, Equation (16)], we have

Tr (PK − P ∗) = 2〈K −K∗, R(K −K ′)〉Y ∗ − 〈K −K∗, R(K −K∗)〉Y ∗ . (103)

Thus, the proof is completed.

Next, we will prove the small-disturbance ISS property of the perturbed natural gradient flow.

Theorem 4.2. Given Q ≻ 0, system (98) is small-disturbance ISS with respect to ∆K.

Proof. Let V4(K) = 1
2 〈K −K∗,K −K∗〉Y ∗ . Clearly, by Lemma A.1, V4(K) is bounded by

1

2
λmin (Y ∗) ‖K −K∗‖2F ≤ V4(K) ≤ 1

2
‖Y ∗‖‖K −K∗‖2F . (104)

Taking the derivative of V4(K(s)) and plugging (98) into it yield

dV4(K(s))

ds
= −2η〈K(s) −K∗, R(K(s) −K ′(s))〉Y ∗ + 〈K(s) −K∗,∆K(s)〉Y ∗ . (105)

Recall that K ′(s) = R−1BTP (s). According to Lemma 4.8, we obtain

dV4(K(s))

ds
= −ηTr (P (s) − P ∗) − η〈K(s) −K∗, R(K(s) −K∗)〉Y ∗ + 〈K(s) −K∗,∆K(s)〉Y ∗

≤ −ηTr (P (s) − P ∗) − η〈K(s) −K∗, R(K(s) −K∗)〉Y ∗

+ 〈K(s) −K∗,K(s) −K∗〉
1
2

Y ∗〈∆K(s),∆K(s)〉
1
2

Y ∗

≤ −ηTr (P (s) − P ∗) − ηλmin (R)

2
〈K(s) −K∗,K(s) −K∗〉Y ∗ +

‖Y ∗‖
2ηλmin (R)

‖∆K(s)‖2F .

(106)

where the second line follows from Lemma A.3, and the last inequality is according to Young’s inequality
and the trace inequality in Lemma A.1.

Differentiating V3(K(s)) = J2(K(s)) − J2(K∗) along the trajectories of (98) results in

dV3(K(s))

ds
= −2η〈∇J2(K(s)), RK(s) −BTP (s)〉 + 〈∇J2(K(s)),∆K(s)〉

= −4η〈RK −BTP (s), RK(s) −BTP (s)〉Y (s) + 2〈RK(s) −BTP (s),∆K(s)〉Y (s)

≤ −3η〈RK −BTP (s), RK(s) −BTP (s)〉Y (s) +
1

η
〈∆K(s),∆K(s)〉Y (s),

(107)

where the second line follows from (41) and the last line is obtained by Lemma A.3 and Young’s
inequality. Using Lemma 4.3 and the trace inequality in Lemma A.1, we have

dV3(K(s))

ds
≤ −3η〈RK −BTP (s), RK(s) −BTP (s)〉Y (s) +

V3(K(s)) + Tr (P ∗)

ηλmin (Q)
‖∆K(s)‖2F . (108)

Let V5(K) = V3(K) + V4(K). Since V3(·) is a size function and V4(·) is positive definite respect to
K∗, V5(·) is also a size function. It follows from (106) and (108) that

dV5(K(s))

ds
≤ −ηV3(K(s)) − ηλmin (R)V4(K(s)) +

V3(K(s)) + b1
ηb2

‖∆K(s)‖2F . (109)

where

b1 =
‖Y ∗‖λmin (Q)

2λmin (R)
+ Tr (P ∗) , b2 = λmin (Q) , b3 = η2λmin (R)λmin (Q) . (110)
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Without losing generality, assume that λmin (R) ≤ 1. Then, it follows from (109) that

dV5(K(s))

ds
≤ −ηλmin (R)V5(K(s)) +

V5(K(s)) + b1
ηb2

‖∆K(s)‖2F . (111)

Thus, if

‖∆K(s)‖F ≤
(

b3V5(K(s))

2V5(K(s)) + 2b1

) 1
2

=: ξ2(V5(K(s))), (112)

it is guaranteed that

dV5(K(s))

ds
≤ −ηλmin (R)

2
V5(K(s)). (113)

Since dξ2(r)
dr = 1

2ξ
−1
2 (r) 2b1b3

(2r+2b1)2
> 0, ∀r > 0, ξ2(·) is a K-function, and its range is [0,

√
b3
2 ). Conse-

quently, V5(·) is a small-disturbance ISS-Lyapunov function. According to Theorem 2.1, we conclude
that system (98) is small-disturbance ISS.

4.4 Perturbed Newton Gradient Flow

The Newton gradient descent method was first adopted in [Kle68] for solving the LQR problem, and
it converges to the optimum at a quadratic convergence rate. The Newton direction is derived from
the second-order Taylor series approximation of J2(K + E), which, according to Lemma 4.1, can be
expressed as

J2(K + E) = J2(K) + 〈E, 2(RK −BTPK)〉YK
+ 〈E,RE〉YK

+ O(‖E‖2F ). (114)

By minimizing the second-order approximation of J2(K) over E, the Newton direction is obtained as
−(K −R−1BTPK). Considering the perturbation, the Newton gradient flow is

dK(s)

ds
= −η(K(s) −R−1BTP (s)) + ∆K(s). (115)

Theorem 4.3. Given Q ≻ 0, system (115) is small-disturbance ISS with respect to ∆K(s).

Proof. The proof follows from the proof of Theorem 4.2 by defining V6(K) = V3(K)+ 1
2 〈K−K∗, R(K−

K∗)〉Y ∗ .

5 Conclusion

In this paper, we studied the small-disturbance ISS property of continuous-time gradient flows on
an open subset of certain Euclidean space. In the framework of small-disturbance ISS, the transient
behavior, the convergence speed, and the robustness to the perturbations of gradient flows can be well
quantified. As a by-product, a Lyapunov characterization of small-disturbance ISS is given. Upon
specification to the policy optimization of the LQR problem, three kinds of perturbed gradient flows,
including standard gradient flow, natural gradient flow, and Newton gradient flow, were studied in
greater details. In particular, they are all small-disturbance ISS.

A Auxiliary Results

Lemma A.1 (Trace Inequality [WKH86]). Let S = ST ∈ R
n×n and P ∈ P

n. Then,

λmin (S) Tr (P ) ≤ Tr (SP ) ≤ λmax (S) Tr (P ) . (A.1)

Lemma A.2. Suppose ω1(·), ω2(·) : Rn → R are continuous, positive definite with respect to χ∗, and
radically unbounded. Then, there exist K∞-functions ρ1(·) and ρ2(·) such that

ρ1(ω2(χ)) ≤ ω1(χ) ≤ ρ2(ω2(χ)), ∀χ ∈ R
n. (A.2)

16



Proof. The proof follows from [Son22, Proposition 2.6] by considering the open subset as R
n and the

compact set as {χ∗}.

Lemma A.3 (Cauchy-Schwarz Inequality). For any K1,K2 ∈ R
m×n, R ∈ P

m, and Y ∈ P
n, we have

〈K1, RK2〉Y ≤
√
〈K1, RK1〉Y

√
〈K2, RK2〉Y . (A.3)

Proof. Define K3 as

K3 = K1 −
〈K1, RK2〉Y
〈K2, RK2〉Y

K2. (A.4)

It is clear that 〈K3, RK2〉Y = 0. Therefore, by plugging (A.4) into 〈K1, RK1〉Y , we can obtain

〈K1, RK1〉Y = 〈K3, RK3〉Y +
〈K1, RK2〉2Y
〈K2, RK2〉2Y

〈K2, RK2〉Y ≥ 〈K1, RK2〉2Y
〈K2, RK2〉Y

. (A.5)

Hence, (A.3) readily follows from (A.5).

Lemma A.4. The map h(v) = 1
1+‖v‖v : Rm → W := {w ∈ R

m|‖w‖ < 1} is a homeomorphism.

Proof. For any w ∈ W , let g(w) = 1
1−‖w‖w. Clearly, for any v ∈ R

m, g(h(v)) = v and for any w ∈ W ,

h(g(w)) = w. Hence, g(·) is the inverse function of h(·), i.e. g(·) = h−1(·). Since both h(·) and g(·)
are continuous, h(·) is a homeomorphism.
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a theoretical foundation of policy optimization for learning control policies. Annual Review
of Control, Robotics, and Autonomous Systems, 6(1):123–158, 2023.

[JBG20] Zhong-Ping Jiang, Tao Bian, and Weinan Gao. Learning-based control: A tutorial and
some recent results. Foundations and Trends® in Systems and Control, 8(3):176–284,
2020.

[JJ17] Yu Jiang and Zhong-Ping Jiang. Robust Adaptive Dynamic Programming. Wiley-IEEE
Press, Hoboken, New Jersey, 2017.

[JTP94] Zhong-Ping Jiang, Andrew R. Teel, and Laurent Praly. Small-gain theorem for ISS systems
and applications. Mathematics of Control, Signals and Systems, 7:95–120, 1994.

[Kha02] Hassan K. Khalil. Nonlinear Systems. Prentice Hall, Hoboken, New Jersey, 3rd edition,
2002.

[Kle68] David L. Kleinman. On an iterative technique for Riccati equation computations. IEEE
Transactions on Automatic Control, 13(1):114–115, 1968.

[KT99] Vijay Konda and John Tsitsiklis. Actor-critic algorithms. In Advances in Neural Informa-
tion Processing Systems, volume 12, pages 1008–1014, 1999.

[LA70] William S. Levine and Michael Athans. On the determination of the optimal constant
output feedback gains for linear multivariable systems. IEEE Transactions on Automatic
Control, 15(1):44–48, 1970.

[LHP+15] Timothy P. Lillicrap, Jonathan J. Hunt, Alexander Pritzel, Nicolas Heess, Tom Erez, Yuval
Tassa, David Silver, and Daan Wierstra. Continuous control with deep reinforcement
learning. arXiv preprint arXiv:1509.02971, 2015.

[LL13] Frank L. Lewis and Derong Liu. Reinforcement Learning and Approximate Dynamic Pro-
gramming for Feedback Control. Wiley-IEEE Press, New Jersey, 2013.

[ Loj63] Stanis law  Lojasiewicz. A topological property of real analytic subsets (in French). Collo-
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