Systems & Control Letters 33 (1998) 81--88

SYSTEMS
& CONTROL
LETTERS

Remarks on universal nonsingular controls
for discrete-time systems

Eduardo D. Sontag?, Fabian R. Wirth >*

3 Department of Mathematics, Rutgers University, New Brunswick, NJ 08903, USA
Y Institut fiir Dynamische Systeme, Universitit Bremen, Postfach 330440, D-28344 Bremen, Germany

Received 21 March 1997; received in revised form 5 October 1997; accepted 2 November 1997

Abstract

For analytic discrete-time systems, it is shown that uniform forward accessibility implies the generic existence of universal
nonsingular control sequences. A particular application is given by considering forward accessible systems on compact
manifolds. For general systems, it is proved that the complement of the set of universal sequences of infinite length is of
the first category. For classes of systems satisfying a descending chain condition, and in particular, for systems defined by
polynomial dynamics, forward accessibility implies uniform forward accessibility. © 1998 Elsevier Science B.V. All rights

reserved.

Keywords: Analytic discrete-time systems; Forward accessibility; Universal controls

1. Introduction

In a number of recent papers the question of exis-
tence of controls with certain universal properties has
been addressed for continuous as well as discrete-
time systems. Both aspects of the theory, namely
observation and control, have been studied. Interest
in this subject started with the analysis of univer-
sally distinguishing inputs, that is inputs that lead
to different outputs for any pair of initial conditions
that is distinguishable, see [8, 12, 11]. Subsequently,
the problem of existence and genericity of universal
nonsingular controls, that is, controls that steer every
point of the state space into the interior of its reach-
able set was studied in [9]; this notion is in a sense
dual to distinguishability. In this short note, a remain-
ing gap is closed in that we study the existence of
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universal nonsingular (or universally regular) control
sequences for analytic discrete-time systems. This
problem turned up in a study of exponential growth
rates of perturbed time-varying linear systems [15].
For this setup it is also necessary to study discrete-
time systems with a transition map that is not de-
fined for all pairs of states and control values (x, u),
which is done by introducing analytic “exceptional”
sets.

This paper is organized as follows. After defining
the precise class of discrete-time systems and stat-
ing the problem in Section 2 we prove the main re-
sults on universal nonsingular controls in Section 3
under the condition of uniform forward accessibility.
In the ensuing Section 4 certain classes of systems are
discussed where the structure of the system guaran-
tees uniform forward accessibility from the entire state
space if forward accessibility holds. This discussion
depends on stationarity of descending chains of sin-
gularity loci, which holds for algebraic systems (those
defined by polynomial dynamics). Section 5 is used
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as an appendix to review some facts on analytically
defined sets.

2. Preliminaries

We begin with a discussion of the problem and the
main results for standard analytic, discrete-time in-
vertible systems. Let M, U be real-analytic, connected,
paracompact manifolds of dimension #, resp. m. An
analyticmap f : M x U — M gives rise to an analytic
discrete-time system of the form

x(1+ 1) = fx(t), u(®)),
x(0)=xp e M.

ren,
(1)

For now let us consider the standard assumption that
for each u € U the map f(:,u):M — M is a dif-
feomorphism of M. This class is of special interest
as it contains, in particular, sampled continuous-time
systems. The solution of system (1) corresponding to
an initial value x¢ and an admissible control sequence
u € UN is denoted by x(-; xo, u).
The forward orbit at time t from x is defined by

OF(x):={y € M; 3u € U" with y =x(¢; x,u)}

and the forward orbit from x is

otx)=J ¢ w.

teN

The system (1) is said to be forward accessible if
int Ot (x) 5 0 for all x € M and uniformly forward ac-
cessible from V C M if there exists a # € N such that
int O (x) # 0 for all x€ V. Lie-algebraic conditions
for forward accessibility of invertible discrete-time
systems have been presented in [5, 1, 2]. In this paper
we are not concerned with providing conditions for
forward accessibility, but rather with presenting con-
sequences of this property.

Forward accessibility may be characterized by
a rank condition on the iterates of f as follows.
We define fi(x,u):= f(x,u) and recursively
fH—l(x’ Ug, .. ’ut) = f(ft(xa Ugs ..oy Up—1 )7 ut)' A pair
(x,u)e M x U* is called regular if the rank of the
Jacobian of f; with respect to the control variables is
full, i.e. if

of

; =tk
r(t’ x,u) r 6u0...8u,_1

(x,u)=n. 2)

It is easy to see that int O (x)#0 is equivalent to
the existence of a 7€ N satisfying int O} (x)#0.

By Sard’s theorem this is in turn equivalent to the
existence of a u€ U’ such that the rank condition
r(t; x,u) = n is satisfied. The interesting question is
whether uniform forward accessibility from V' C M
implies the existence of a single control u € U* such
that (x,u) is a regular pair for all x € V. Such a con-
trol sequence is called universal nonsingular for V.
To be precise, we call a finite control sequence u € U’
universal nonsingular for M (or V') if (x,u) is a regu-
lar pair for every x € M (respectively, every x € V).
An infinite sequence u € UV is called universal if for
every x € M (or V') there exists a ¢, such that for all
t=t, it holds that #(#; x,u)=n. We denote the sets
of universal nonsingular controls by S(¢,M), S(t, V'),
S(N, M) etc.

We now formulate the main results in terms of this
standard discrete-time setup. The proofs are omitted
here, as they will follow from the more general the-
orems proved in Section 3. For a discussion of semi-
analytic sets and our use of the term generic we refer
to Section 5.

Proposition 1. Let V C M be semi-analytic. Assume
that system (1) is uniformly forward accessible from
V in t* steps. Then S(t,V) is generic in U' for all
t=(n+ 1)t*. If furthermore, V is compact then the
complement of S(t,V') is contained in a closed, an-
alytically thin, subanalytic subset of U' for all t >
(n+ 1)*.

Uniform forward accessibility can be inferred from
accessibility if either M is compact or the system (1)
is algebraic. We will discuss the latter assumption in
more detail in Section 4. Thus we also obtain the fol-
lowing corollaries.

Corollary 2. Assume that M is compact and that
system (1) is forward accessible, then the complement
of S(t, M) is a closed, subanalytic, analytically thin
subset of U for all t € N large enough.

Corollary 3. Let M, U be real-algebraic manifolds
and assume that the map f is algebraic. If system (1)
is forward accessible then there exists a t such that
it is uniformly accessible from M in time t. Hence
S(t, V) is generic in U’ for all t = (n + 1)t

The above statements are proved in the follow-
ing more general context. Assume we are given a
proper analytic subset X C M x U and an analytic
map f: W — M, where W :=(M x U)\ X. For fixed
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u € U the domain of definition of f(-,u) is denoted
by W(u) C M, while the domain of definition of f; is
denoted by W, C M » U’. For x € M define the set of
admissible control values U(x) by {x} x U(x)=({x} x
U)\ X, and denote in a similar fashion the admissi-
ble sequences for x of length ¢ or of infinite length by
U'(x), UN(x). We consider the discrete-time system

x(t+ 1) = fx(0),u(t)),
x(0)=xy €M, 3)
u € UN(xo).

teN,

We assume that the set of admissible control values

U and the map f satisfy:

(1) For all x € M it holds that {x} x U ¢ X.

(1) Uap:={ucU; Wu)=M and f(-,uy:M —
M is submersive} is the complement of a proper
analytic subset of U. (Recall that f(-,u) is called
submersive if 0 f(-,u)/0x has full rank for every
xeM)

(iii) Forall ¢t € N, and all x€ M, fi(x,-) is nontriv-
ial with respect to u, i.e. if df,(x,-)/0up ... O0us—,
has full rank in some point u € U’(x), then in
each connected component of U’(x) there exists
a point where this rank condition is satisfied.

Remark 4. (i) Note that the condition u € Uy, means
in particular that f(-,u) is defined on all of M. If we
denote U/ := (Usy ' then an application of the chain
rule shows that f(-,u) is submersive foru € U, . Fur-
thermore, the complement of U, is a proper analytic
subset of U'. (ii) With respect to assumption (iii) note
that in each connected component of W, the set of
points where & f;/duc ... 0u;_, does not have full rank
is analytic. Thus, the assumption states that either the
rank condition is generically satisfied in U’(x) or not
at all. In the case X = (), this assumption is automati-

cally fulfilled by the connectedness of U.

Note that X; := (M x U*)\ W, need not be analytic
in M x U’ for ¢t > 1. The reason for this is that

Xei1 = (X x UYU{(nup,....u) € Wi x U;
(ﬁ(xa uo"'-yut—1)9ut)€X}a
4)
and the set on the right-hand side is only an analytic

set in W, x U and may not be analytic in M x U*+!. For
details on this question see [7], Ch. IV, Proposition 4'.

Let us note that from Eq. (4) it follows that X; is
a closed, g-analytic subset of A x U’. This may be
seen in an inductive manner, as follows. For z = 1, the
statement is clear by assumption. Assume by induction
that X, is a closed, g-analytic subset of M x U’. Then
X, x U is a c-analytic subset of M x U'*!. Further-
more, the set

A:={(xup,...,uy e W, x U;
(ft(x5u03~--5ut-—l)’ut) GX}

is an analytic subset of W, x U, and thus is, in par-
ticular, closed in W, x U. An elementary topology
argument implies that then also (X; x U)U 4 is a
closed subset of M x U**!. This set is g-analytic, be-
cause each of the two sets is o-analytic. The induction
step is complete. We give an example to illustrate the
situation.

Example 5. Let M = R, U = R? and

X ={(x,u,v); u=0} U {(x,u,v); x=u and v =0}.
Consider the system

x(1 4 1) = f(x(2), u(?), v(2))

. 1
v(t)x(t) + sin (u(t))
For x(0)=0 it follows that x(1)= sin(1/u(0)). We
claim that the exceptional set X, is not analytic in
M x U?. Indeed, consider the following set:

B:=X Nn{(x,u1,01,u2,02); x =up =v; =0, =0}.

Observe that B = {(0,4;,0,0,0), u; € By}, where

By = {ul; u1 =0, or u; #0 and sin (%) =0} .

1
If X, were an analytic subset of M x U?, then By would
be an analytic subset of R. But this is false, as 0 is a
limit point of isolated points of By, but analytic subsets
have finitely many connected components when inter-
sected with any compact subset of the ambient space.

For systems of the form (3) the definitions of for-
ward accessibility, uniform forward accessibility, reg-
ularity and universal nonsingularity remain the same,
with the possible exception that the defining equations
should only be considered where they make sense.
Note, in particular, that ifu € S(¢, V') for some V C M
then it follows that the transition map is defined i.e.
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(x,u) € W, for all x € V. The relation between acces-
sibility and regularity is clarified by the following ob-
servation, which is a reformulation of results from [1].
The proof is included for the sake of completeness.

Lemma 6. Let V be a semi-analytic subset of M.
System (3) is uniformly forward accessible from V
iff there exists a t € N such that all pairs (x,u) from
a generic subset Z C (V x U'YN W, are regular and
for all x € V it holds that {x} x U'NZ is generic in
{x} x U".

Proof. If system (3) is uniformly forward accessible
from ¥ we may choose a ¢ € N such that int 0 (x) # ()
for all x € V. By Sard’s theorem for each x € V there
exists a u, € U'(x) with »(¢; x,u,) = n. The singu-
lar set of f, restricted to V' x U' N W, is defined by
the simultaneous vanishing of principal minors of the
Jacobian of f; with respect to the control variables
and thus analytic in ¥ x U’ N W,, i.e. given by the in-
tersection of an analytic set with the semi-analytic set
V x U' N W,. By the existence of the pairs (x, u, ) this
set contains no set of the form {x} x U’(x) and using
Assumption (ii1) it contains no connected component
of (V¥ x U") N W,. This shows the existence of the
generic set with the desired properties. The converse
implication follows using local surjectivity (w.r.t. the
control variables) of the map f; in (x,u) which is
guaranteed due to regularity. [J

To conclude this section let us point out that by the
assumptions we have made so far sets of the form

Yt(ils---sil) = {(x9u09"-’ut—l);

f:

rk au,»l . 6u,~,

(x,up,...,u—1) < n}
(5)

for some index set {i},...,i;} C{0,...,z—1} are only
analytic in W, as only there the derivatives are defined.
In some cases a stronger property holds (for instance
for the systems studied in [15]). We formulate this in
the following assumption

Assumption 7. For each r€N and any index set
{ir,...,i1} C{0,...,t — 1} the set Y,(i1,...,i;)) UX, is
analytic in M x U’.

In particular this holds if f is defined on M x U,
i.e. in the situation of Proposition 1.

3. Universal nonsingular controls

The main result of this paper shows that uniform
forward accessibility from ¥ implies that the set
of universal nonsingular control sequences for V
are generic, if the length of the control sequence is
large enough. The idea of the proof is taken from
[10] and differs from an approach taken in [14],
which gives less information on the length of control
sequences sufficient for the existence of universal
nonsingular controls.

Proposition 8. Let V C M be semi-analytic. Assume
that system (3) is uniformly forward accessible from
V in t* steps. Then S(t,V') is generic in U* for all
t=(n—+ 1)*. If furthermore, V is compact and As-
sumption 7 holds then the complement of S(¢,V) is
contained in a closed, analytically thin, subanalytic
subset of U’ for all t =(n + 1)t*.

Proof. Throughout this proof we will assume without
loss of generality that #* =1, otherwise we may con-
sider the map f;» and the control range U*" . Consider,
for each element x € V' and each >0 the following
set:

Bi(x) = {u € Ulx);

6,-
rké(ft—l(x’u()’---5ut—2)9ut—1) < n} .

For each x, B|(x) is an analytic subset of U(x) since it
is the set defined by the simultaneous vanishing of the
principal minors of the Jacobian of f with respect to u.
By uniform forward accessibility and the nontriviality
of f it follows that the dimension of B{(x) is at most
m — 1. Observe that, for each ¢

(uos ..., ) € Br1(x)iff uy € B1(f1(x, g, .., 14,_1)).
(6)

Consider also, for each ¢ the analytic subset of
W, =W, (V x U") given by

Gt = {(xyu()’-”’ut—l);
(ug,...,ui)EB,-+1(x), Vi:O,...,t—l}.

The analyticity of G, follows as each of the defini-
tions describing the set can be expressed in terms of
vanishing principal minors. We claim that G, has di-
mension at most #n + t(m — 1). This is obviously true
for t = 0 so we may by induction assume it to be true
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for ¢ and consider the analytic map
T - Wt+l - Wt,

(e, ugy ... up) — (X, Upy .. Ui—1 )
Note that

A:=1(G11) C G

by definition of these sets. For each fixed (x,#,.. .,
ﬁt—] ) € A9

nt_l(fﬂﬁ()a'--sﬁt—l)r] GH-]
={x} x {#o} x -+ - x {#,1}
XBl(ft()EalZO’“-’lzt—l))

CW,xU,

by Eq. (6). Thus, this fiber has dimension at most
m — 1. Applying Proposition A.1 Part (ii) it follows
that

dimG <{n+tm—1)]+[m—1]
=n+{+1)m—-1)

as claimed. We conclude, for the special case r =n+1
that the set G, has dimension at most

n+m+1)m—-1)=mn+1)-1.

Finally consider the projection 7 of G, onto U™
As analytic maps cannot increase dimensions by
Proposition A.1, 7(G,+1) can have dimension at most
m(n+1)—1. By assumption (ii) the set U2t ' \n(G+1)
is generic in U""!. This set consists of universal
nonsingular controls by definition of U.

In case that the map = is proper it follows by
definition that 7(G,.r1) is subanalytic. In particular
under the assumptions of the second part of the
proposition (X; U G;) N (V x U") is a semi-analytic
subset of M x U'. Due to the compactness of V
we obtain that n((Gupy U X,p) N (Y x UMY)) is
subanalytic in U"*! and closed.

For the case of t > (n + 1)t* note that the con-
catenation of a universal nonsingular control sequence
with u € Uy, is universal nonsingular, which follows
from an application of the chain rule. This shows
genericity of the universal nonsingular controls for all
t=(n+ 1)t* and completes the proof. [

Corollary 9. Assume that M is compact and that
system (3) is forward accessible, then the complement

of S(t,M) is closed and analytically thin in U* for
all t € N large enough. If furthermore, Assumption 7
holds, then the complement of S(t, M) is subanalytic
in U* for all t €N large enough.

Proof. Using a standard compactness argument it is
easy to see that system (3) is uniformly forward ac-
cessible from M for some time ¢*. With a similar ar-
gument it follows that the set of universal nonsingular
control sequences is open. Now, the previous Propo-
sition 8 shows the assertion. [

It is worth noting that for systems defined on com-
pact, complex manifolds satisfying Assumption 7,
a stronger statement holds because of the holomor-
phic structure. Note that in this case condition (iii)
is superfluous as analytic subsets of complex mani-
folds are nowhere separating so that in this case W,
and U’(x) have only one connected component, see
[6], Proposition 7.4.

Corollary 10. Let M, U be complex manifolds and
let M be compact. Assume that the map f:(M x
UM\ X — M is holomorphic, where again X is an
analytic subset of M x U. We assume the complex
analogues of assumptions (i) and (ii) and Assumption
7. If Eq. (3) is forward accessible, then there exists
a t* €N such that for all t=t* the complement of
S(t,M) is a proper analytic subset of U'.

Proof. As system (3) is forward accessible we
have regular pairs (z,u) for every z€ M. We may
interpret M, U as real analytic manifolds of dimen-
sions 2n, resp. 2m. Writing (in local coordinates) x -+
iy=z,v+iw=u and f(z,u) =g(x+iy,v+iw)+
in(x +iy,v + iw) we may consider the real-analytic
system given by the maps g, which is also forward
accessible. We follow the steps of the proof of Propo-
sition 8 with a few modifications. First of all the sets
By(x, y) are defined using the complex derivative:

Bix,y) = {(u,w) € U'(x, y);
3
rka—i(f,,l(x +iy,v9 + iwg,...,

U2 +iwr_2), U +iwp) < "} .

Note that for each (x, y) the dimension of B,(x, ) is at
most 2m — 2 because of the underlying complex struc-
ture. Considering again the map = and the sets G;, X;
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of the proof of Proposition 8 it follows by Remmert’s
proper mapping theorem [6], Theorem 45.17 that the
complement of the universal nonsingular control se-
quences is an analytic subset of U’. As it is not equal
to U! for all ¢ large enough the assertion follows. [

Corollary 11. Let system (3) be forward accessible.
The complement of S(N, M) is of first category in UN
endowed with the topology of pointwise convergence.

Proof. Let V), be an exhaustion of M (ie. V1 C V2 C - -
and (J,cn Vo = M) consisting of compact, semi-
analytic sets V,. Denote by ¢, the time at which
system (3) is uniformly forward accessible from V,.
For each n € N consider the set

S(tn, V) X Uy X Uggp X -+ - CTS(N, V3,).

Note that the closure of UN \ S(N, ¥,,) has empty in-
terior. It holds that

[ S(N, V) C S(N, M)
neN

and thus

UM\S(N,M)C | UN\S(N, 7).
neN

Thus UM\ S(N, M) is a countable union of nowhere
dense sets. This completes the proof. [

4. Uniform accessibility

As we have seen in Proposition 8 uniform acces-
sibility implies the generic existence of universal
controls. It is therefore useful to ask under which
conditions a system of the form (3) is uniformly
accessible from the whole state-space M. In [2]
some conditions guaranteeing forward accessibil-
ity of discrete-time systems have been investigated.
These depend on the topology of M or on the dy-
namical behavior of the system. In this section, we
investigate certain system classes which guarantee
(forward) uniform accessibility on M from forward
accessibility.

Definition 12. We say that the map f: W — M sat-
isfies a descending chain condition if any descending
chain Zy D Z; D - - - of sets of the form

Z, = {x € M; (x,u) is not a regular pair, Vu € U,}

is stationary, where for each ¢ € N the set U/ is a set
of control sequences.

Note that in general a descending chain of analytic
sets is only stationary on compact subsets of M, see
[7], Corollary 1 to Theorem V.2.1.

Theorem 13. Let system (3) be forward acces-
sible and assume that f satisfies a descending
chain condition. Then, there exists a t€N such
that system (3) is uniformly accessible from M in
time t.

Proof. Consider the family of sets given by
Zy={x € M; int O} (x) =0}.

Applying Lemma 6 to ¥ ={x} and using Assump-
tion (ii) we obtain

Z,={xeM; r(t; x,u) <n,Vuec U}

We wish to show that Z,, = § for some . To this
end we show that the family (Z; };en is descending. If
x ¢ Z, then there exists a u € U, such that r(¢; x,u)
=n and if &' € Uy, it follows from the chain rule
that also »(¢ + 1; x,(u,u')) = n and thus x &€ Z,,,.
Hence, the family (Z;),cn is descending

M=2,2%,2---2Z2---

and it is stationary at some fo, that is, Z, =Z,
=---. We claim that Z, ={. Otherwise, let x € Z,
and choose u € Ustflb. As (3) is forward accessible
we have int @} (x(to; x,u0))# ¥ for some t € N and
using Lemma 6 again it follows that there exists
au € UL, such that n=r(t; x(to; x,up),u) =r(ty +
t; x,(uo,u)). This shows that x € Z, (, and thus the
family (Z,),en 1s not stationary at #y, a contradiction.

(I

A first application lies in the consideration of
real-algebraic systems. For an introduction to real-
algebraic manifolds, i.e. real-algebraic varieties that
do not have singular points we refer to [4], Ch. 3.
To keep technicalities to a minimum, we will restrict
ourselves to embedded real-algebraic manifolds here.
We briefly recall the basic notions of real-algebraic
sets. A set X CR? is called algebraic if it is the
zero locus of a set of polynomials in d indetermi-
nates. To an algebraic set X we may associate the
ideal #(X) of polynomials that vanish on X. By the
Hilbert basis theorem any increasing chain of ideals
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in R[LX,...,X;] is stationary, i.e. the ring is Noethe-
rian, see [3], Ch. 7. As a consequence, a descending
chain of algebraic sets in R? is stationary as X7 D X;
implies #(X;) C S£(X2).

There are two equivalent ways to view algebraic
subsets of an algebraic set X C RY: They are either
given as the intersection of an algebraic subset of R?
with X or as the zero locus of a family of functions
contained in R[X,...,X,]/#(X). Hence, a descend-
ing family of algebraic subsets of X is stationary.

An embedded real-algebraic manifold M C R? is a
smooth embedded manifold that is an algebraic subset
of R? at the same time. We note that if M is a real-
algebraic manifold and X is an algebraic subset of M
then also M\ X may be interpreted as an embedded
real-algebraic manifold, see [4], Proposition 3.2.10.
Given two real-algebraic embedded manifolds Y,Z a
map f:Y — Z is called algebraic (or regular in [4])
if each coordinate function is an element of the ring
of algebraic functions on Y given by

{g; 2,gERXL,.... X/ F(Y), qx)#£0 Vx € Y}.

We are now in a position to formulate the following
corollary.

Corollary 14. Let M, U be real-algebraic, embed-
ded manifolds. Assume that XCM x U is algebraic
and that f:W—M is algebraic. Let U be an open,
connected subset of U. Define the exceptional set
X:=W x U)NX and consider system (3) given
by the restriction of f to (M x UN\X. If system
(3) is forward accessible, then there exists a t such
that it is uniformly forward accessible from M in
timet.

Proof. The assumptions of Theorem 13 are satisfied as
any descending family of algebraic sets is stationary,
and under the assumptions of this corollary the sets
considered in Definition 12 are algebraic as they can
be expressed in terms of vanishing principal minors
of algebraic functions. [

It is worth noting, that we cannot expect that 7 de-
pends on the dimension of M or U. This is shown in
the following example.

Example 15. Let M = R, U = (a,b) CR for some
constants 0 < a < band X = 0. Let g(x)=x+ 1 and
A(x)=cx(x — 1)---(x — 2k) for some k€N, ¢ > 0.

For the system
x(r+ 1) = g(x) + uh(x)

we see that 0F, ,,(0) = {0,1,...,2k + 1}. It is easy
to see that in this example the system is uniformly
accessible from M in 2k + 2 steps. Note furthermore,
that we can choose the constant ¢ in such a way that
K (x) > — 1/b, Vx € R which ensures that condition
(ii) on the genericity of submersive control values
holds.

Appendix: Some remarks on analytically defined sets

A subset of an analytic manifold M is called ana-
Iytic if it is closed in M and can be locally described
as the zero locus of a family of analytic functions.
One of the celebrated results of the theory of holo-
morphic mappings in several variables is Remmert’s
proper mapping theorem [6], Theorem 45.17, which
states that in the complex case the image of an ana-
Iytic set under a proper map is itself analytic. In the
real case this property fails to hold. In order to remedy
the situation, the class of subanalytic sets has been in-
troduced, see [13] for an overview of the theory. Let
us briefly indicate the main notions: A subset Z C M
is called semi-analytic if for each x € Z there exists a
neighborhood W such that W N Z can be represented
as a finite union of solution sets of a finite number
of analytic equalities g;(x) = 0 and inequalities A;(x)
> 0. A subset S in M is called subanalytic, if there are
an analytic manifold NV, a semi-analytic subset 7 of N
and an analytic map ¢ : N — M that is proper on the
closure of T such that ¢(T)=S. A further generaliza-
tion of this is given by the notion of g-analytic sets:
Recall that an embedded manifold N of an analytic
manifold is a set with the property that around each
point in N there exists a coordinate chart (¢, W) such
that o(W N N)= {(xi)i=1 ..... 2 €R"Y Xg+1 = "°° = Xp
=0} for some 1< g <n. A g-analytic set is defined as
an at most countable union of embedded manifolds.
(This extends the class of subanalytic sets as a subana-
lytic set can always be decomposed into a locally finite
countable union of embedded submanifolds, see [13],
Sections 8, 9. To summarize we have now defined an-
alytic, semi-analytic, subanalytic and o-analytic sets,
where each class is an extension of the previous one.

The dimension of a -analytic set is defined as the
maximal dimension of one of its components. This
definition is compatible with the definitions of dimen-
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sion of the other classes of analytic sets. Note in partic-
ular, that it does not depend on the particular countable
decomposition of a g-analytic set. If the dimension of
a g-analytic set X is strictly less than the dimension of
the manifold M, then a set Y with M \ Y C X is called
generic. The reason for this terminology is that X has
measure zero and is of first category, i.e. a countable
union of nowhere dense sets. The complement of a
generic set will be called analytically thin.

In the proofs we have used the following results on
o-analytic sets and analytic maps. For a proof we refer
to [11], Proposition A.2.

Proposition A.1. Assume that M, N and M;, i=
1,...,k are analytic manifolds. Let f:M — N be an
analytic mapping. Then:

(1) If Z is a c-analytic subset of M, then f(Z)
is a o-analytic subset of N, and dim f(Z)<
dimZ.

(i) For all Z C M,

dimZ < dimN + max [dim f~'(»)NZ].
¥

(iii) If Z; is analytically thin in M;, fori=1,...,k,
then Z=2; x --- x Z; is analytically thin in
My x ---x My, and

Z:le---kangx---ka

satisfies dimZ =, dim Z;.
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