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ON FINITE-GAIN STABILIZABILITY OF LINEAR SYSTEMS
SUBJECT TO INPUT SATURATION*
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Abstract. This paper deals with (global) finite-gain input/output stabilization of linear systems with saturated
controls. For neutrally stable systems, it is shown that the linear feedback law suggested by the passivity approach
indeed provides stability, with respect to every L”-norm. Explicit bounds on closed-loop gains are obtained, and they
are related to the norms for the respective systems without saturation.

These results do not extend to the class of systems for which the state matrix has eigenvalues on the imaginary
axis with nonsimple (size > 1) Jordan blocks, contradicting what may be expected from the fact that such systems
are globally asymptotically stabilizable in the state-space sense; this is shown in particular for the double integrator.
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1. Introduction. In this work we are interested in those nonlinear systems that are ob-
tained when cascading a linear system with a memory-free input nonlinearity:

(%) x=Ax+ Bou), y=Cx.

The nonlinearity o is of a “saturation” type (definitions are given later). Figure 1 shows the
type of system being considered, where the linear part has transfer function W(s) and the
function o shown is the standard semilinear saturation (results will apply to more general
o’s).

Linear systems with actuator saturation constitute one of the most important classes of
nonlinear systems encountered in practice. Surprisingly, until recently few general theoretical
results were available regarding global feedback design problems for them. One such general
result was given in [14], which showed that global state-space stabilization for such systems
is possible under the assumptions that all the eigenvalues of A are in the closed left-hand
plane, plus stabilizability and detectability of (A, B, C). (These conditions are best possible,
since they are also necessary. The controller consists of an observer followed by a smooth
static nonlinearity.) For more recent work, see [20], which showed—based upon techniques
introduced in [16] for a particular case—how to simplify the controller that had been proposed
in [14]. See also [8] for closely related work showing that such systems can be semiglobally
(that is, on compact sets) stabilized by means of linear feedback.

In this paper, we are interested in studying not merely closed-loop state-space stability,
but also stability with respect to measurement and actuator noise. This is the notion of stability
that is often found in input/output studies. The problem is to find a controller C so that the
operator (u1, up) — (y1, y2) defined by the standard systems interconnection

yi = Pu + y2),
y2 = C(uz + y1)

is well posed and finite-gain stable, where P denotes the input/output behavior of the original
plant . See Fig. 2. (In our main results, we will take for simplicity the initial state to be
zero. However, nonzero initial states can be studied as well, and some remarks in that regard
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FIG. 2. Standard closed loop.

are presented in a latter section of the paper.) Once such input/output stability is achieved,
geometric operator-theoretic techniques can be applied; see for instance [3] and the references
therein. For other work on computing norms for nonlinear systems in state-space form, see
for instance [18] and the references given therein.

We focus on a case which would be trivial if one were only interested in state stability,
specifically when the original matrix A is neutrally stable; that is, we focus on the case
where all eigenvalues have nonpositive real parts and there are no nontrivial Jordan blocks
for eigenvalues in the imaginary axis. (The whole point of [14] and [20] was of course to
deal with such possible nontrivial blocks, e.g., multiple integrators.) In this case, a standard
passivity approach suggests the appropriate stabilization procedure. For instance, assume
that o is the identity (so the original system is linear), A + A’ < 0, and C = B’. Then
the system is passive, with storage function V (x) = |lx||?/2, since integrating the inequality
dV(x@®))/dt < y@)u(t) gives fot y(s)u(s)ds = V(x()) — V(x(0)). Thus the negative
feedback interconnection with the identity (strictly passive system), that is, u = —y, results
in finite-gain stability. For this calculation and more discussion on passivity, see for instance
[7] and the references given therein. (For the use of the same formulas for just state-space
stabilization with applications to linear systems with saturations, see [5] and [9]; see also the
discussion on the Jurdevic—Quinn method in [13].)

In this paper, we essentially generalize the passivity technique to systems with saturations.
We first establish finite-gain stability in the various p-norms, using linear state feedback
stabilizers. Then we show how outputs can be incorporated into the framework. Our work is
very much in the spirit of the well-known absolute stability area, but we have not been able to
find a way to deduce our results from that classical literature.

These results do not extend to the class of systems for which the state matrix has eigen-
values on the imaginary axis with nonsimple (size> 1) Jordan blocks, contradicting what may
be expected from the fact that such systems are globally asymptotically stabilizable in the
state-space sense; this is shown in particular for the double integrator.
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We make one remark on terminology. In the operator approach to nonlinear systems,
see, e.g., [19], a “system” is typically defined as a partially defined operator between normed
spaces, and “stability” means that the domain of this operator is the entire space. In that
context, finite-gain stability is the requirement that the operator be everywhere defined and
bounded; the norm of the operator is by definition the gain of the system. In this paper, we
use simply the term LP-stability to mean this stronger finite-gain condition.

The reader is referred to the companion paper [2] for results complementary to those in
this paper, dealing with Lipschitz continuity (“incremental gain stability”’) and continuity of
the operators in question. The two papers are technically independent.

Organization of Paper. In §2 we provide definitions and statements of the main results, as
well as some related comments. Proofs of the main results are given in §3. Section 4 estimates
gains in terms of the corresponding gains for systems without saturation, in particular for
p = 2 (Hx-norms). Results regarding nonzero initial states and global asymptotic stability of
the origin are collected in §5. Section 6 shows how to enlarge the class of input nonlinearities
even more, so as to include nonsaturations as well. The paper closes with §7, which contains
the double integrator counterexample.

2. Statements of main results. We introduce now the class of saturation functions to be
considered, and state the main results on finite-gain stability. Some remarks are also provided.
Proofs are deferred to a later section.

2.1. Saturation functions. We next formally define what we mean by a saturation. Es-
sentially, we ask only that this be a function which has the same sign as its argument, stays
away from zero at infinity, is bounded, and is not horizontal near zero.

DEFINITION 1. We call o : R — R a saturation function if it satisfies the following two
conditions:

(i) o is locally Lipschitz and bounded,
(ii) to () > 0ift # 0, liminf,,¢ @ > 0, and liminf; o |o (2)] > O.
For convenience we will simply call a saturation function ¢ an S-function. We say that

o is an R"-valued S-function if o = (o1, .. ., 0,)’, where each component o; is an S-function
and
def
o(x) = (01(x1), ..., on(xn))’
for x = (xq,...,x,) € R". Here we use (- - -)’ to denote the transpose of the vector (- - -).

Remark 1. 1t follows directly from Definition 1 that most reasonable saturation-type
functions are indeed S-functions in our sense. Included are arctan(z), tanh(¢), and the standard
saturation function oy(¢) = sign(¢) min{|¢|, 1}, i.e.,

1 if tr>1,
op(?) = t if 7] <1,
-1 ifr<-1.

Remark 2. 1t is easy to see that if o satisfies a bound |0 ()| < M|¢t| for ¢ near zero (in
particular if 6(0) = 0 and (i) in Definition 1 holds), then Condition (ii) in Definition 1 is
equivalent to the following condition:

(c) There exist positive numbers a, b, K and a measurable function t : R — [a, b] such
that for all # € R we have |0 (t) — 1(¢)t| < Kto(¢).

It is clear that (c) implies (ii). To see the converse, let § > O be such that |0 (¢)| < M|¢|
for |¢t| < 8. Then just let
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1 if r=0,
20 if t e [-8,81/{0},
E%Q if t>38,

—2CDif t < 5.

T(t) =

It is easily verified that there exist positive constants a, b, K such that (c) holds for this 7.
DEFINITION 2. We say that a constant K > 0 is an S-bound for o if there exista, b > 0
and a measurable function t : R — [a, b] such that, for all t € R,
) b=K,
@) oM = K,
(i) o] < Klt|,
@(v) lo(t) —t(®)t]| < Kto (2).
The above discussion shows that such (finite) S-bounds always exist.
A constant K > 0 is called an S-bound for an R™-valued S-function o if K is an S-bound
for each component of o.

2.2. LP-Stability. Consider the initialized control system given by

x = f(x,u),

M x(0) =0,

where the state x and the control u take, respectively, values in R” and R”. We assume that
the function f : R” x R™ — RR" is locally Lipschitz with respect to (x, u). Terminology for
systems will be as in any standard reference, such as [13].

Throughout this paper, if £ is a point in R", we use [|£]| = (37, £?)/? to denote the
usual Euclidean norm. For each matrix S, || S|| denotes the induced operator norm, and || S|| ¢
denotes the Frobenius norm, i.e, || S|z = Tr(S5)!/2, where Tr(-) denotes trace. Recall that
IS < ISliF-

Foreach 1 < p < oo and each integrable (essentially bounded, for p = o0) vector-valued
function x € LP([0, 00), R"), we let ||x||.» denote the usual LP-norms:

00 1/p
Il = ( fo nx(t)n"dt) ,

Xl = ess supg<, <oollX (D)l -

if p < 00, and

DEFINITION 3. Let1 < p < ocoand0 < M < oo. We say that (1) has L?-gain less than
or equal to M if for any u € L?([0, 00), R™), the solution x of (X) corresponding to u is in
LP([0, 00), R") and satisfies

lxllr < Mllullre .

The infimum of such numbers M will be called the L?-gain of (£). We say that system (X) is
LP-stable if its L?-gain is finite.

By a neutrally stable n x n matrix A we mean one for which all solutions of x = Ax
are bounded; equivalently, A has no eigenvalues with positive real part and each Jordan block
corresponding to a purely imaginary eigenvalue has size 1. Another well-known characteri-
zation of such matrices is that they are the ones for which there exists a symmetric positive
definite matrix Q such that A’Q + QA < 0.
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We now state our main result.

THEOREM 1. Let A, B be n X n,n x m matrices respectively. Let o be an R™-valued
S-function. Assume that A is neutrally stable. Then there exists an m x n matrix F such that
the system

x=Ax+ Bo(Fx +u),

@ x(0) =0

is L?-stable for all 1 < p < o0.

Theorem 1 is an immediate consequence of the more general technical result contained
in Theorem 2 below. To state that theorem in great generality, we recall first a standard
notion. Let (¥) x = Ax + Bu be a linear system, where x and u take values in R” and R™,
respectively. For each measurable and locally essentially bounded u : [0, o0) — R™ and
each xo € R”, let x, (¢, xo) be the solution of (X) corresponding to u with x, (0, xo) = xo.
Following the terminology of [6], the stabilizable subspace S(A, B) of (A, B) is the subspace
of R" which consists of all those initial states xo € R" for which there is some u so that
x,(t, x0) — 0 ast — oo. In other words, S(A, B) is the subspace of R” made up of all the
states that can be asymptotically controlled to zero (so this includes in particular the reachable
subspace). Observe that the pair (A, B) is stabilizable (asymptotically null controllable) iff
S(A, B) =R".

THEOREM 2. Let A and B be n x n and n X m matrices, respectively. Let S(A, B) be
the stabilizable subspace of (A, B). Let o be an R™-valued S-function and let 6 : RF —
S(A, B) € R”" be a locally Lipschitz function such that |6(§)|| < min{L, L||&||} for all
& € R¥, where L > 0 is a constant and k > 0 is some integer. Assume that A is neutrally
stable. Then there exist an m x n matrix F and an ¢ > 0 such that the system

x =Ax+ Bo(Fx 4+ u) +¢6(v),

3 x(0)=0

is LP-stable for each 1 < p < o0, i.e., there exists for each p a finite constant M, > 0 such
that for any u € L ([0, 00), R™), v € L?([0, o), R),

xllzr < Mp(llullze + llvllze) .

The proof is deferred to §3.

Theorem 2 implies Theorem 1 (just take § = 0) as well as a result dealing with small
“nonmatching” state perturbations.

Remark 3. 1t is possible to make the result even more general by weakening the Lipschitz
assumption on 6. Moreover, even the Lipschitz property of ¢ is not needed. The main problem
in dropping this last assumption is that uniqueness of solutions of the closed-loop system is
then not guaranteed, so that there is no well-defined input-to-state operator. Nonetheless, one
could rephrase all statements by asserting that all possible solutions satisfy the stated bounds.
This is consistent with the way stability is defined in some texts on input/output stability, where
well-posedness (existence and uniqueness of solutions) is stated as a property independent of
stability itself.

2.3. Output stabilization. Consider the initialized linear input/output system
(X40) x = Ax + Bo (),

x(0)=0,
y=Ex,
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where A, B, and E are, respectively, n X n, n X m, r X n matrices. Assume that system
(Z,0) is asymptotically observable (that is, it is detectable). Our main result for input/output
systems is as follows.

THEOREM 3. Assume that system (X,,) is asymptotically observable, A is neutrally stable,
and the R™-valued S-function o is globally Lipschitz. Then there exist an m x n matrix F
and an n X r matrix L such that the following property holds. Let 1 < p < oo. Pick any
uj € LP([0, 00), R™) and u; € LP([0, o0), R"), and consider the solution x = (xy, x3) of

Xy = Ax; + Bo(y, +u1), y1 = Exp,
X2 = (A+ LE)xy + Bo(Fx3) — L(y1 +u2), y» = Fxs,

with x(0) = 0. Consider the total output function y = (y1, y2) = (Exy, Fx;). Then y is in
L?([0, o0), R"™™) and

Iyllier < Mp(llurllLe + llualize)
for some constant M, > 0.

2.4, Not every feedback stabilizes. One may ask whether any F that would stabilize
when the saturation is not present would also provide finite gain for (2). Not surprisingly, the
answer is negative. In order to give an example, we need first a simple technical remark.

LEMMA 1. Consider the system x = Ax + Bo (Fx + u), where the matrix A is assumed
to have all eigenvalues in the imaginary axis and where each component of o is a continuous
function whose range contains a neighborhood of the origin (this holds, for instance, if it is
an S-function). Furthermore, assume that the pair (A, B) is controllable. Then, given any
state xy € R", there is some measurable essentially bounded control u steering the origin to
Xo in finite time.

Proof. Since all eigenvalues of A have zero real part and the pair (A, B) is controllable,
for each £ > 0 there is some control vy for the system x = Ax + Bu so that |vy(t)| < & for all
t and v drives in finite time the origin to xq (see, e.g., [12]). Considering that the range of o
contains a neighborhood of the origin and using a measurable selection (Fillipov’s Theorem),
we see that there is a measurable control v which achieves the same transfer, for the system
X = Ax 4+ Bo(u). Now let, along the corresponding trajectory, u(t) = v(t) — Fx(z). It
follows that this achieves the desired transfer for x = Ax + Bo (Fx + u). 0

The next two examples show that even if A is neutrally stable, Theorem 1 may not be true
if F only satisfies the condition that A 4 BF is Hurwitz.

Example 1. Let

A=((1) ‘(1)), Bz(‘l)>, F=—(/21),

and any o so that 6(1/2) = 1. Then both the origin and (—1, 0)’ are equilibrium points of the
system

X = Ax + Bo (Fx).

By Lemma 1, there is some input u that steers the origin to (—1, 0)’ in some finite time Tp.
Consider the input #; equal to ug for 0 < ¢t < Tj and to zero for ¢t > Tj. Then if x is the
trajectory of (2) corresponding to u, we have that x(t) = (—1, 0) for all ¢ > Ty. Clearly, for
any 1 < p < oo, u; € LP([0,0), R) and x ¢ L?([0, o0), R?). Therefore, system (3) is not
LP-stable forany 1 < p < oo. If we use multiple inputs, a different example which includes
p = o0 is as follows. :
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Example 2. Assume thatm =n = 2. Let

=(38) (5 0). r=( 1)

Then A+ BF = F is Hurwitz. Let o = (09, 0p)’, where oy is the standard saturation function.
Then the system

x=0(Fx+u),

@ x(0) = (0,0

is not L”-stable for any 1 < p < oo. To see this, take a control v on some interval [0, T'] that
steers (0,0) to (1,1). Letu = von [0, T] and u = (0,0)’ on (T, 00). Let x = (x1, x2)’ be
the solution of (4) corresponding to u. Then on [T, 00), we have x1(t) = x(t) =t — T + 1.
Thus (4) is not L?-stable for any 1 < p < oo. (In fact, the trajectory is not even bounded for
a bounded input.)

3. Proofs of the main results. For notational convenience (to avoid having too many
negative signs in the formulas) we will prove the main theorem for systems written in the form

x =Ax — Bo(Fx 4+ u) +¢6(v),

© x(0)=0.

A trivial remark is needed before we start.

Remark4. Assumethato; : R¥ — R™ando, : R® — R" each satisfy a growth estimate
of the type [lo7 ()|l < Cllull, lo2()|| < Cllv|| foru € R¥, v € R, It follows from classical
linear systems theory that if the system x = Ax is globally asymptotically stable—that is, A
is a Hurwitz matrix—then the controlled system x = f(x, u, v) = Ax + Boy(u) + 02(v) is
automatically also L?-stable forall 1 < p < co. We will be interested in the case in which A
is merely stable, but this remark will be used at various points.

We now prove Theorem 2. First note that we can assume that (A, B) is controllable.

3.1. Reduction to the controllable case. Suppose Theorem 2 is already known to be
true for controllable (A, B); we show how the general case follows. It is an elementary linear
system exercise to show that the stabilizable subspace S(A, B), for any two A, B, is invariant
under A; this follows for instance from its characterization as a sum of the reachable subspace
and the space of stable modes. Thus the restriction of A to S(A, B) is well defined, and it
is again neutrally stable. Now since 6 takes values in S(A, B), the trajectories of (5) lie in
S(A, B). So we may assume that (A, B) is stabilizable, i.e., S(A, B) = R", since otherwise
we can restrict ourselves to S(A, B). Then, up to a change of coordinates, we may assume

that
[ A A _( Bi

where (A;, By) is controllable and A, is neutrally stable. Assume that A; is an r X r matrix
and B, is an r X m matrix.

Let§ : R — R’ be given by 6(§) = (Go(&1), ..., G0(&)) for & € R”, where 6 is the
standard saturation function, i.e., 9o(f) = sign (¢) min(1, |#|}.

By our assumption that the result is known in the controllable case, there exists anm x r
matrix F; and €; > 0 so that the system

%1 = A1x; — Bio (Fix; +u) + &6 (w),

© x1(0) =0
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is LP-stable for all 1 < p < oo. Let I', be the LP-gain of this system, so ||lx;]l.» <
Ip(llulizr + llwlize) for all u € LP([0, 00), R™) and w € L7 ([0, oo), R").

Since (A, B) is stabilizable, we can find an m X n matrix E such that A + BE is Hurwitz.
Then the system

7 y(0) =0

is LP-stable forany 1 < p < oo. Let y,, be the L?-gain of (7), s0 ||yllr < vpllviiLe.

Take an ¢ > O such that eLyy||BE| < &;. Let F = (F;,0). We show that for this
choice of F and ¢, system (5) is LP-stable for any 1 < p < oo. For this purpose, let
u € L?([0, 00), R™), v € LP([0, 00), R¥). Let x be the solution of (5) corresponding to u, v.
Let y be the solution of

y=(A+BE)y+¢&0(v),

@ $(0) =0.

Then we have ||y|lr~ < éLyoo and ||yllzr < eLypllv|lLr (note that ||6(£)]| < min{L, L||§]|}
for all £ € R¥). Let z = x — y. Then z satisfies

i=Az—Bo(Fz+ Fy+u)— BEy,
z(0) =0.

Write z = (z1, 22)’. Then we have z; = 0 and z; satisfies

21 = A121 — Byo(Fizy+ Fy +u) — ByEy,
71(0) = 0.

Since || BiEyll= < [|B1E|| |yllL~ < éLysollB1E|l < €1, We have

—d (__ BIE)’) )
€1 €1

Then z; satisfies

) ~(—BE
21=A121——Blcr(F121+Fy+u)+819< al y>,
1
z1(0) = 0.

By the LP-stability of (6) we get that

B1Ey
€1

2l = Nzl < T, (nFy +uller + |

.)

IBLE|lIyll
=T, ("F" Ivliee + llullLe + ——1-—81—-£

I B E|
=T, (llullu+( 811 +IFN ) eLyplivliee ) -

This shows that (5) is L?-stable, which concludes the proof that we may assume that (A, B)
is controllable.
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By (12) there exists a § € (0, 1/2] such that

(1—28)T
£ —.
K Yoor/m|| B

Let u € L?([0, 00), R™), v € L?([0, 00), R¥). Let y be the solution of

y=(A—BB)y+¢6(v),

14 y(0) = 0.

Let x be the solution of (11) corresponding to u, v and let z = x — y. Then z satisfies

:=Az—Bo(B'z+u+ B'y)+ BBTy,

(1) z(0) = 0.

Letii =u + B’y and ¥ = B’y. Then we get

1-28r

(16) 0l < Bl Iylize < €llBllYoollOlle <

Now (15) can be written as

z=Az—-B(oc(Bz+u)—1),

1
17 z(0) = 0.

(We have brought the problem to one of a “matched uncertainty” type, in robust control terms,
if we think of v as representing a source of uncertainty.)

Let z(t) = B'z(t) + u(¢). For each 1 < p < oo, consider the function Vp , : R* - R
given by

[l ||+
p+1°

W, p(x ) =
Along the trajectories of (17), we have

Vo,pz(®) = —llz®IIP'Z ) B (o (B'z(t) + (1)) — 3(t))
= —[lzOI”7'Z' (@) [0 G@®) = O] + lzOIP~'7 @) [0 G@#) — 5]

Since K is an S-bound for o and considering (16), we have the following decay estimate:
Vopz(®) < =lz®IP'2 (1) (0 E(1) - 5(1))

(18) + (K + g—f/—gﬁ) lzIP~H @l

We next need to bound the first term in the right-hand side of (18). For that purpose, we will
partition [0, co) into two subsets. By the definition of I', there is some M; > 1 so that

min inf |o; >(1-8r.
_min inf |o;(6)] > (1-5)

i=1,..m
The first subset consists of those ¢ for which ||Z'(¢)|| < M;+/m. For such ¢, trivially,

19 7 @) (0 @) = 8(1)) = 7' (o E(1) = Miv/m|[5D)]] -
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Next we consider those ¢ for which ||Z'(¢)|| > M;+/m. First we note some general facts about
any vector £ € R™ for which

(20) Il > Mi/m.

If we pick iy so that |§;)| = max;=i,... .{|&]1}, then || > M,, and therefore, by the choice of
My, |oi, (&) = (1 — 8)I". We conclude that if £ satisfies (20) then

&1

5/0’(5) Z sioaio(gio) Z ﬁ (1 - (S)F )
or equivalently
1g) < YmEe®)
(1-8r

From this and (16) we have if |Z(¢)|| > My/m,

Z() (0 @) —5®) = 7)o E(®) — 1ZO1 15O
Vml|vl

> 7)o (Z()) — d—5r 7)o (Z())
1-28\ . .
> (1 13 )z ®)o (Z(®)
‘ é
@1 = 70 GW).

Note also that ﬁ < 1for0 < § < 1/2. Combining (19) and (21) we have a common

estimate valid for all ¢t > 0:

70 (0 E®) = 30)) = i 57 (0 G@) — Mi/mIF@)] -
Using this and (18) we get
Vo,@®) <~ 2 S0P (00 @)
(22) +llz@ P! ((K + %) el + Mn/r_rillf)(t)ll) .

Let v = diag(zy, ..., 1,) with (&) = diag(t;(&1), ..., Tn(€n)) for € € R™. Then
al < t(§) < bl forall £ € R". We have for any & € R™,

m 1/2
It )% — @)l = (Z |7 (&)E: ~oi(si)|2)
i=l1

m 1/2
(23) <K (Z £ (o; <s,~))2) < KEo ().
i=1

Now we rewrite (17) in the form

=AMz + B[t E®)) (1) — 0 G®) — T G®) &) + ()],

24
24 z(0) =0,



