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Abstract. This paper deals with (global) finite-gain input/output stabilization of linear systems with saturated
controls. For neutrally stable systems, it is shown that the linear feedback law suggested by the passivity approach
indeed provides stability, with respect to every L?-norm. Explicit bounds on closed-loop gains are obtained, and they
are related to the norms for the respective systems without saturation.

These results do not extend to the class of systems for which the state matrix has eigenvalues on the imaginary
axis with nonsimple (size > 1) Jordan blocks, contradicting what may be expected from the fact that such systems
are globally asymptotically stabilizable in the state-space sense; this is shown in particular for the double integrator.
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1. Introduction. In this work we are interested in those nonlinear systems that are ob-
tained when cascading a linear system with a memory-free input nonlinearity:

() x=Ax+ Bo(u), y=Cx.

The nonlinearity o is of a “saturation” type (definitions are given later). Figure 1 shows the
type of system being considered, where the linear part has transfer function W(s) and the
function o shown is the standard semilinear saturation (results will apply to more general
o’s).

Linear systems with actuator saturation constitute one of the most important classes of
nonlinear systems encountered in practice. Surprisingly, until recently few general theoretical
results were available regarding global feedback design problems for them. One such general
result was given in [14], which showed that global state-space stabilization for such systems
is possible under the assumptions that all the eigenvalues of A are in the closed left-hand
plane, plus stabilizability and detectability of (A, B, C). (These conditions are best possible,
since they are also necessary. The controller consists of an observer followed by a smooth
static nonlinearity.) For more recent work, see [20], which showed—based upon techniques
introduced in [16] for a particular case—how to simplify the controller that had been proposed
in [14]. See also [8] for closely related work showing that such systems can be semiglobally
(that is, on compact sets) stabilized by means of linear feedback.

In this paper, we are interested in studying not merely closed-loop state-space stability,
but also stability with respect to measurement and actuator noise. This is the notion of stability
that is often found in input/output studies. The problem is to find a controller C so that the
operator (41, us) — (y1, y2) defined by the standard systems interconnection

yi = P(ui + y2),
y2 = Cuz + y1)

is well posed and finite-gain stable, where P denotes the input/output behavior of the original
plant 2. See Fig. 2. (In our main results, we will take for simplicity the initial state to be
zero. However, nonzero initial states can be studied as well, and some remarks in that regard
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are presented in a latter section of the paper.) Once such input/output stability is achieved,
geometric operator-theoretic techniques can be applied; see for instance [3] and the references
therein. For other work on computing norms for nonlinear systems in state-space form, see
for instance [18] and the references given therein.

We focus on a case which would be trivial if one were only interested in state stability,
specifically when the original matrix A is neutrally stable; that is, we focus on the case
where all eigenvalues have nonpositive real parts and there are no nontrivial Jordan blocks
for eigenvalues in the imaginary axis. (The whole point of [14] and [20] was of course to
deal with such possible nontrivial blocks, e.g., multiple integrators.) In this case, a standard
passivity approach suggests the appropriate stabilization procedure. For instance, assume
that o is the identity (so the original system is linear), A + A’ < 0, and C = B’. Then
the system is passive, with storage function V(x) = |x||?/2, since integrating the inequality
dV(x@))/dt < y()u(t) gives fot y(s)Yu(s)ds > V(x(t)) — V(x(0)). Thus the negative
feedback interconnection with the identity (strictly passive system), that is, ¥ = —y, results
in finite-gain stability. For this calculation and more discussion on passivity, see for instance
[7] and the references given therein. (For the use of the same formulas for just state-space
stabilization with applications to linear systems with saturations, see [5] and [9]; see also the
discussion on the Jurdevic—Quinn method in [13].)

In this paper, we essentially generalize the passivity technique to systems with saturations.
We first establish finite-gain stability in the various p-norms, using linear state feedback
stabilizers. Then we show how outputs can be incorporated into the framework. Our work is
very much in the spirit of the well-known absolute stability area, but we have not been able to
find a way to deduce our results from that classical literature.

These results do not extend to the class of systems for which the state matrix has eigen-
values on the imaginary axis with nonsimple (size> 1) Jordan blocks, contradicting what may
be expected from the fact that such systems are globally asymptotically stabilizable in the
state-space sense; this is shown in particular for the double integrator.
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We make one remark on terminology. In the operator approach to nonlinear systems,
see, e.g., [19], a “system” is typically defined as a partially defined operator between normed
spaces, and “stability” means that the domain of this operator is the entire space. In that
context, finite-gain stability is the requirement that the operator be everywhere defined and
bounded; the norm of the operator is by definition the gain of the system. In this paper, we
use simply the term L7 -stability to mean this stronger finite-gain condition.

The reader is referred to the companion paper [2] for results complementary to those in
this paper, dealing with Lipschitz continuity (“incremental gain stability”) and continuity of
the operators in question. The two papers are technically independent.

Organization of Paper. In §2 we provide definitions and statements of the main results, as
well as some related comments. Proofs of the main results are given in §3. Section 4 estimates
gains in terms of the corresponding gains for systems without saturation, in particular for
p = 2 (Hy-norms). Results regarding nonzero initial states and global asymptotic stability of
the origin are collected in §5. Section 6 shows how to enlarge the class of input nonlinearities
even more, so as to include nonsaturations as well. The paper closes with §7, which contains
the double integrator counterexample.

2. Statements of main results. We introduce now the class of saturation functions to be
considered, and state the main results on finite-gain stability. Some remarks are also provided.
Proofs are deferred to a later section.

2.1. Saturation functions. We next formally define what we mean by a saturation. Es-
sentially, we ask only that this be a function which has the same sign as its argument, stays
away from zero at infinity, is bounded, and is not horizontal near zero.

DEFINITION 1. We call 0 : R — R a saturation function if it satisfies the following two
conditions:

(i) o is locally Lipschitz and bounded,
(ii) to(z) > 0ift # 0, liminf,_,o @ > 0, and liminf ;| o |0 (2)] > 0.
For convenience we will simply call a saturation function o an S-function. We say that

o is an R"-valued S-function if o = (o1, ..., 0,), where each component o; is an S-function
and
def
o(x) = (01(x1), - - ., ou (X))
for x = (x1, ..., x,) € R". Here we use (- - -)’ to denote the transpose of the vector (- - -).

Remark 1. It follows directly from Definition 1 that most reasonable saturation-type
functions are indeed S-functions in our sense. Included are arctan(¢), tanh(#), and the standard
saturation function oo (t) = sign(¢) min{z|, 1}, i.e.,

1 ifr>1,
o) =14 t iflt<1,
~1 ifr<-—1.

Remark 2. 1t is easy to see that if o satisfies a bound |o (¢)| < M|¢t| for ¢ near zero (in
particular if 0(0) = O and (i) in Definition 1 holds), then Condition (ii) in Definition 1 is
equivalent to the following condition:

(c) There exist positive numbers a, b, K and a measurable functiont : R — [a, b] such
that for all t € R we have |o(t) — t(t)t| < Kto(1).

It is clear that (c) implies (ii). To see the converse, let § > 0 be such that |o (¢)| < M|¢|
for |t| < &. Then just let
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1 if t =0,
o(t) :
6= 2O if + e [-8,81/{0},
- a(8) .
5 if t >4,
2D f < -8,

It is easily verified that there exist positive constants a, b, K such that (c) holds for this t.
DEFINITION 2. We say that a constant K > 0 is an S-bound for o if there exista, b > 0
and a measurable function T : R — [a, b] such that, for all t € R,
(i) b=K,
@) lo®| <K,
(i) lo(®)] < K|z,
@iv) lo(t) —t ()| < Kto(1).
The above discussion shows that such (finite) S-bounds always exist.
A constant K > 0 is called an S-bound for an R™-valued S-function o if K is an S-bound
for each component of o

2.2, LP-Stability. Consider the initialized control system given by

x = f(x,u),

M x(0) =0,

where the state x and the controel u take, respectively, values in R” and R”. We assume that
the function f : R* x R™ — R”" is locally Lipschitz with respect to (x, #). Terminology for
systems will be as in any standard reference, such as [13].

Throughout this paper, if £ is a point in R”, we use ||§]| = (Z?=1 ?,-'iz)l/ 2 to denote the
usual Euclidean norm. For each matrix S, || S|| denotes the induced operator norm, and || S||
denotes the Frobenius norm, i.e, | S|y = Tr(SS’)1/?, where Tr(-) denotes trace. Recall that
ISI < 1ISHFp-

Foreach 1 < p < co and each integrable (essentially bounded, for p = c0) vector-valued
function x € L? ([0, 00), R"), we let ||x]||.» denote the usual L?-norms:

00 1/p
lxller = (fo llx(f)llpdt) ,

X[z = ess supg<; <oollx ()] -

if p < 00, and

DEFINITION 3. Let1 < p <ocoand0 < M < oo. We say that (1) has L?-gain less than
or equal to M if for any u € LP ([0, oo), R™), the solution x of (X) corresponding to u is in
L?([0, o), R"?) and satisfies

ixlier < Mllulle .

The infimum of such numbers M will be called the L?-gain of (X). We say that system (X) is
LP-stable if its LP-gain is finite.

By a neutrally stable n x n matrix A we mean one for which all solutions of x = Ax
are bounded; equivalently, A has no eigenvalues with positive real part and each Jordan block
corresponding to a purely imaginary eigenvalue has size 1. Another well-known characteri-
zation of such matrices is that they are the ones for which there exists a symmetric positive
definite matrix Q such that A'Q + QA < 0.



Downloaded 10/07/14 to 128.6.218.72. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1194 WENSHENG LIU, YACINE CHITOUR, AND EDUARDO SONTAG

‘We now state our main result.

THEOREM 1. Let A, B be n X n,n x m matrices respectively. Let o be an R™-valued
S-function. Assume that A is neutrally stable. Then there exists an m x n matrix F such that
the system

x =Ax+ Bo(Fx +u),

& x(0)=0

is L?-stable for all 1 < p < oco.

Theorem 1 is an immediate consequence of the more general technical result contained
in Theorem 2 below. To state that theorem in great generality, we recall first a standard
notion. Let (¥) x = Ax + Bu be a linear system, where x and u take values in R” and R™,
respectively. For each measurable and locally essentially bounded u : [0, c0) — R™ and
each xy € R”, let x, (¢, xo) be the solution of (¥) corresponding to u with x, (0, xo) = xq.
Following the terminology of [6], the stabilizable subspace S(A, B) of (A, B) is the subspace
of R" which consists of all those initial states x, € IR" for which there is some « so that
x,(t, x9) = 0 ast — oco. In other words, S(A, B) is the subspace of R"” made up of all the
states that can be asymptotically controlled to zero (so this includes in particular the reachable
subspace). Observe that the pair (A, B) is stabilizable (asymptotically null controllable) iff
S(A, B) =R,

THEOREM 2. Let A and B be n x n and n X m matrices, respectively. Let S(A, B) be
the stabilizable subspace of (A, B). Let ¢ be an R™-valued S-function and let 6 : R* —
S(A, B) € R" be a locally Lipschitz function such that ||0(§)|| < min{L, L|&||} for all
& € R¥, where L > 0 is a constant and k > 0 is some integer. Assume that A is neutrally
stable. Then there exist an m x n matrix F and an € > O such that the system

x=Ax+ Bo(Fx+u)+¢6(v),

) x(0)=0

is LP-stable for each 1 < p < o0, i.e., there exists for each p a finite constant M, > 0 such
that for any u € LP([0, 00), R™), v € L?([0, c0), R¥),

xllr < Mp(llullLe + [[vlize) .

The proof is deferred to §3.

Theorem 2 implies Theorem 1 (just take & = 0) as well as a result dealing with small
“nonmatching” state perturbations.

Remark 3. 1tis possible to make the result even more general by weakening the Lipschitz
assumption on 8. Moreover, even the Lipschitz property of o is not needed. The main problem
in dropping this last assumption is that uniqueness of solutions of the closed-loop system is
then not guaranteed, so that there is no well-defined input-to-state operator. Nonetheless, one
could rephrase all statements by asserting that all possible solutions satisfy the stated bounds.
This is consistent with the way stability is defined in some texts on input/output stability, where
well-posedness (existence and uniqueness of solutions) is stated as a property independent of
stability itself.

2.3. Output stabilization. Consider the initialized linear input/output system
(Z40) X = Ax + Bo(u),

x(0) =0,
y=Ex,
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where A, B, and E are, respectively, n X n, n x m, r X n matrices. Assume that system
(240) is asymptotically observable (that is, it is detectable). Our main result for input/output
systems is as follows.

THEOREM 3. Assume that system (X,,) is asymptotically observable, A is neutrally stable,
and the R™-valued S-function o is globally Lipschitz. Then there exist an m x n matrix F
and an n X r matrix L such that the following property holds. Let 1 < p < oo. Pick any
uy € LP([0, 00), R™) and u, € L?([0, 00), R"), and consider the solution x = (x1, x2) of

x1 = Ax; + Bo(y2 +uy), yi=Exy,
X =(A+ LE)x; + Bo(Fxz) — L(y1 +uz), y»=Fxa,

with x(0) = 0. Consider the total output function y = (y1, y2) = (Ex1, Fx;). Then y is in
LP([0, 00), R™™) and

Iyllier = Mp(lurlize + lluzllzr)

for some constant M, > 0.

2.4. Not every feedback stabilizes. One may ask whether any F' that would stabilize
when the saturation is not present would also provide finite gain for (2). Not surprisingly, the
answer is negative. In order to give an example, we need first a simple technical remark.

LEMMA 1. Consider the system x = Ax + Bo (Fx + u), where the matrix A is assumed
to have all eigenvalues in the imaginary axis and where each component of o is a continuous
function whose range contains a neighborhood of the origin (this holds, for instance, if it is
an S-function). Furthermore, assume that the pair (A, B) is controllable. Then, given any
state xg € R", there is some measurable essentially bounded control u steering the origin to
Xo In finite time.

Proof. Since all eigenvalues of A have zero real part and the pair (A, B) is controllable,
for each £ > 0 there is some control vy for the system x = Ax + Bu so that |vg(¢)| < & for all
¢t and vy drives in finite time the origin to xq (see, e.g., [12]). Considering that the range of o
contains a neighborhood of the origin and using a measurable selection (Fillipov’s Theorem),
we see that there is a measurable control v which achieves the same transfer, for the system
x = Ax 4+ Bo(u). Now let, along the corresponding trajectory, u(t) = v(t) — Fx(¢). It
follows that this achieves the desired transfer for x = Ax + Bo(Fx + u). O

The next two examples show that even if A is neutrally stable, Theorem 1 may not be true
if F only satisfies the condition that A + B F is Hurwitz.

Example 1. Let

A:((l) ‘(1)), Bz((l)), F=—(@/21),

and any o so that 6 (1/2) = 1. Then both the origin and (—1, 0)’ are equilibrium points of the
system

X = Ax + Bo(Fx).

By Lemma 1, there is some input uq that steers the origin to (—1, 0)’ in some finite time Tj.
Consider the input #; equal to up for 0 < t < Ty and to zero for t > Ty. Then if x is the
trajectory of (2) corresponding to u, we have that x(¢) = (—1, 0)' for all ¢t > Tj. Clearly, for
any 1 < p < oo, u; € LP([0, 00), R) and x ¢ LP([0, 0o), R?). Therefore, system (3) is not
LP-stable for any 1 < p < oo. If we use multiple inputs, a different example which includes
p = oo is as follows. :
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Example 2. Assume thatm = n = 2. Let

(88) m-(40) (3 1)

Then A+ BF = F is Hurwitz. Let o = (09, 6p)’, where oy is the standard saturation function.
Then the system

x=o0(Fx+u),

@ %(0) = (0, 0y

is not L?-stable for any 1 < p < oo. To see this, take a control v on some interval [0, T'] that
steers (0,0) to (1,1). Letu = von [0, T] and u = (0, 0) on (T, o¢). Let x = (x1, x3)’ be
the solution of (4) corresponding to u. Then on [T, 00), we have x1(t) = x,(t) =t — T + 1.
Thus (4) is not L?-stable for any 1 < p < oo. (In fact, the trajectory is not even bounded for
a bounded input.)

3. Proofs of the main results. For notational convenience (to avoid having too many
negative signs in the formulas) we will prove the main theorem for systems written in the form

X =Ax — Bo(Fx +u)+&6(v),

) x(0)=0.

A trivial remark is needed before we start.

Remark4. Assumethato; : R% — R™ando, : R — R” each satisfy a growth estimate
of the type ||o1(w)|| < Cllull, llo2(v)]| < Cllv|| for u € R*, v € R%. It follows from classical
linear systems theory that if the system x = Ax is globally asymptotically stable—that is, A
is a Hurwitz matrix—then the controlled system x = f(x, u, v) = Ax + Boy(u) + o2(v) is
automatically also L”-stable forall 1 < p < oo. We will be interested in the case in which A
is merely stable, but this remark will be used at various points.

We now prove Theorem 2. First note that we can assume that (A, B) is controllable.

3.1. Reduction to the controllable case. Suppose Theorem 2 is already known to be
true for controllable (A, B); we show how the general case follows. It is an elementary linear
system exercise to show that the stabilizable subspace S(A, B), for any two A, B, is invariant
under A; this follows for instance from its characterization as a sum of the reachable subspace
and the space of stable modes. Thus the restriction of A to S(A, B) is well defined, and it
is again neutrally stable. Now since 6 takes values in S(A, B), the trajectories of (5) lie in
S(A, B). So we may assume that (A, B) is stabilizable, i.e., S(A, B) = R”, since otherwise
we can restrict ourselves to S(A, B). Then, up to a change of coordinates, we may assume

that
_ A1 A2 _ Bl
A‘(o A3)’ B—(o)’

where (A, By) is controllable and A, is neutrally stable. Assume that A; is an r X r matrix
and B, is an r X m matrix.

Letd : R” — R’ be given by (&) = (Go(&1), ..., Bo(&,)) for & € R, where 6 is the
standard saturation function, i.e., 9(t) = sign () min{1, [¢]}.

By our assumption that the result is known in the controllable case, there exists an m x r
matrix F; and &; > 0 so that the system

%1 = Ax; — Bio(Fix1 + u) + £,6(w),

(6) X1 (O) =0
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is LP-stable for all 1 < p < oo. Let I', be the LP-gain of this system, so |lxi|l.» <
Ip(llulizr + llwlize) for all u € LP([0, 00), R™) and w € LP([0, 00), R").

Since (A, B) is stabilizable, we can find an m x # matrix E such that A + BE is Hurwitz.
Then the system

y=(A+BE)y+v,

™ $(0) = 0

is LP-stable for any 1 < p < oo. Let y,, be the LP-gain of (7), so ||yllz» < ypliviize.

Take an ¢ > O such that eLy||BE|| < &1. Let F = (F;,0). We show that for this
choice of F and ¢, system (5) is LP-stable for any 1 < p < oo. For this purpose, let
u € LP([0, 00), R™), v € LP([0, 00), R¥). Let x be the solution of (5) corresponding to u, v.
Let y be the solution of

y=(A+ BE)y +¢€6(v),

® y(©0)=0.

Then we have |yl < €Ly and ||y|lz» < eLy,llv|lL» (note that |6(§)]| < min{L, L||§||}
for all £ € R¥). Let z = x — y. Then ¢ satisfies

72=Az—Bo(Fz+ Fy+u)— BEy,
z(0) = 0.

Write z = (21, z2)’. Then we have z; = 0 and z; satisfies

71 = A1z1 — Byo(Fiz1 + Fy +u) — BiEy,
z1(0) = 0.

Since || B1EyllL~ < |B1E| [|yllre < eLylBi1E| < &1, We have

_BlEy _ 9~ (_BlEy)
€1

Then z; satisfies

) ~({—B/E
21=Alzn—B1G(F111+Fy+u)+810( 81 y>,
1
z1(0) = 0.

By the L?-stability of (6) we get that

B\Ey
leher = larllze < Tp (WEy +uller + | ==

)

IBiE]IyI
=0 ("F" Iyllee + fuller + _—3__&__}_”
1

B E
<T, (llullu + (” - I, nFn) SLVp”U"LP) .

This shows that (5) is LP-stable, which concludes the proof that we may assume that (A, B)
is controllable.
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3.2. Proof of Theorem 2 assuming controllability. From elementary linear algebra, we
know that any neutrally stable matrix A is similar to a matrix

Ay O
(9) ( O A2 ) ’
where A is an r x r Hurwitz matrix and A; is an (n — r) x (n — r) skew—symmetric matrix.

So, up to a change of coordinates, we may assume that A is already in the form (9). In these
coordinates, we write

where B, is an (n —r) x m matrix, and we write vectors as x = (x1, x;)’ and also @ = (64, 6,)’.
Consider the feedback law F = (0, B}). Then system (5), with this choice of F, can be written
as

X1 = Aix; — Bio(Bjx2 4+ u) + €6, (v),
(10) fCQ = A2X2 — BzO‘(BéXz + Ll) -+ 892(1)) s
x1(0) =0, X2(0) =0.

Since A, is Hurwitz, it will be sufficient to show that there exists an & > 0 such that the
x,-subsystem is LP-stable (we may think of x, as an additional input to the first subsystem
and apply Remark 4). ,

The controllability assumption on (A, B) implies that the pair (A;, B,) is also controllable.
Since A, is skew—symmetric, the matrix A= A; — B, B} is Hurwitz. (Just observe that the
Lyapunov equation AlL_, +1,,A = —2B, B} holds, and the pair (A, B,) is controllable;
see [13, Ex. 4.6.7].) Therefore, the theorem is a consequence of the following lemma. This is
where the main parts of our argument lie (except for a small technical point, whose proof is
deferred to §3.5).

LEMMA 2. Let 0, 6 be as in Theorem 2. Let A be a skew—symmetric matrix. Assume that
A := A — BB’ is Hurwitz. Then there exists an ¢ > 0 such that the system

x=Ax — Bo(B'x +u) +£6(v),

11
(b x(0)=0
is L?-stable for all 1 < p < oo.
Proof. Assume that o = (01,...,0,). Let0 < a < b < o0, K > 0 be constants and
7, : R — [a,b],i = 1,...,m, be measurable functions so that the components o; of o

satisfy (i)—(iv) in Definition 2 with the respective t;’s. We may assume that K is large enough
such that K > L. Let

'€ min liminf|o;(§)].
i=1,...m |£|]>o00

i=l1,...,
Then I' > 0. Let ¢ > O satisfy

r
E
Kyoo/m| B

where y is the L°°-gain of the initialized linear control system

12)

y=(A—BB)y+u,

() y(©0) =0.
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By (12) there exists a § € (0, 1/2] such that

(1-28)r
e —.
Kyoor/m| B

Let u € LP([0, 00), R™), v € L?([0, 0o), R¥). Let y be the solution of

y=(A—BB)y+eb(v),

(14) y(0) = 0.

Let x be the solution of (11) corresponding to u, v and let z = x — y. Then z satisfies

:=Az— Bo(B'z+u+ B'y)+ BBy,

(15 z(0) =0.

Let# = u + B’y and ¥ = B’y. Then we get

(1-28)T
mo

(16) [Vl < Bl Iyl < €l BllyoollfliLe <

Now (15) can be written as

i=Az—B(oc(B'z+i) - 1),

(7 z(0) =0.

(We have brought the problem to one of a “matched uncertainty” type, in robust control terms,
if we think of ¥ as representing a source of uncertainty.)

Let Z(t) = B’z(t) + i(¢). Foreach 1 < p < oo, consider the function V; , : R* — R
given by

[l )P+

Vi = .
O,p(x) p+ 1

Along the trajectories of (17), we have

Vo,p(z(®)) = 211772/ (1) B (o (B'z(t) + () — (1))
= —[lzOI”'Z(®) [0 G@®) — O] + lzOIP~'7 @) [0 G®) — 5] .

Since K is an S-bound for o and considering (16), we have the following decay estimate:
Vo, @) < —lz1P7'7 @) (6 G@) — 5(r))

(1-28T 1y
(18) + (K + T ) NzONP la@|.

We next need to bound the first term in the right-hand side of (18). For that purpose, we will
partition [0, oo) into two subsets. By the definition of I', there is some M; > 1 so that

min inf |o; > (1 -8§T.
T mlsszll &N =( )

=1,...,
The first subset consists of those ¢ for which ||Z'(2)|| < M;./m. For such ¢, trivially,

19) Z@) (0 @) = () = 7)o (Z(1)) — Mi/m| @) .
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Next we consider those ¢ for which (|7'(t)|| > M;./m. First we note some general facts about
any vector £ € R™ for which

(20) IEN > Mi/m.

If we pick ig so that |&; ] = max;=;, . {|&|}, then |&,| > M,, and therefore, by the choice of
My, oy, (&,)] = (1 — §)I". We conclude that if £ satisfies (20) then

Eo(€) > Euou(En) = ﬂ% (-9,

or equivalently

Vmg'o )

61 < s

From this and (16) we have if ||Z(2)|| > M1/m,

(1) (0 E®) —5@®) = Z(Do Z(®) — 17Ol 5@l

- . Vmltls .
> 7 (o (Z(1) — —(T:—S“)FZ )o (z(1))
> (1 - 11’_2:3‘3) # (0o G0
' P
21 = 7o (Z(1)).

1-46

Note also that 1—53 < 1for0 < § < 1/2. Combining (19) and (21) we have a common

estimate valid for all ¢+ > O:

(1) (0 E®) —v(t) = 7)o E(@) — Miv/m||B(0)] -

1-46
Using this and (18) we get
. )
Vop@®) = =75 12177 (O E®)
r
(22) +Hiz@)”™! ((K + ——) @)1 + Mﬁﬂﬁ(r)ﬂ) :
Jm

Let T = diag(ty, ..., T,) with t(§) = diag(t;(§1), ..., Tu(§n)) for & € R™. Then
al < t(€) <bl forall £ € R". We have for any £ € R™,

m

1/2
Iz — o)l = <Z ()& — m(&)lz)

i=1
m 1/2

(23) <K (Z SC (&))2) < Kg'o(®).
i=1

Now we rewrite (17) in the form

=AWz + B[t G0) i) — 0 G0)) — T G@) at) +7¢)],

24
24) z(0) =0,
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where A(t) = A — Bt (3(t)) B'. Then A satisfies the conditions of Corollary 1 below.
Therefore, for each 1 < p < oc, there exist a differentiable function V; , and positive real
numbers ay,, b,,, and ¢, such that

P1) aylix|l? < Vi,(x) < b|xll?,

(P2) |IDV1, ()]l < cpllx]1P,

(P3) DV ,(x)A@®)x < —|x|?,
for all x € R” and ¢+ > 0. (Note that the constants ap, by, ¢, depend only on A, B, a, b.)
Moreover V1, can be chosen so that

(P4) lim SUp,_, 14 Cp = €1 < OO, and the limit Vy (x) = lim,_, 14 V) ,(x) exists for all
x € R,

Using (23) and (24), we get, for 1 < p < oo,

dV - -
DVip @) 17 + e 1BIIZONP AFO1 + Bla® )

dt
+epIBIllzONP {llr G@®)) 2(t) — o E(D) I}
< —llz@O? + c,IBINzOIP~ (IB@I + blli)])
(25) +c, K| Bl lzOIP~'Z (o (Z(2))

Forl < p < o0, let

_ KlIBliey(1-9)

(26) Ap :

(Observe that this constant does not depend on the particular # and v being considered, it
depends only on the system and on p.) Finally, consider, for each 1 < p < oo, the following
function:

27 Vo =2 Vo0 + Vi,

where A, is given in (26). Using (22), (25), and the fact thatb < K,for 1 < p < oo, we have
along trajectories of (17),

av - -
(28) -——p—;—f—(-t—)l < =lz®OI? + kplzOIP Qi + 151D
where
= A {1+K+—F——1—+«/ M}
Kp = Apax \/ﬁ, K mvy¢ .

For any ¢ > 0, integrating (28) from zero to ¢, we have

t t
Vp (Z(t))+/0 liz(s)lIPds SKp/O Iz~ Al + 15 lds -

When p = 1, this inequality is also true as an easy consequence of the Lebesgue dominated
convergence theorem (applied to a sequence {p/ }72 decreasing to 1). Thus the inequality is
true forall 1 < p < o0.

Applying Holder’s inequality to fot lzHIP~ (@ (s) ) + 1 9(s)[)ds, we conclude that for

alll < p<ooandt > 0,

(29) Vp @) + 12020, < ko N2 Uil e + 151120)
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Since V,, > 0, we get that z € L?([0, o0), R") and
(30 lzllr < &p(lialiee + N0llze)
Now sincez =x —y,# =u+ B'y, v = B'y, we have
Iolle < 1Byl < eKypliBllllVIILr,
Nilie < Nulle + Kyl BllllvilLe
lzlier = lxllr = lIvlie = llxllr — eKypllvliee,
where y,, is the L?-gain of (13). Combining this with (30) we have
Ixlizr < kpliulir +eKyp(1 + 26, | BIDVIILo -

This finishes the proof of the lemma, and hence our main theorem, for the case when 1 <
p < 00.

‘We now prove the lemma for p = oo. For this, we need to show that system (11) has the
uniform bounded input bounded state property, i.e., there exists a finite constant M such that
Xl 2o < M(llull o + (V]| L) forallu € L>([0, 00), R™) and v € L*([0, 0o), R¥). Letting
p = 2, from (28) we have

dV;
31) ~——§§f——<f2 < — 12O Uz = k2l + [15122)) -

Let B = ||ii||zo + ||D| 1. Thus, V; is negative outside the ball of radius «,8 centered at the
origin. It follows that

A2

3
BE@) S sup Vo) =SB +bad Bl

N&ll<k2pp

First assume that 8 < 1. Then we have

3
allz®ON* < V2 (2() < (%K*Z + szzz) B,

which implies that

A2ic; + 3bok? 12 P
3a2 )

lzllze < {

If B > 1, we have

MllzO1F Aok
hallz®I 3( 1 < Va(z(t) < (—23 2 +b2'<22> B
We then get that
Aok + 3boic2 '
lzllze < {——————2 . 2 2} B.
2
Let
_ )»zlcg + 3b2K22 12 k2K23 + 3b2K22 13
Gy =max{ | —————*= , ] ——= .
3612 )LZ
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We have ||z]| 0 < Goof8. Now
B = llillre + 10l < lullLe + 26K yool| Bl 0]l o0
and
Izl = Xl — K Yoollvll Lo
We conclude that

IxXlleo < Goolltllz + €K yoo(1 +2G ool BID vl zs -

Now the proof of Lemma 2 is complete. |

3.3. Proof of the output feedback theorem. We now provide a proof of Theorem 3.
We will show a somewhat stronger statement, namely, that the state trajectory x also satisfies
an estimate as required. The proof will be the usual Luenberger-observer construction, but a
bit of care has to be taken because of the nonlinearities.

Asymptotic observability means that there is some n x r matrix L such that A + LE is
Hurwitz. Let F be as in Theorem 2. Let e = x; — x,. Then (x, e)’ satisfies

x1 =Ax1+ Bo(Fx; — Fe+u;),
e=(A+LE)e+ B(oc(Fx; — Fe+4+uy) —o(Fx; — Fe))+ Lu, .

Let v = o(Fx; — Fe + uy) — o(Fx; — Fe). Since ||0(t)|] < Kllui(¢)| (here K is a
Lipschitz constant foro)and A + LE is Hurwitz,A we know that e is in L? ([0, oo0), R") and
llellr < M(|luyllrr + lluallzr) for some constant M > 0. Then the conclusion follows from
Theorem 2 applied to the x;-subsystem.

Note that the conclusion of this theorem can be restated in terms of the finite-gain stability
of a standard systems interconnection

y1 = P(uy + y2),
y2 = C(uz + y1),

where P denotes the input/output behavior of the original system ¥ and C is the input/output
behavior of the controller with state space x, and output y,.

3.4. Operator stability among different norms. = We can actually prove a result
stronger than that stated in Theorem 2, namely, that the input-to-state operator (¢, v) — x
from L?([0, 00), R™) x LP([0, 00), R¥) to LP([0, o0), R") is a bounded operator from
LP([0, 00), R™) x L?([0, 00), R¥) to L4([0, c0), R"), for any ¢ > p.

Remark 5. From (29), (30) we get that, for u € L?([0, 00), R™), v € LP([0, 00), R¥),
andt > 0,

apllzON? <V (2(0)) < kpllzll 5 I itlize + 150 20) < K2 iillLr + 15]120)7
then, |iz]lze < Ci(JJidllLr + ||V)|Lr) With C; = Kpa;l/p. Therefore we obtain for g > p,
(32) lzlge < M2lE N2y, < CF Pl ille + 19]120)7 .
From this one can easily deduce that for any ¢ > p the solution x of (11) satisfies
lixlize < MpqQUluliLe + (vllLe)

for some constants M, , > 0. The same results then hold for the original system in The-
orem 2, as is clear from the reduction to (11). That is, for any u € L?([0, 00), R™),v €
LP ([0, 00), R¥), the solution x of (5) satisfies a similar inequality.



Downloaded 10/07/14 to 128.6.218.72. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1204 WENSHENG LIU, YACINE CHITOUR, AND EDUARDO SONTAG

3.5. A remark on robustness of a linear feedback. It is worth pointing out that the
same method used to prove Lemma 2 allows us to establish the next proposition, which is a
result regarding time-varying multiplicative uncertainties on a linear feedback law u = —B’x.
For that, we need the following lemma.

LEMMA 3. Fix two positive real numbers c, d. Let A be an n X n skew—symmetric matrix,
let B be an n x m matrix, and assume that the pair (A, B) is controllable (or, equivalently,
that A — BB’ is Hurwitz). Then there is a symmetric positive definite matrix P so that

(33) P(A—BDB)+ (A’ - BD'B)P < —I,

for all those m x m matrices D so that D+ D' > ¢l and ||D| < d.

Proof. Since (A, B) is controllable, the same is true for (A, rB) for any r > 0; thus
A—rBB'isHurwitzforanyr > 0. Pick P; > Osothat Py(A—cBB')+(A’—cBB")P, = —21.
We will choose P of the form P; + 1 for a suitable 8. Note that

2x'P{(A — BDB)x = —2||x||> + 2x' P, B(cI — D)B'x,

where the last term has norm bounded above by C|x||{|B’'x|| for some constant C which
depends on ¢ and d. On the other hand,

2Bx'(A — BDB')x = —2Bx'BDB'x < —cB||B'x|*.

Thus 2x'P(A — BDB')x < —=2|x||> 4+ C|ix|{| B’x|| — Bc||B'x||? and picking 8 large enough
guarantees that this quadratic form is always less than —||x||2. g

COROLLARY 1. Let A and B be as in Lemma 3. Let c,d > O and A(t) = A — BD(1)B',
where D(t) is any measurable m x m matrix such that D(t) + D'(t) > cl, for almost all t
in [0, 00), and sup{||D(®)]| : t € [0,00)} < d. Then for each 1 < p < 00, there exist a
differentiable function V, and positive real numbers a,, b,, and c, such that

(PO) V,,ap, by, cpdependonlyon A, B, c,d;
and for all x € R", t € [0, 00),

(PL) aplix||? < Vp(x) < bpllx||?;

(P2) |DV,(x)|l < cplixiP™h

(P3) DV,(x)A®)x < —[ix|IP.

Moreover, we may choose V), so that

(P4) lim SUp,_, 14+ Cp = €1 < 00, and the limit Vy(x) := lim,_, 14 V,(x) exists for all
x € R

Proof. Take V,(x) = a,(x' Px)P/?, where a, > O is a proper constant and P is chosen
as in Lemma 3. a

As a direct application of Corollary 1, we get Corollary 2.

COROLLARY 2. Let A be an n x n skew—symmetric matrix and B be an n x m matrix.
Assume that A — BB’ is Hurwitz. Let D(t) be a measurable m x m matrix with bounded
entries. Assume also that there exists a constant a > 0 such that D(t) + D'(t) > al for
almost all t in [0, 00). Then the initialized system

() ¥ =A@Mt)x+u,
x(0) =0,
where u € LP ([0, 00), R") and A(t) :== A — BD(t)B’, is LP-stable for 1 < p < 00, and the
L?-gain depends only on p, a, A, B, and M = sup{||D(¢)|| : t € [0, o0)}.
Proof. Let V), be a function satisfying Conditions (PO)~(P3) in Corollary 1 with respect
to A. Along the trajectories of (), we have
Vp(x(®) < =lIxOI” + e lx @17 u @)l

for some ¢, > 0. The conclusion follows after applying Holder’s inequality. ]
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4. Comparison with linear gains. From the proof of Lemma 2, we can also obtain
explicit bounds for the L?-gain for (11). For simplicity, we deal only with the case when
6 = 0 and we will assume that each component o; of o satisfies a stronger estimate:

vVt € R, |oi(t) —a;t] < Ktoi (1),

where a; > 0 are some constants. Of course this implies that (do;(t)/dt) |;=0 = a;. Specif-
ically, we will compare these bounds with the LP-gain of the system that is obtained by
linearizing (11):

i=Ax — BDu,

9 x(0) =0,

where A = A — BDB' with D = diag(ay, ..., am). (Note that Ais Hurwitz.) For the cases
p = 1, 2 we have the following.
COROLLARY 3. Let A, B be as in Lemma 2 and o be as above. Let G and G, be,
respectively, the L'- and L*-gains of the system
x = Ax — Bo(B'x +u),

(3% x(0)=0.

Let yy, y» be, respectively, the L'- and L?-gains of (34) and let d = min{ay, . .., an}. Then
we have

1. G < (£ +Dp,

2. Gy <24 (K + K)p.
(In the literature, y; is called the “ Ho,-norm” of (34) and is usually denoted by | W |0, where
W (s) is the transfer matrix for system (34).)

Proof. For each u € LP([0, 00), R™), let x be the solution of (35) corresponding to u.
Letx = B'x + u.

For the case p = 1, consider the derivative of V = [|x[|2/2 along the trajectories of (35).
We get

V(x) = —%0(%) +u'o (%)
< —Xo(X)+ K|ul.

Integrating the above inequality from zero to oo, we obtain
o0
(36) | %60 G ds < Kl
0
Let

v(t) = —%(@) + D7 lo (X)) + u(?).

Then, we have
[ wotas < [~ (1D 11D56) - 0 G 1+ s

*®(K
< f {“J“S)” F(5)) + uu(s)n} ds
0

K2
< (7 + 1) el -
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Now (35) can be written as
% = Ax — BDv(?),
x(0)=0.

By the definition of y; we have ||x||;: < yilvlp < (5} + Dy1llul|zt. Therefore

KZ
Gy < (—d— + 1) 140
and Conclusion 1 is then proved. y
Now we show Conclusion 2. Since A is Hurwitz, we take

3

Vo(x) =

where ¢ = 2K || P B|| and P is the positive definite symmetric matrix satisfying
(37) AP+PA=-1I.
Then, rewriting (35) as
X = Ax + B (D% — (%) — Du)

and proceeding similarly to the proof of Lemma 2, we have

Va(x) = —cllxl|¥'o () + clix||u'o (%)

—|Ix|I*> 4+ 2x’ PB (D% — o (X) — Du)
< =[xl + 231D}l + K> | PBI| lix]| flull .

From this we can get
(38) G2 <2(ID| + KM)IIPB| < 2(K*> + K)||PB||.

Next we want to compare || P B|| with y,. First, let us compare || P B D'/?|| with 3, where 7>
is the L2-gain of

% = Ax + BD?u,

(39 x(©0)=0.

Notice that 7, < [|D~'/2|y,. We now consider the Hankel norm ||W ||hankel for system (39).
Note that the matrix P is the observability Gramian for (39) (the output is just the state in
our case). The controllability Gramian for system (39) is defined to be the symmetric matrix
Q > 0 which satisfies

(40) AQ+ QA + BDB =0.
We know that the Hankel norm for (39) is equal to
(41) IW llnankel = Cemax (PO,

where Ama (+) denotes the largest eigenvalue, cf. [1]. We also know that the Ho,-norm 7, for
(39) is related to the Hankel norm by the following inequalities:

42) Y2 < (2n+ DIW lhanket < 21+ D75
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Now in our case, since A = A — BDB' and A’ = —A — BDB’, the controllability Gramian
Q is equal to I /2. Therefore the Hankel norm for (39) is just

IW llhanket = (rmax(P/2))'72 .
Since P satisfies
(A’ — BDB')P+ P(A— BDBY+1=PA— AP —BDB'P—~PBDB +1=0,
multiplying both sides by P on the right, we get
43) PAP — APP — BDB'PP — PBDB'P+ P =0.
Now taking trace to both sides of (43), we get that
IPBD'2|% = Tx(P/2).

On the other hand we know that Tr(P/2) is equal to the sum of all the eigenvalues of
P/2. Therefore Tr(P/2) < nAmax(P/2). Finally we get |PB| < |D~V?| |PBDY?| <
VAID ™2 Ariax(P/2) < S/AI D™, < /R D~ |y, Thus

n
G, < 2%(1(2 + Ky,

and this completes the proof. 0

Remark 6. The dimension of the state space does not appear in the bound of the estimate
in Conclusion 1 of Corollary 3. We suspect also that the estimate for G, should be independent
of the dimension of the state space.

5. Nonzero initial states. We now turn to nonzero initial states. We start with an easy
observation.

Remark 7. Consider systems as in Theorem 2, but without controls, that is, any system
(S) given by x = Ax + Bo(Fx), where A, B, o are as in Theorem 2 and F is chosen as in its
proof. It is well known that the origin is globally asymptotically stable, assuming for instance
controllability of the matrix pair (A, B). Itis interesting to see that this fact also can be shown
as a consequence of our arguments. From the proof of Theorem 2, it is enough to show that the
system (S) x = Ax — Bo(B'x), with A skew-symmetric and (A, B) controllable, is globally
asymptotically stable with respect to the origin. But this follows trivially from (28), since we
have along the trajectories of (S) that dV,(x(t))/dt < —||x(t)||>. Thus V4 is a strict Lyapunov
function for this system without controls.

The previous remark suggests the study of relationships between L7 -stability and global
asymptotic stability of the origin. We prove below that, even for nonlinear feedback laws,
LP?-stability for finite p implies asymptotic stability.

5.1. Relations between state-space stability and LP-stability. We consider initialized
control systems of the type (1). If this system is L”-stable for some p € [1, 00) and if, in
addition, f satisfies some growth or regularity assumptions, we are able to draw conclusions
regarding the asymptotic behavior of the solutions of

(44) x = f(x,0).

We next define the various alternative properties of f under which we will be able to obtain
several such conclusions:
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(Hi,p) : there exist @ € [0, p], § > 0, Ky, K > 0, such that for all x € R" with
x|l < & and for all u € R™ we have

If Gl < Kylllxll + llul) + Ka(llx | + [lu]l*);
(H,,p) : there exista € [0, pl, Ky, K5 > 0, such that for all (x, u) € R” x R™ we have
ILf G wll < Kodlxll + lul) + K2(llx | + Nlell®);

(H3) : the function f is differentiable at (0, 0) with A o D, f(0,0)and B & D, (0, 0).
Then we have the following lemma.
LEMMA 4. Let f : R* x R™ — R” be a locally Lipschitz function. Assume that the

system
(45) x = f(x,u), x(0)=0

is L?-stable for some p € [1, 00) with LP-gain G,. For each u € L?([0, 00), R™), let x,
denote the corresponding solution of (45). We can make the following conclusions.

(1) If f satisfies (H, p), then, for each u, lim;_, o x,(¢) = 0.

(2) If f satisfies (H,,p), then there exists a constant C > 0 so that, for each u.

(46) %l < Cmax (Jlullzs, lullLo?/PT=).
(3) If f satisfies (Hs), then the linearized system
% =Ax+ Bu, x(0)=0

is LP-stable with LP-gain y, < G, (so, in this case, if (A, B) is controllable, then
A must be Hurwitz and the system (44) is locally exponentially stable).
Note that if system (45) is L?-stable, then f(0,0) = 0.
Proof. In what follows we write x,, simply as x, when the control is clear from the context.
(1) Assume that the conclusion is not true for some u € L”([0, 00), R™). Then there
exists §; > 0 so that limsup,_, ., [|x(¢)]] = 28;. Without loss of generality, we may assume
that §; < min(1, §).
Take ¢ > 0 and fix a time Ty > O so that

lellermy,o0) < & NXILr[7g000 < -

Since liminf,_, o, x(¢) = 0, there exist 77, T, > T such that
@ % <Ilx@I <8, forst € [T1, B
®) [x(Ty) —x(T)] = &.
Then using (H;, ,) and applying Holder’s inequality, we obtain
I}

é
2 < (B — (T < / 1 (x(s), u(s)) ds

T
(47) < 2K e(Th — TP~ VP 4 2K,6%(Tp — T))P~0/P,
51 p T
(48) (I, - T) (3) < f lx@f7dt < &”.
T

Using (47) and (48), we get

|

K K
=2 ( 4 1—1 + 4 2—01) &r.
() (F)?
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Since ¢ is arbitrary, we obtain a contradiction.

(2) Foreach T > 0, let Bt = sup,(o r; Ilx(#)|| and fix an interval [T1, T>] in [0, 7] such
that

@ & < x| < Br.fort € [Ty, To);

(b) |lx(T) — x(T)|| = &.
Since (H>, ;) holds, we obtain, using the L? -stability of (45) and Holder’s inequality, that

(49) %T— < Ci(Ty = TP P ullr + Co(Ty — TN~/ u,

for appropriate constants Cy, C, and

P
(50) (T, — T1) (%5) < Gylull,

for some constant C; > 0. From (49) and (50) we can easily conclude
1) Br < Cmax (Julles, Il 727,

where C > 0 is a constant independent of T'. Since T is arbitrary, (46) holds.
(3) For each control u and ¢ # 0, let x, be the trajectory of (45) corresponding to eu.

Then it is easy to see that z.(¢) « % converges, for each ¢ as ¢ — 0, to the solution z(¢) of
z=Az+ Bu, z(0)=0.

We have ||z¢|l» < GpllullL». From this we can prove that ||z|.» < Gp|lu||L», which implies
that ¥, < G, cf. also [18]. a

Remark 8. One can notice that the finiteness of G, was not used in the proof of Statement
(1). Only the fact that inputs in L? produce state trajectories in L” is used.

If we assume reachability conditions on (45), together with LP-stability of the system
for some p € [1, 00) and a hypothesis as in Lemma 4, we can obtain information on the
asymptotic stability of system (45). We will focus on a special class of systems described by
(45) and our results are contained in the next lemma.

LEMMA 5. Let A be ann x n matrix, B be ann x m matrix, o be an R™-valued S-function,
and f be a locally Lipschitz function from R" to R™. We assume that (A, B) is controllable.
Consider the system of differential equations

(52) X = Ax + Ba(f(x))
and the control system

x=Ax+ Bo(f(x)+u),

(53) x(0) =0.

We can make the following conclusions.

(1) If system (53) is L?-stable for some p € [1, 00), then system (52) is locally asymp-
totically stable with respect to the origin,

(ii) If the reachable set from zero of (53) is equal to R" and if system (53) is LP-stable
for some p € [1, 00), then system (52) is globally asymptotically stable with respect to the
origin.
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Proof. We first show (i). Note that the system (53) satisfies (H; ,) (with @ = 0). Fix a
u € LP([0, 00), R™). Let x, be the solution of (53) corresponding to u. From Lemma 4 we
know that x,(z) - Oast — o0.

To prove stability, we need some elementary reachability results for linear systems. By
our assumption we know that the system

(54) x = Ax + Bu

is controllable. Any point xo € R” can be reached from zero by trajectories of (54) at time 1.
Moreover we can choose au,, on [0, 1] that steers zero to xo and satisfies ||ux, || L<[0,17 < Clixoll,
where C > 0 is a constant depending on A, B (cf., e.g., [13]). By a measurable selection
it is also true that there is a measurable control v that steers zero to xg for the system (S)
X = Ax + Bo (v), provided that xg is small enough. Moreover ||v|| =0, 1) can be made small
if {|xo|| is small. Soif we letu = v(¢) — f(x(¢)) on [0, 1], where x is the solution of (S), then
u steers zero to xo for (S) at time 1. Let U be an open neighborhood of 0. For each § > 0,
let 6(8) > 0 be small enough such that, for each xo with [|xp|| < 6(8), there exists a u,, that
steers zero to xo for (53) with ||uy, || Lrj0,17 < 8. If x is the solution of (52) starting at xo, and
if we let u(t) = u,,(¢) on [0, 1] and u(¢) = O on (1, co), then the solution x, of (53) satisfies
x,(t) = x(@ — 1) on [1, 00). By (46) we can take a § > 0 small enough such that for any xq
with ||xpl] < 6(8), the solution x of (52) starting at xq stays in U. So system (52) is locally
stable.

We next show (ii). Local stability follows as in (i). To prove global attraction, note
that the reachability assumption implies that any trajectory x of (52) can be seen as a part
of a trajectory of (53) corresponding to a control in L”. Now Lemma 4 provides that
x() — 0. 0

5.2. Dissipation inequality and input-to-state stability. Next we give a slightly differ-
ent proof of Theorem 2, which results in a weaker statement (we now allow ¢ to depend on p)
but which is somewhat simpler. Moreover, it results in a simple dissipation-type inequality,
from which conclusions about nonzero initial states will be evident. We will only sketch the
steps, as they parallel those in the previous proofs.

Assume that A is skew—symmetric and A — BB’ is Hurwitz. Fixa 1 < p < oo first. Let
T,a,b, K, Vg p, V1,, be as in the proof of Lemma 2. Let

Ap = K||Bllcp ,
1
£p = .
P 2K,
Consider the system
(55) x = Ax — Bo(B'x +u) + £,0(v),

where the initial states are now arbitrary. Write x(¢) = B'x(t) + u(z).
Along the trajectories of (55), we have

Vo, (x(1)) = —llx(®|P7 ¥ (t)o (F(1))
HlxOIP™! (8,2 )0 (v (1)) + ' (D)o (F(2)))
< —llx@|P7'F ()0 (X(2))

(56) +KxOI7 u@] + Keplx@)]1P.
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(Compare this with (22).) Similar to (25) we can get (for p > 1)
Vip(e@) < =llx®1” + Kepl| Bl 1x ()77 & (1)o (£(2))
(57 + ¢, Klx@1P~ (IBIHw@)]| + epllv@)]l) -
Again letting V,(x) = A, Vo ,(x) + V1 ,(x), we obtain

V,(x (1)

IA

—(1 = Kxpep) XN + IxO17~" (K 4+ DA lu®l + ¢, Ky llv@)])

1
—5 O + @17~ ((K + DA lu®ll + c, Kepllv@ll) -

Let
kp = max{(K + DA,, c,Kep}.

Thus, for p > 1,

. 1
(38) Vpx(1)) < —EIIX(I)II" + ikl @ONP U@ + o@)1) -

Arguing as in the proof of Lemma 2, we see that this provides L7-stability provided that
x(0) = 0. But we also note in this case that it is possible to rewrite (58) in a “dissipation
inequality” form, as follows. First, by Young’s inequality, we have for any o, u, v > 0 and
p>1,

J(p—1) vP
a,P p MP + —.
pa?

. p e
P Lap -k, '

. 1 Kp
Vox@) < —lex(t)llp + —5 (lu@®Il + v P .
pP%p

wly < 2

Let

Then (58) can be written as

Soifwelet V, =4V, r, = g{%, we finally conclude, along all solutions of (55),
P

(39) ‘jp(x(t)) < =llx®ONI” + rp(u®l + @ 1*.

This is sometimes called a dissipation inequality; see [7].

Take in particular p = 2 and write V = V. The estimate (59) shows that V (x(¢)) must
decrease if ||x(¢)| is larger than ./, times the input magnitude. Thus, irrespective of the
initial state, the state trajectory is ultimately bounded, assuming that the inputs u and v are
bounded, and this asymptotic bound depends on an asymptotic bound on u# and v. One way
to summarize this conclusion is by means of the estimate

(60) lx@ < BUxO), ) + v (Ilw, V)| eg0,n)

valid for all x(0), all + > 0, and all essentially bounded u, v, where y is a function of class
K and B is a class-K L function (that is, 8 : R>o X R>9 — R is so that for each fixed
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t > 0, B(-, t) is aclass-K function, and for each fixed s > 0, 8(s, -) is decreasing to zero as
t — 00). This is the notion of ISS stability discussed in, e.g., [11, 10, 17, 15]; equation (60)
is a consequence of (59), which says that V is a Lyapunov ISS function. In fact, in our case
one can say more about the function y; namely, it can be taken to be linear. Indeed, from the
proof in [11, p. 441] one can take any y > al'l o oy o a4, where a4(l) = /r,l and where the
«;’s are class-K functions, so that

ai(flxl) = Vx) = ea(llxID

for all x € R". Here we can choose o, = cay, for some ¢ > 1, where «; is of the form
a(l) = a11? + a,1® and is thus a convex function. Since for any increasing convex function o
and ¢ > 1,and any d > 0, o~ !(ca(dl)) < cdl for all I, this gives a linear y as claimed.

6. More general input nonlinearities. Now we consider a broader class of input non-
linearities, allowing unbounded functions as well. The main result will be extended to this
case.

DEFINITION 4. We call ¥ : R — R an g-functl’on if it can be written as T(t) =
atg(t) + o(t), where

o « > 0is a constant,

o g :R — [a, b] is measurable and a, b are strictly positive real numbers,

o 0 :R — Risan S-function. N -

We say that ¥ = (%, ..., ) is an R"-valued S-function if each T; is an S-function. As
before if € = (&1, ...,&m) € R™, then Z(§) = (£1(61), ..., Zn(€m)).

With this definition we have the following generalization of Theorem 1.

. THEOREM 4. Let A, B be n X n,n X m matrices, respectively, and % be an R™-valued
S-function. Assume that A is neutrally stable. Then there exists an m X n matrix F such that
the system

X =Ax+ BX(Fx +u),

1) x(0) =

is LP-stable for all 1 < p < oo.

Proof. As in the proof of Theorem 2, we can assume without loss of generality that A is
skew—symmetric and (A, B) is controllable.

Assume that ¥ = (X1, ..., X,,) with Z;(¢) = a;tg;(t) + 0;(¢). Leto = (01, ...,04)
and G = diag(eg, - - ., dmgm) With G(§) = diag(c181(51), .., ¥mgm(Em)) for § € R™.
Then Z(§) = G(§)§ + o (§).

The «;’s split into two sets, A; = {o;, o; > 0} and A, = {&;, o; = 0}. We can assume
without loss of generality that

Ay ={oy, ..., }and Ay = {41, ..., 0}, ¥ <m.

Therefore system (61) becomes

®181
O |O
xX=Ax+ B 0 (Fx+u)+ Bo(Fx 4+ u).
O 8r
0 0
Write B = (B, By), F = (2) u=("),0 = (5),and let G, = diag(@g1. ..., ag,) with

G1(§) = diag(ai181(81), . a,g,(&,)) for £ € R". The sizes of the matrices B, B>, Fy, F,
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are, respectively, n x r,n x (m —r),r x n, (m —r) x n. As for u,, u,, they are, respectively,
elements of R” and R™~". The S-functions o', o2 are, respectively, R"- and R™~"-valued.
We rewrite (61) as

X = Ax + B]G](le +u))(Fix +uy)

(62) + Bio ' (Fix + u1) + Byo*(Fox + uy),
x(0) = 0.

Let R(A, By) : R™ — R” be the reachability matrix of (A, B;). (Here and below we will
identify matrices with the corresponding linear maps.)

Let D = ImR(A, B;) and H = D'. We have D @ H = R". Clearly the subspace D
is invariant under A and Im(B;) € D. Since A is skew—symmetric, the subspace H is also
invariant under A. So there exists an orthogonal n x n matrix U such that

r_( At O
(63) UAU-(O A2>’

where A; and A, are skew—symmetric and are restrictions of A to G and H, respectively.
So, up to an orthonormal change of basis, we can assume that A is already of the form (63).
According to this decomposition, D = Im R(A, B;). Lets = dim D = rank R(A, B;).

Consider now
| _ [ Bu _( Bxu
=) m=(8) ==(5)

F; = (Fy1, Fp), Fy = (Fy, Fp).

Here, x; € R*, x, € R"* and the sizes of By, Bi2, By, By and Fyy, Fiz, F»y, F», are,
respectively, s x r,(n —s) xr,s x(m —r),(n—s) x (im—r)andr x s,r X (n —s), (M —
ryxs,m—r)x(n-—s).

Since ImB; C D, we have By, = 0. Now system (62) becomes

x1 = Ax1 + BuGi(Fux) + Fuaxz + u)(Fuxi + Fiaxz + uy)
+ Buo! (Fuuxi + Fioxy + 1) + By (Faixi + Frxy + ),
%2 = Aoxy + Bo?(Faxy + Foxy + uz) .
Choose now Fi; = F, =0, Fi; = —Bj,, and F5; = —B;,. We obtain
x1 = (A; — BiiG1(—Bj x1 + u1)B};) x1 + Bi1G1(—Bj x1 + u)u;
+B110 ' (=B} x1 + u1) + Ba1o*(—Bhyxa + us),
X2 = Aoxz + Byno*(—Bhyxs + uz).
In the above system, replacing o (-) by —o (—:) (still denoted by o), the system becomes
%1 = (A1 — BuG1(—B{,x1 +u1)Bj;) x1 + B11G1(—Bj;x1 + u1)u
—Bu10' (Byyx1 — 1) — Buo?(Bypxz — ua),
X2 = Agxy — Bno®(Bhyxy — up).

Since (A, B) is controllable, (A,, By) is also controllable. It follows from Theorem 2 that
the x,-subsystem is L?-stable for all 1 < p < oco. So there exists C; > O such that ||x; || <

Cll, lluallze.
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Fori =1,...,r,letd;(¢t) = ail(t)/t, ift #£0,and d;(t) = 0,if t = 0. Let G;(§) =
diag(d, (&), ..., d,(&,)). Then we can rewrite the x;-subsystem as

X1 = [A| — B11(G1(—Bjx1 + u1) + G (B} x1 — u1)) By 1x1 + v,
where
v = B11G1(—Bjx1 +uu; + Bllél(Bilxl —uuy — Baio*(Boyxa — u3).
We have
lvll < Cludll + llx2ll + llue2ll)

for some C > 0. 3
If welet D(t) = G1(—Bj;x1(t) +u1(t)) + G1(Bj,x1(t) —u;(t)), then the above equation
can be written as

%1(1) = (A — BuD@)B])x1(t) + v(7) .

By definition of an S-function and~an §—functionl there exisE two real numbers §; and 8, such
that 0 < §; < &,, and if we write D(t) = diag(d;(¢), -- -, d,(¢)), then

& <di(t) <&

fori =1,...,r. Since (A, B) is controllable, (A, By1) is controllable too. Then it follows
from Corollary 2 that

Ixilie < Colivliee
for some (,_’?) > (0 depending on A, By, 81, 82, and p. But we know that

olle < Cllurlize + luallzr + Ix2lize) < Cllurlize + C(A+ Cp)lluallze -

Therefore we have |lx{|.r < C,2,l|u|| r» for some constant Clz, > 0. a

7. Counterexample: The nth order scalar integrator. The nextresultis anegative one,
and it concerns systems such as those in equation (2), except that the matrix A is not neutrally
stable but instead is assumed to have a nonsimple Jordan block for the zero eigenvalue. In
that case, we show that for any possible F which stabilizes the corresponding linear control
system

x=Ax+ B(Fx+u),
x(0) =0,

the resulting system (X, is not in general L?-stable for any 1 < p < oo. We first consider
the simplest case, namely the double integrator. The proof is of interest because the origin of
the corresponding system without inputs (but with the saturation) is globally asymptotically
stable. Thus the result is quite surprising. In the end we discuss the n-integrator for n > 3.

PROPOSITION 1. Let 1 < p < oo. Consider the following 2-dimensional initialized
control system:

xX=y,
(Sa,5) y=—o(ax +by+u),
x(0) =y(0) =0,
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where a, b > 0, o is a scalar S-function, and inputs u belong to L? ([0, oc), R). Then (S, ;)
is not L?-stable.

Proof. Up to a reparameterization of the time and a linear change of variables, it is enough
to show that the initialized control system

xX=y,
y=—-io(x+y+u),
x(0) =y(0) =0,

where A > 0, is not L?-stable. Now replacing Ao by ¢ (note Ao is still an S-function) we
may assume that > = 1. Therefore all we need to show is that the system

xX=y,
(S) y=-o(x+y+u),
x(0) =y(0)=0

is not LP-stable. The proof is quite technical, but the idea is not difficult to understand. It is
based on the fact that the feedback # = —y makes the system (.S) have periodic trajectories,
with a control u whose norm is proportional to that of the y-coordinate. But the x-coordinate
is the integral of y, so the ratio between the p-norms of x and u# can be made to be large for
p < 0o. (For p = 00, one modifies the argument to reach states of large magnitude.)

Let us first fix a p in [1, o0). Assume that (S) is L?-stable. Then the following holds:
there exists Cp, > 0 so that, if u € L?([0, c0), R), then

(64) 1¥2lLe < Cp el

where y, is the second coordinate of (x,, y,), the solution of (.S) associated to u.
To see this, letg = 2(p — 1) > O and

_xylyl
g+1°

Vq(x, y) =

Then along the trajectory (x,, y,) of (S) we have

. 1
Vy=——— D7+ x,0(x, + yu + w)lyal?.
q | [yl ( ¥ Nyl
Therefore,
. 1 2
(65) Vg + 7+1 Iyul?™ < Klxullyul?,

where K is an S-bound for o. From Lemma 4 we know that lim;_, . (x,, y,) = (0, 0).
Integrating (65) from zero to ¢ and letting ¢t — 0o, we end up with

1 o0 00
— |yulq+2 <K |xu”yu‘q'
g+1 Jo 0

Therefore, if p = 1, we get that ||y51|L1 < K|x|lz:. If p > 1, applying Holder’s inequality,

we get
1 o 00 (—1/p
— | 5l = Kl (/ Iyut‘”’/(”“’> :

g+1 Jo A
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But q;‘;’—l =2(p - 1);{—1 = 2p. Therefore

(66) Iy2lee < @p = DK|Ixulle.

Since (S) is LP-stable, ||x,|lL» < Gpllullr», where G, is the LP-gain of (S). So (64) indeed
holds.

Now we construct trajectories of (S) which contradict (64).

We consider the level sets of the following Lyapunov function:

Vix,y) =y + Gx),

where G(x) = 2 f; o (s)ds.
Let py = 2infy;>1 |o(¢)] > O and define H : R — R by

mo={ oy HEET
p1(x| —1) if |x|>1.

We have

(67) Y+ Hx) < V(x,y) < y*+2K|x|.

Note that along trajectories of
~ x=y,

(S) :

y =—0o(x),

V is constant.

Let us fix a constant Vy > max{1, 2K} andlet x~ < Oand x* > O be such that G(xT) =
G(x™) = V. Since (S) is controllable, there exist a 77 > 0 and a ug in L?([0, T1], R) such
that (x,(T1), yu,(T1)) = (0, v/Vo). We can also assume that uo(t) = O for ¢t > T;. For
t > 0, consider (x(t), yo(¢)), the solution of (§) with (X0(0), 70(0)) = (0, +/Vp). Note that
V (x0(t), yo(¢)) = Vp. Clearly this trajectory is periodic, since it lies in the closed curve
V(x) = V, and there are no equilibria there. Assume that the period is 7.

Consider the sequence {u,};2 ; of inputs defined as follows:

up(t) on [0, T1],
up(t) =3 —yot —=T1) on (Ty, Ty +nT],
0 on (T)+nT,o0).

Then if (x,, y,) denotes the solution of () associated to u,, we have fort € [T}, T} + nT],

(xn (@), yn()) = (Kot — T1), Yot — T1)) .

In this case (note that y,(t) = y,,(¢) for ¢t € [0, T1] and y,(t) = y,,(t —nT) fort €
[Ty +nT, o))

oQ T1 T
/ [, ()P ds =/ lug(s)|? ds + n[ [¥0(s)|? ds,
0 0 0

o0 00 T
f Y2(s)|P ds = /0 Y217 ds + fo 152517 ds
0

‘We conclude that
T - 1/p
e (Berds) "
lim —=% _ def

n>oo |lupllLr (foT |5,0(s)|pds)l/p -

p.Vo-
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According to (64), this quotient should be bounded independently of the choice of V. We
next derive a contradiction by showing that this is not so.
Notice that for any r > 1, since xo(f) = yo(t), we have

T T .
/0 Fo(s)["ds = fo o) o (s)Ids.

Since V(x, y) = V(x, —y), we have

+

T T .
(68) f |yo(s)|"ds = / |)_’0(S)1r—1|f0(s)|ds = 2/ |}—’(x)|r*1dx,
0 0

X

where |y(x)| = +/Vp — G(x) for x between x~ and x*. (Note that the curve V (x) = V; can
be written as the union of the graphs of the functions y(x) = £/ Vo — G(x). Thus we can
reparameterize the orbit in each of these two parts in terms of the variable x.)

Considering (67), we have Vy/(2K) < |x~|, x* < Vu/p1 + 1. Then it follows from (68)
that

T
./0 Fo()IPds = 2‘/(J(I)~1)/2(’CJr —x7) < 4V" W/ + 1) < € V()(p+l)/2,
T Yo/ (2K) i
f |55(s)IPds = 4f (Vo —2Kx)P"V2dx > CVf*'2,
0 0

where C;, C; > 0 are some constants. Finally, we get L, y, > C VO1 ’? for some C > 0. But
according to (64), L, v, < C,. Therefore, for V; large enough we get a contradiction. So (S)
cannot be LP-stable for 1 < p < oc.

We still need to establish the special case p = oc. We use again the level sets of V. Let
u% on [0, Ty] for some Ty > 0 be an input such that (x,0(Tp), y,0(Tp)) = (0, /Vp), for some
Vo > 0 which will be fixed below.

From (0, +/Vp), follow the trajectory of

X =y,

(nH -
Y = P2,

on [To, To + 1], where p, = —o(—1) > 0. The trajectory (x, y) of (I), hence, reaches
(WVo + 02/2, VVo + p2). Let

Vi = Vot 020>+ GG/ Vo + 02/2) = Vo + 2027/ V.

Note that also V; < Vp 4+ C(4/Vo + 1) for some C > 0. Furthermore, the trajectory of ()
can be viewed as a trajectory of (S) with u!(t) = —1 —x(t) — y(t) for Ty <t < Ty + 1. Let

uy=—u'To+ 1) =14+Vo+p2/2+VVo+ 02 =2/Vo+3/20 + 1.

Then, for Ty+1 < t < T, follow the trajectory (%, 5) of (S) from (v/Vo+p2/2, ~/Vo-+p2) until
the resulting trajectory reaches (0, »/V;) at t = Ty. This trajectory can also be considered
as a trajectory of (S) with u'(t) = —¥%(t) on (Ty + 1, T;]. Note that |u!(t)] < /V, for
To+1 < t < T,. Fix Vy such that «/V, < u; < 34/Vp. It is clear that on [Ty, Ti],
(@] < uy.

If we iterate the above construction, we can build three sequences {V,,}2,, {un}
{T.}:2, such that

o0

o1, and
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(1) Va1 = WV 4+ 022 + GV + 02/2) = Vi + 202/ Vi

() up =2Vo1 +3/200+1 <3V,

(3) on [T,, T,41], there exists an input u” such that sup{|u"(#)| : t € [T,, Tp+1]} = u,
and the trajectory of (S) associated to u" goes from (0, /V,,) to (0, \/V,11).
Clearly lim,,_, o, V,, = 00 and then lim,_,, 4, = 00. Furthermore, let x,; < 0 be such that
G(x;) = V,. Then |x; | = 1/(2K)V, for n large enough, which implies that lim,_, « |x, |
= o0.

Let {#"}2° , be the sequence of inputs which is equal to the concatenation of u%, u!, ..., u"

on [0, T,,] and zero for t > T,,. For n large enough, we have

"(xl;" ’ }’ﬁ”)”oo > Ixn_lv
" oo = tn -
Since |x, /u,| > 1/(2K)+/V, for n large enough, (S) is not L*>°-stable. 0
For n integrators and n > 2, the proof that L?-stabilization is not possible is simpler (but

the result is far less interesting). We can argue as follows. Let o be a scalar S-function. It
was proved in [4, 21] that, if n > 3, the n-integrator

X1 =x2,
xn—l = Xp,
Xp = —o(u)

is not globally asymptotically stabilizable by any possible linear feedback. With this, it follows
from Lemma 5 that, if n > 3, the system

X1 =X,
xn—l = Xn,

x, =—0(Fx+u),
x(0)=0

is not L?-stable for any 1 < p < oo and any row vector F.
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